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Abstract
We give a general review of extended supergravities and their gauging using the duality-
covariant embedding tensor formalism. Although the focus is on four-dimensional theo-
ries, an overview of the gauging procedure and the related tensor hierarchy in the higher-
dimensional models is given. The relation of gauged supergravities to flux compactifications
is discussed and examples are worked out in detail.
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1 General Overview
A long-standing problem in high-energy theoretical physics is to formulate a quantum theory
unifying all four fundamental interactions. The known elementary particles and their elec-
tromagnetic, weak and strong interactions have been given a consistent quantum description
within the Standard Model of particle interactions (SM). This picture, however, does not
accommodate gravity, which is described, at the classical level, by general relativity. The
consistent construction, from Einstein’s theory, of a perturbative quantum gravity is ham-
pered by the fact that the coupling constant is κ =
√
8piGN , GN being Newton’s constant,
which has the dimension of a length (in the natural units c = ~ = 1). This makes the
theory non-renormalizable, as opposed to the SM: UV divergences occurring in the Feyn-
mann diagrams cannot be disposed of by the introduction of a finite number of counterterms
in the Lagrangian. Another feature which distinguishes the three gauge interactions from
gravity is the huge hierarchy between the corresponding characteristic energy scales: The
SM describing the former is consistently defined at energies of the order of the electro-weak
scale (MW ∼ 100 GeV) while quantum gravity effects are expected to be important at scales
of the order of the Planck mass MP =
√
~c/(8pi GN) ≈ 2.4× 1018 GeV/c2.
Why supersymmetry and supergravity? There are various reasons to expect super-
symmetry to play an important role in the construction of a unified quantum theory. Super-
symmetry is a symmetry between bosons and fermions (see for instance [1] for an in-depth
review of supersymmetry phenomenology). As such it implies relations between quantum
amplitudes whose effect is to soften the UV divergences of the theory. 1 This solves for in-
stance the hierarchy problem which occurs when trying to extend the SM to energies higher
than its characteristic scale (for instance up to MP at which new physics, associated with
gravity, is expected to occur): By virtue of supersymmetry, the bosonic and fermionic con-
tributions to the dangerous quadratic divergences in the radiative corrections to the Higgs
mass cancel, leaving just the logarithmic divergences in the energy cut-off. This requires con-
sidering at least the minimal supersymmetric extension of the SM (MSSM), whose spectrum
comprises, together with the known particles, the corresponding super-partners. Besides sta-
bilizing the ratio of the Higgs mass, now measured to be mH ≈ 125 GeV/c2, to the Planck
mass MP against quantum corrections, the presence of an underlying supersymmetry also
has the beneficial effect of unifying the coupling constants at some higher energy scale:
The coupling constants of the weak, electromagnetic and strong interactions, if extrapolated
1For example it is known that a Yang-Mills theory with the maximal amount of supersymmetry compatible
with its renormalizablity (N = 4), is finite to all orders of perturbation [2].
4
to high energies through their renormalization-group evolution, meet at an energy scale of
about 2×1016 GeV, thus hinting towards a Grand Unified Theory (GUT) of the fundamental
interactions. Finally MSSM also contains a natural candidate for the Light Supersymmetric
Particle (LSP) to account for the dark matter in our universe.
Supersymmetry was introduced in the 70’s [3–5] independently of its application to parti-
cle physics (for a general introduction to supersymmetry see for instance [6]). It is described
as an extension of the Poincare´ algebra, named super-Poincare´ algebra, by fermionic (super-
symmetry) generators Qα intertwining between space-time symmetry (Poincare´) and internal
symmetries. Such generators are fermionic in that they transform under Lorentz transfor-
mations as spinors (α is a 4-spinor index) and obey anti-commutation relations. More
specifically the anti-commutator of two supersymmetry generators yields the generators Pˆµ
of space-time translations:
{Qα, Qβ} = 2 i (γµC)αβ Pˆµ . (1.1)
This means that a combination of successive supersymmetry transformations results into a
space-time translation. The generators Qα moreover change the spin-statistics of the field
they act on: Their action on a bosonic field yields a fermionic one and vice-versa.
Introducing supersymmetry in a theory of gravity, which is based on local Poincare´ in-
variance, forces us to require invariance also under local supersymmetry transformations
[7], since a suitable combination of a local Lorentz transformation on a global supersymme-
try one would yield a resulting local supersymmetry transformation. Vice versa, invariance
under local supersymmetry implies gravity, since, by virtue of (1.1), it implies invariance
under local space-time reparametrization, which is the symmetry principle on which General
Relativity is based. A theory that is invariant under local supersymmetry transformations
(and thus under the whole super-Poincare´ group) is called supergravity [8, 9]. There are
several very good reviews on supergravity, see for instance [7, 10–16]. 2 3Supersymmetric
theories are characterized by the amount of supersymmetry, namely by the number N of
the fermionic generators QAα , A = 1, . . . ,N occurring in the supersymmetric extension of
the Poincare´ algebra. Theories with N = 1 are called minimal, in contrast to the extended
theories which have N > 1.
In minimal supergravity the superpartner of the graviton gµν is a spin-3/2 particle ψµ
(we suppress the spinor index α) called the gravitino, which has the role of the gauge field
associated with local supersymmetry. In an extended supergravity with N supersymmetries,
there areN gravitino fields ψAµ , each associated with a supersymmetry generator QA. Clearly
the larger N the more constrained the theory is by supersymmetry, the larger the irreducible
representations of the super-Poincare´ group (super-multiplets). Since the supersymmetry
generators carry a spin-1/2 representation, their successive action on the lower spin state
in a super-multiplet will produce states with higher spins, up to a maximum value which
increases with N . The limit on the amount N of supersymmetry in supergravity comes
from the possibility of a consistent coupling to gravity, which restricts the maximum spin
2We consider for the time being theories in four dimensions
3For a geometric formulation of supergravity as the “gauge theory” of the super-Poincare` group see
[17],[18],[19],[20], the rheonomic approach introduced in the last two references is exhaustively reviewed in
[12].
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of the fields to be 2, and this in turn requires N ≤ 8 (in four space-time dimensions).
Supersymmetry improves the UV properties of the theory, making pure supergravity finite
up to two loops (pure Einstein’s gravity is only one-loop finite [21, 22] and this property
is spoiled by the presence of matter). The maximal (ungauged) N = 8 supergravity, just
as the rigid N = 4 super-YM theory, is unique (supersymmetry fixes its field content to
be that of the supermultiplet containing the graviton as the maximum spin state). Though
its perturbative finiteness has been tested, so far, up to four loops [23], some believe the
maximal theory to be perturbatively finite just as its rigid N = 4 counterpart. In spite of
the beneficial effects of supersymmetry in making the UV divergences less severe, a quantum
theory of supergravity in general suffers from the same non-renormalizability problems as
general relativity.
There is also another argument in favor of supergravity as a general framework in which
to formulate a consistent supersymmetric model for particle interactions, like the MSSM. In
the MSSM, supersymmetry is a global (or rigid) symmetry. If it were realized in our universe,
it would require a mass degeneracy between the observed particles and their superpartners,
which is clearly not observed (none of the superpartners have been observed so far). It is
natural to assume that supersymmetry is spontaneously broken in our universe, namely that
we live in a vacuum which is not supersymmetric. Phenomenological constraints imply the
masses of the superpartners not to be too high (about 1 TeV). In the absence of supergravity,
and thus of the gravitino-field, spontaneous global supersymmetry breaking would imply a
stringent relation (sum-rule deriving from the vanishing of the super-trace of the mass-square
matrix) between the (tree-level) masses of the known particles and those of their super-
partners which is manifestly at odds with what we observe. The presence of a “hidden sector”
besides the “visible” one of the MSSM, containing the supergravity multiplet (and thus, in
the broken phase, a massive gravitino) allows to relax the phenomenological implications
of the super-trace sum rule, allowing for the existence of a desirable mass gap between
the observed particles and their superpartners of the order of the gravitino mass. In this
picture supersymmetry breaking occurs in the hidden sector and propagates to the visible
one through a gravitational strength interaction, see [1] and references therein.
Supergravity from Superstring Theory In superstring theory [24] the fundamental
objects are (open or closed) strings of finite length `s =
√
α′ and tension T ∼ 1/`s. In this
picture the known particles and interactions are expected to arise from oscillation modes of
these one-dimensional objects. The spectrum of the oscillating strings contains the graviton
(closed strings) as well as gauge-vectors (open strings). Moreover the string length provides
a natural UV cut-off and there is strong evidence that this theory be finite. Also for this
reason superstring theory is generally considered to be a promising candidate to a finite
quantum theory unifying the known interactions.
Supersymmetry is an essential ingredient for a consistent definition of the theory. Super-
string theory is consistently defined as a conformal 2-dimensional sigma-model (world-sheet
theory) on a suitable ten-dimensional space-time. It is defined perturbatively in its coupling
constant gs, which is not a parameter of the theory but a dynamical quantity expressed in
terms of the v.e.v. of its scalar excitation (the dilaton field) on the chosen background. The
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very definition of superstring theory is therefore background-dependent. In the low-energy
limit (effected by sending the string tension to infinity or, equivalently, `s → 0) strings act as
point-like particles and their dynamics is captured by an effective field theory. This theory
is a ten-dimensional supergravity, to which the superstring background is a solution. The
classical supergravity description of superstring dynamics holds to the lowest order in the
string length (so that higher-order curvature terms in the effective action can be neglected)
and at tree-level in gs. The existence of more than one consistent formulation of this theory
(heterotic, Type I/II) seems to be at odds with the concept of a unique unifying quantum
theory. In the 90’s, however, (non-)perturbative correspondences (named dualities) were
found between the various superstring theories realized on different backgrounds which al-
low to think of them as effective descriptions of the same microscopic degrees of freedom
and hint towards the existence of an M-theory in eleven dimensions as describing the non-
perturbative regime of one of the string theories (Type IIA). Although the fundamental
degrees of freedom of M-theory are not known, its low-energy effective theory is the well
known (and unique) eleven-dimensional supergravity [25]. The discovery of dualities opened
a window on the non-perturbative regime of string theory and unveiled the existence in its
spectrum, besides the fundamental string, of solitonic extended-objects, named D-branes,
which minimally couple to the RR fields [26].
If superstring/M-theory is the correct theoretical setting where to search for the unifying
quantum theory of the fundamental interactions, it should be possible to derive from it a
phenomenologically viable description of our universe. Such an effective description should
include the MSSM at low energy scales. These candidate-“microscopic” theories should
also satisfy other phenomenological requirements which are becoming more and more strin-
gent: They should, for instance, account for the observed “small” cosmological constant and
provide an inflationary scenario for the early universe in line with the strong experimen-
tal constraints provided by the recent high-precision cosmological measurements [27, 28].
Obtaining phenomenological predictions from superstring/M-theory is rather problematic
for a number of reasons: First of all these theories are defined in higher dimensions; Their
non-perturbative properties are far from being completely understood; Related to this is the
problem of finding a (non-perturbative) mechanism which could select the vacuum of our
universe from the large number of solutions of these theories; Moreover superstring (or M-)
theories have far more symmetries than we observe in our universe: Type II superstring
theories, as well as M-theory, for instance, exhibit the maximal amount of supersymmetry
compatible with a consistent theory of gravity, while our universe is not supersymmetric.
The most common procedure for deriving an effective four-dimensional model from a
higher-dimensional theory, is the Kaluza-Klein compactification4 of the latter on a suitable
compact internal manifold Mint (see [31] for an early review on the subject). This amounts
to realizing superstring (or eleven-dimensional supergravity), on a space-time solution of the
form
M = MD=4 ×Mint , (1.2)
4By Kaluza-Klein compactification we actually mean a generalization of the original mechanism, devised
by T. Kaluza and O. Klein in [29, 30], of dimensional reduction on a circle of the five-dimensional Einstein
theory.
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where MD=4 is a non-compact, four-dimensional space-time in which we live and Mint is a
six-dimensional compact manifold (or seven-dimensional if we consider eleven-dimensional
supergravity). The massless modes of superstring theory, or the fields of eleven-dimensional
supergravity, are expanded in normal modes of the internal manifold (i.e. eigenfunctions of
the Laplace operator on Mint). The coefficients of this expansion only depend on the four
non-compact space-time coordinates xµ, µ = 0, . . . , D−1, and describe fields propagating on
MD=4. They comprise a finite number of massless fields corresponding to harmonics on the
internal manifold, together with infinitely many massive states (the Kaluza-Klein states),
with masses of the order of 1/R, R being the “size” of the internal manifold. In some cases
a consistent truncation of the low lying modes, together with their mutual interactions,
is described by an effective D = 4 supergravity. In general, by the same token, realizing
superstring/M-theory on a space-time of the form MD×Mint, we may obtain an effective D-
dimensional supergravity theory as a consistent truncation of the higher dimensional parent-
theory.5 This effective theory in D-dimensions has MD as vacuum solution. The simplest
example of Kaluza-Kelin compactification is the dimensional reduction on an internal torus
T n, n = 6 or n = 7 if we reduce superstring or M-theory, respectively. In this case the string
massless excitations, or the eleven-dimensional fields, are expanded in Fourier-series with
respect to the torus-coordinates xα, α = D, . . . , D + n − 1, and the zero-modes, which do
not depend on xα and are massless D-dimensional fields, are described by a supergravity in
D-dimensions.
The general features of the effective D–dimensional supergravity emerging from a Kaluza-
Klein reduction depend on the original higher-dimensional theory as well as the MD ×Mint
background. In fact the geometry of the internal manifold Mint affects the amount of super-
symmetry of the lower-dimensional theory, as well as its internal symmetries and its field-
content, which is arranged in (super-) multiplets with respect to the (super-)symmetries of
the vacuum solution MD. As far as the internal local symmetries are concerned, this is a
general feature of Kaluza-Klein compactifications: Continuous isometries of Mint induce, in
the low-energy D–dimensional supergravity, local symmetries gauged by the vectors which
originate from the metric (Kaluza-Klein vectors). Toroidal compactifications preserve all the
supersymmetries of the parent theory, so that, starting from Type II or eleven-dimensional
supergravity, the massless lower-dimensional modes are described by a maximally-extended
supergravity. In [32] the simplest version of four-dimensional N = 8 supergravity was con-
structed from dimensional reduction of the eleven-dimensional theory on a seven-dimensional
torus T 7 and exhibits a maximally-supersymmetric Minkowski vacuum. Compactifications
on generic Calabi-Yau six-dimensional manifolds (CY3) preserve one-fourth the original
amount of supersymmetries and were originally used in [33] to derive, for the first time,
minimal four-dimensional chiral, anomaly-free theories from the heterotic superstring. In
this case the lower-dimensional theory only depends, aside from the higher-dimensional one,
on the topology of the Calabi-Yau manifold, since it is only defined by the harmonic-forms
on the internal space. Moreover, for topological reasons, no Kaluza-Klein vector originates
from the reduction. This is consistent with the fact that the compactification induces no
5By consistent truncation we mean that all solutions to the lower-dimensional theory precisely correspond
to solutions of the higher-dimensional one.
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extra local internal symmetry (which would be gauged by the Kaluza-Klein vectors) since
the internal manifold has no continuous symmetries.
Compactifications of Type II-supertring/M-theory on Ricci-flat internal manifolds, like a
torus, Calabi-Yau spaces, products of the two (like K3×T 2), toroidal-orbifolds etc., typically
yield effective four-dimensional supergravities (like the maximal one of [32]) which have the
general feature of being ungauged : The nv vector fields are not minimally coupled to any
other field, so that the theory only features a U(1)nv gauge symmetry with respect to which
all fields are neutral.6
Ungauged Supergravities and Duality Ungauged supergravities in D-dimensions have
serious drawbacks from a phenomenological point of view. First of all they are plagued, at
the classical level, by the presence of massless scalar fields, some of which are related to the
moduli of the internal manifold, which describe fluctuations in its shape and size. Massless
scalars coupled to gravity would produce effects which are not observed in our universe.
Moreover such fields enter interaction terms in the Lagrangian, thus spoiling the predictive-
ness of the theory, being their v.e.v. not fixed by any dynamics. The field content of the
ungauged maximal four-dimensional supergravity constructed in [32], consists of the only
gravitational super-Poincare´ multiplet and contains 70 scalar fields, part of which can be
interpreted as the moduli of the internal seven-torus and part as originating from the three-
form tensor field in the D = 11 supergravity. The classical theory features no scalar potential
which could fix the values of these scalars on the vacuum. Aside from this serious short-
coming, ungauged supergravities are interesting for a number of reasons. First of all they
provide the general framework from which to construct more realistic models through the
gauging procedure which is the main subject of the present report. Secondly these theories
feature, at the classical level, a rich structure of global symmetries which were conjectured
[34] to encode the known string/M-theory dualities (see [35] for a review on this subject).
As mentioned above, the idea behind such dualities is that different compactifications of M-
or superstring theories provide distinct descriptions of the same quantum degrees of free-
dom. These duality-related pictures are characterized by the same spectrum and interactions
and thus by the same low-energy effective theory. In fact the coincidence of the resulting
lower-dimensional supergravities is a hint towards the equivalence of the corresponding mi-
croscopic constructions within superstring or M-theory and dualities, as correspondences
between backgrounds which are solutions to a same effective supergravity, manifest them-
selves as discrete global symmetries of its field equations. The simplest such equivalences is
T-duality relating a string theory compactified on a circle of radius R to one compactified
on a circle of radius α′/R as being described by the same two-dimensional conformal field
theory. In a toroidal compactification we can perform T-dualities along any combinations of
the n directions of the internal torus T n. Type IIA and IIB compactified down to D = 10−n
on T n are described by equivalent D-dimensional supergravities which are mapped into one
another by the effect of T-dualities along an odd number of directions, while T-dualities
6 The same kind of compactifications of heterotic or Type I superstring will produce four-dimensional
theories whose local symmetries gauged by the vector fields only originate from the ten-dimensional gauge
group.
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along an even number of directions are discrete global symmetries of each theory. The effect
of T-duality on the D-dimensional fields is implemented by the group O(n, n;Z), where the
restriction to the integer numbers is required by the boundary conditions on the coordinates
of the torus.
Another example is S-duality which relates two string theories on backgrounds with cou-
pling constants gs and 1/gs, respectively. As opposed to T-duality which holds to any order in
string perturbation theory, S-duality is non-perturbative. It is conjectured to be a symmetry
of Type IIB superstring theory, connecting its weak and strong-coupling regimes. Evidence
for it, aside from the coincidence of the supergravity descriptions of the massless modes, was
gained by comparing part of the spectrum of the corresponding theories, consisting of dyonic
states (the BPS states) which satisfy a Bogomolnyi bound between their electric-magnetic
charges and their masses. As a consequence of this feature, they preserve an amount of
supersymmetry, which protects their masses from perturbative string corrections. Another
example of S-duality is the one connecting Type IIA superstring to M-theory. The super-
gravity description of the former is obtained by dimensionally reducing eleven-dimensional
supergravity on a circle S1 and the Type IIA coupling constant gs is related to the radius
of the eleventh dimension, so that in the non-perturbative limit gs →∞, the internal circle
decompactifies and the theory becomes effectively eleven-dimensional. Moreover the mass-
less modes of eleven-dimensional supergravity (low-energy effective description of M-theory)
and Type II superstring theories compactified to D-dimensions on T 11−D and T 10−D, re-
spectively, are described by the same D-dimensional ungauged, maximal supergravity which
features S-duality, as well as the T-dualities along an even number of internal directions of
T 10−D, as global symmetries. S and T-dualities combine in the so-called U-dualities which
were conjectured in [34] to unify all dualities and thus to be exact symmetries of the, yet
unknown, background-independent quantum theory underlying superstring and M theories.
U-dualities close a discrete U-duality group which is identified in [34] with the subgroup
G(Z) of the continuous global symmetry group G of the classical D-dimensional (ungauged)
supergravity, which survives quantum corrections. For this reason the study of global sym-
metries of supergravity models and of their action on the corresponding solutions, plays an
important role in understanding the non-perturbative aspects of superstring theories.
Ungauged supergravities feature solitonic solutions, namely configurations of the neutral
fields which exhibit electric and magnetic charges [36, 37]. These are typically asymptotically-
flat black holes and black branes7, some of which are realized in terms of D-branes or systems
of D-branes in ten dimensions, and arrange in orbits with respect to the action of G(Z).
These solutions, which comprise the BPS states mentioned above, have been extensively
studied in the literature, for instance in connection to the microscopic description of the
black hole entropy. It is reasonable to think that the latter, being related to the number of
black hole microstates, should not depend on their description, and therefore ought to be a
duality-invariant quantity. Consistently with the conjecture of [34], the entropy of extremal
(i.e. with zero Hawking-temperature) black holes was found (at least in the small curvature
limit in which it is proportional to the horizon area by the Bekenstein-Hawking formula) to
7See for instance [38], [39] and references therein.
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be described by a quantity which is indeed invariant with respect to the global symmetry
group G(Z), see [39] and references therein. One of the major successes of superstring the-
ory is the derivation, in certain limits, of the black hole entropy from a microstate counting,
first achieved by Strominger and Vafa in [40] and eventually extended to a large number of
supersymmetric solutions (see for instance [41] for a concise up-to-date review and for the
relevant references).
Flux Compactifications and Gauged Supergravities The progress witnessed since
the late nineties in our understanding of the non-perturbative side of superstring theory
opened the possibility of a wide variety of new compactification scenarios in which the
D-branes became an essential ingredient. In the “brane-world” constructions the “visible
sector”, described by a Standard Model-like model, is realized on the world volume of a D-
brane or in the intersection of D-branes, where the gauge fields are constrained to propagate
[42]. In this picture gravity and the rest of the “hidden sector”, as opposed to the gauge
interactions, propagate in the whole space-time (the bulk) and this substantial difference
between the to sectors, in the presence of a suitable space-time geometry, could possibly
explain the origin of the hierarchy of scales between the gravitational and the Standard
Model interactions. Another ingredient in superstring (or M-theory) compactifications is
the presence of internal form-fluxes, namely of non-vanishing v.e.v. of field strengths F (p+1)
of higher-order forms which are present in the massless string/M-theory spectrum, across
cycles Σp+1 of the internal manifold Mint:
〈
∫
Σp+1
F (p+1)〉 6= 0 . (1.3)
Consistently with the requirement of Lorentz symmetry of MD we can also allow for a flux
of a D-form field strength which is proportional to the -symbol along the corresponding
non-compact directions: 〈F (D)µ1...µD〉 ∝ µ1...µD .
Some of these fluxes (the RR ones) are sourced by D-branes. In order to evade no-go
theorems [43–47], consistent compactifications of string theory to D-dimensional space-times
with non-negative cosmological constant, in the presence of fluxes and possibly of branes,
may require in superstring theory the introduction of negative-tension objects which are
present in its spectrum: the orientifold planes (or O-planes)[48].
It has been realized in the last twenty years or so that fluxes and extended objects,
which were not present in traditional compactifications on Ricci-flat manifolds, are essential
ingredients for the construction of realistic models for our universe. They contribute through
their energy-momentum tensors, to the Einstein equation and thus may affect in a non-
trivial way the geometry of the background, including the internal manifold Mint.
8 Flux
backgrounds of string theories or D = 11 supergravity were already known and subject
of study in the eighties. This is the case, for instance, of the Freund-Rubin solution [74]
describing the compactification of D = 11 supergravity on a round seven-dimensional sphere.
8For a tentative list of early references on the subject of flux-compactifications in the presence of D-branes
and O-planes see [49–70] while for good general reviews see for instance [71–73].
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Variants of the seven-sphere compactification were also studied [75, 76] (see [31] for a review),
together with compactifying solutions with general internal homogeneous manifolds [77]. The
first flux compactification of heterotic string was studied in [78]. However, due to the limited
knowledge of the geometric properties of Mint and of the supergravity model construction
techniques, very few of such backgrounds could be described in terms of an effective lower-
dimensional model. These include the Freund-Rubin compactification, see below. For this
reason, in the eighties and early nineties the attention was mainly focussed on flux-less
compactifications on Ricci-flat geometries, whose relation to the lower-dimensional effective
supergravity description could be better understood.
In the presence of fluxes and branes one is then led to consider spontaneous compact-
ifications of superstring/M-theory on more general backgrounds which have the form of a
warped product MD×Mint of a non-compact D–dimensional space-time time, not necessarily
Minkowski, and an internal compact manifold, which, in general, is no-longer Ricci-flat. The
problem of finding backgrounds of this kind which preserve a minimal amount of supersym-
metries requires considering more general geometries for Mint, characterized by a restricted
structure group (also called G-structure manifolds) instead of a restricted holonomy, as it is
the case for Calabi-Yau manifolds (see [71] and references therein)9. This broader class of
internal manifolds comprises geometries characterized by background quantities, called ge-
ometric fluxes, which define topology-deformation of traditional Ricci-flat compactification
manifolds like tori or Calabi-Yau spaces. When compactifying on these manifolds, the fields
of the lower-dimensional supergravity are obtained by expanding the higher-dimensional ones
along the same basis of forms which defined the cohomology of the undeformed (Ricci-flat)
counterpart. These forms however, are now no longer closed. An example is the so-called
twisted torus or Iwasawa manifold [79–100], which is locally a group manifold described by
a set of left-invariant one-forms σα, α = D, . . . , D + n − 1, satisfying the Maurer-Cartan
equation:
dσα = −1
2
Tβγ
α σβ ∧ σγ , (1.4)
where Tβγ
α are the structure constants satisfying the Jacobi identity T[βγ
α Tσ]α
δ = 0. This
manifold can be viewed as a topological deformation, by means of the constant tensor Tβγ
α,
of an n-torus T n, whose cohomology is described in terms of the closed one-forms σα =
dxα, dσα = 0. The quantity Tβγ
α can also be described as a torsion on the original torus and
9The existence of residual sypersymmetries amounts to requiring the background to admit a number of
Killing spinors, which are spinors along which the supersymmetry transformation of the fermions on the
chosen background vanishes. In the absence of fluxes and branes this condition implies the existence of a
covariantly constant spinor on Mint (with respect to the Levi-Civita connection) which restricts the holonomy
of the manifold, for superstring compactifications, to SU(3) or less (Calabi-Yau manifolds). For M-theory
compactifications the same condition constrains the holonomy group to be contained in the G2 subgroup of
SO(7). In the presence of fluxes, supersymmetry requires the global existence of a spinor on Mint which is
covariantly constant with respect to a torsionful connection, the torsion being related to the internal fluxes.
The global existence of the Killing spinor only requires a restriction of the structure group of the space
rather than its holonomy group. In the case of superstring compactifications this leaves the possibility of a
broad class of manifolds with SU(3)− structure or less which, in general, are no longer Calabi-Yau, Ka¨hler
or even complex. The same condition on M-theory compactifications leads to consider internal manifolds
with G2-structure.
12
is an example of geometric flux. The study of the effect of T-dualities on flux-backgrounds
unveiled connections between different compactifications. In particular it was found that
T-duality can map a NS-NS three-form flux Hαβγ into a geometric-flux Tαβ
γ. The picture
of T-dual backgrounds needs to be completed with the introduction of the so-called non-
geometric fluxes (denoted by Qα
βγ, Rαβγ in the literature) [101–114] in the presence of which
the geometry of the internal manifold cannot be globally (or even locally) defined. All these
descriptions are naturally unified by considering more general internal geometries which
feature the whole T-duality group O(n, n) as structure group. This is effected by either
extending (doubling) the tangent space of Mint (generalized geometry [115],[116],[71]) or
extending the space-time manifold itself (Double Geometry [104, 117–119] or Double Field
Theory [120–125], which build on earlier pioneering works [126–131]). In both cases the
extended tangent space is acted on by a larger structure group which contains O(n, n).
Along the same lines, new field theoretical constructions have been recently put forward in
which the internal structure group is enlarged to contain the whole global symmetry group
G of the lower-dimensional theory. This is the case of the extended generalized geometry
[132, 133] and exceptional field theory [134–136]
Let us get back to the discussion of the effective lower-dimensional supergravity descrip-
tion originating from flux-backgrounds. When considering these more general compactifica-
tions, in many cases the full non-linear dynamics of the low lying modes, or of a consistent
truncation thereof, is described by an effective D-dimensional supergravity. In contrast
to the traditional compactifications on Ricci-flat manifolds discussed earlier, these effective
lower-dimensional theories may be gauged : They feature minimal couplings between the
vector fields and other fields which, by consistency, are associated with an internal local
symmetry group Gg. This is the case of extended supergravities, namely theories preserving
at least 8 supercharges (N > 1 in four-dimensions). N = 1 four-dimensional supergravi-
ties (preserving only four supercharges) originating from flux-compactifications can still be
ungauged since, for instance, the background fluxes may manifest themselves only in the
presence of a superpotential and thus an F -term scalar potential in the effective theory [51].
The gauge symmetry Gg depends on
• The fluxes on the compactifying background;
• The structure of the internal manifold.
As mentioned earlier, one of the first examples of flux-compactifications yielding a gauged
supergravity as a consistent truncation, is that of eleven-dimensional supergravity on a seven-
dimensional sphere [137], that is on the Freund-Rubin solution [74] which has the form:
AdS4 × S7 ,
where AdS4 denotes a four-dimensional anti-de Sitter space-time. The massless modes on
AdS4, together with their full non-linear mutual interactions, are described [138, 139] by
the gauged N = 8 supergravity with gauge group Gg = SO(8), constructed in [140, 141].
Consistently with the Kaluza-Klein mechanism, the SO(8) local symmetry originates from
the isometry group of S7 and is gauged by the 28 vector fields of the N = 8 graviton
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supermultiplet. The Freund-Rubin solution is characterized by the v.e.v. along the four non-
compact space-time directions, 〈Fµνρσ〉 = mµνρσ, of the four-form field strength F (4) = dA(3)
of the eleven-dimensional theory and describes the full back-reaction of this flux on the space-
time geometry. The radii of the anti-de Sitter space and the seven-sphere have the same
order of magnitude and are both expressed in terms of the flux-parameter m, which also
fixes the gauge coupling constant and the masses in the four-dimensional theory.
The fluxes and the structure of the internal manifold also determine, in the low-energy
supergravity, mass terms, and a scalar potential V (φ). The former in general produce sponta-
neous supersymmetry breaking at tree level, at a scale which is fixed by the fluxes themselves
while the latter has another desirable effect: It stabilizes the scalar fields already at the level
of classical supergravity, thus removing, completely or in part, the moduli degeneracy char-
acterizing the traditional compactifications. The presence of a potential in the classical
low-energy theory may also induce an effective cosmological constant or determine, under
certain conditions, the dynamics of an inflaton field whose evolution could trigger the early
expansion of our universe. In certain models, as the SO(8)-gauged maximal supergravity
mentioned above, the scalar potential may define vacua with negative cosmological constant,
corresponding to a D-dimensional space-time with anti-de Sitter geometry. Such vacua are
interesting in light of the AdS/CFT holography conjecture [142–144], according to which
stable AdS solutions describe conformal critical points of a suitable gauge theory defined
on the boundary of the space. In this picture the maximally supersymmetric AdS5 × S5
solution of Type IIB theory is dual to N = 4 supersymmetric Yang-Mills theory on the
four-dimensional boundary of AdS5 [142], while the conjectured dual theory to the max-
imally supersymmetric Freund-Rubin solution AdS4 × S7 of D = 11 supergravity, is the
superconformal ABJM model [145]. In this perspective domain wall solutions to the gauged
supergravity interpolating between AdS critical points of the potential describe renormal-
ization group (RG) flow [146], from an ultra-violet to an infra-red fixed point, of the dual
gauge theory and gives important insights into its non-perturbative properties. The spatial
evolution of such holographic flows is determined by the scalar potential V (φ) of the theory.
Special care is needed in defining a limit in which a gauged D-dimensional supergravity
is reliable as a low energy description of a flux-compactification, besides being a consistent
truncation of the compactified ten or eleven-dimensional theory. In many cases it suffices for
the back-reaction of the fluxes on the background geometry to be negligible. This regime,
in the case of superstring compactifications in the presence of form-fluxes, can be attained
if the size of the internal manifold is much larger than the string scale, so that the following
hierarchy of scales is realized:
(flux-induced masses) Kaluza-Klein masses mass of string excitations ,
which guarantees the decoupling of the Kaluza-Klein and of the massive string excitations
from the supergravity fields. We also need the superstring coupling constant gs to be small
on the background since the supergravity description is defined at order zero in gs. For
compactifications of eleven-dimensional supergravity we can only require the decoupling of
the Kaluza-Klein modes. This does not occur in the maximally supersymmetric compactifi-
cation on the seven-sphere where there is no hierarchy between the size of the flux-induced
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masses in the four-dimensional supergravity and the Kaluza-Klein masses.
Supergravities in D-dimensions, at the classical level, are consistently defined indepen-
dently of their string or M-theory origin, and are characterized by
• The amount of supersymmetry;
• Their field content;10
• The local internal symmetry group Gg gauged by the vector fields,
The latter being a feature of gauged supergravities. When originating from superstring/M-
theory compactifications, lower dimensional supergravities offer a unique window into their
non-perturbative dynamics. Indeed they provide a field theoretical (and thus well established
and controlled) description of the full non-linear interaction among their light modes (and
consequently of phenomena such as spontaneous supersymmetry breaking or moduli-fixing),
which is totally fixed by general features of the compactification and symmetry requirements
(see below).
At the classical level, gauged supergravities are obtained from ungauged ones, with the
same amount of supersymmetry and field content, through the well defined gauging proce-
dure which consists in promoting a suitable subgroup Gg of the (classical) global symmetry
group G to local symmetry of the theory, and to modify the action, by the introduction of
fermion mass-terms and of a scalar potential V (φ), in order to preserve the same number of
supersymmetries as the original theory. Provided the chosen gauge group Gg satisfies some
consistency constraints, which are the more stringent the larger the amount of supersymme-
try, this procedure uniquely defines the gauged supergravity. In fact the gauging procedure is
the only known way for introducing fermion mass-terms or a scalar potential in an extended
supergravity without explicitly breaking supersymmetry. When the theory originates from
string compactifications, these additional terms in the action, as well as the gauge group Gg,
are determined by the background fluxes and the structure of Mint.
The way in which the notion of gauged supergravities has been introduced in our dis-
cussion should not lead the reader to the incorrect conclusion that these models were first
derived from flux-compactifications. Historically the very first instances of gauged extended
supergravities were constructed soon after the discovery of supergravity itself, see for in-
stance [147],[148],[149]. These early examples already exhibited some of the generic features
of this type of locally supersymmetric models such as fermion masses, spontaneous super-
symmetry breaking and a scalar potential (or a cosmological constant when scalars were not
present). The relation of gauged supergravities to spontaneous compactifications, however,
was object of a later study, which started in the eighties (see for instance [138] and our earlier
discussion).
The Embedding Tensor and Dualities As pointed out above, background fluxes typ-
ically induce, in the lower dimensional effective theory, minimal couplings as well as mass
10Here, in the definition of the field content, we include the non-linear interactions among the scalar fields
which define their kinetic terms and which is encoded in the geometry of the scalar manifold. The latter, as
we shall see, defines in the classical theory the on-shell global symmetry group G.
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terms and a scalar potential. The former, involving only the electric vector fields, mani-
festly break the electric-magnetic duality symmetry of the original ungauged theory. In the
formulation of the gauging construction introduced in [150–152], and further developed in
[153–157], all the deformations of the original ungauged model implied by this procedure,
are expressed in terms of a single tensor, covariant with respect to the global symmetries of
the theory, called the embedding tensor Θ, which defines the embedding of the gauge algebra
into the global symmetry one. In fact the embedding tensor contains all the information
about the choice of Gg inside G. This choice is constrained by consistency conditions which
depend on the ungauged model we start from. They include the intuitive requirement that
the dimension of Gg cannot exceed the number nv of available vector fields to gauge it, and
can be cast in the form of a set of linear and quadratic G-covariant (purely group-theoretical)
constraints on Θ.
Given an ungauged model defined by the amount N of supersymmetry, its field content
Φ, and its global symmetry group G, a gauged extended model GT [N , Φ, Θ] is uniquely
defined once we choose the embedding tensor Θ associated with the gauge group Gg.
The main advantage of this description of the gauging is that the embedding tensor enters
the gauged field equations and Bianchi identities in a manifestly G-covariant way, so that,
the on-shell G-invariance of the original ungauged theory is formally restored provided Θ
is transformed together with all the fields. Being, however, Θ a spurionic object, namely a
non-dynamical quantity, this formal invariance should not be regarded as a symmetry of the
gauged theory, but rather as an equivalence, or proper duality, between different theories:
GT [N , Φ, Θ] ≡ GT [N , G ? Φ, G ? Θ] , (1.5)
where G? denotes the general action of G on the fields and on the embedding tensor, ac-
cording to the respective representations.
The tensor Θ contains all the coupling constants and mass parameters characterizing the
gauged theory, which derive from the background (form, geometric and non-geometric) fluxes
when the theory originates from a flux compactification. This allows us to make a precise
statement about the correspondence between the background fluxes and the local internal
symmetry of the low-energy effective theory: All the background quantities characterizing the
compactification enter the lower-dimensional supergravity as components of the embedding
tensor [61, 63, 66]
Fluxes (form, geometric, non-geometric) ⊂ Θ . (1.6)
In several instances of flux compactifications, in which the back-reaction of the fluxes on the
space-time geometry can be made “small” (see discussion above), from general properties of
the background and the original higher-dimensional theory, one infers the amount of super-
symmetry and the field content of the lower-dimensional effective supergravity (which also
characterize the corresponding ungauged theory obtained in the zero-flux limit). By general
symmetry arguments then, the fluxes can be identified with components of the embedding
tensor and the gauging procedure does the rest: The low-energy gauged supergravity is com-
pletely determined. When this back-reaction is not negligible, the flux-induced deformation
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of the geometry of the internal manifold would amount to additional geometric fluxes which
need to be taken into account and identified with other components of the embedding tensor
(as it is the case, for instance, of the S7-compactification of D = 11 supergravity). In all
known examples of gauged supergravities originating from superstring or M-theory, the con-
straints on the embedding tensor required by their consistent definition, reflect corresponding
consistency restrictions on the fluxes, like the tadpole cancelation condition.
The description of gauged supergravities based on the embedding tensor provides an
ideal field-theoretical framework for studying the effects of S, T and in general U -dualities
on flux-backgrounds and thus to systematically unveil the web of dualities underlying the
vast landscape of flux-compactifications. This follows from the identification (1.6) of the
general fluxes with components of the embedding tensor, which allows to naturally associate
them with representations of G, and from the interpretation, mentioned above, of a suitable
discrete subgroup G(Z) (or of an extension thereof) of G with the U -duality group unifying
all known string dualities. For example, in toroidal compactifications with “small” fluxes,
the fields and the background quantities are naturally associated with representations of the
GL(n,R) group acting transitively on the metric moduli of the internal torus T n. This group
describes a global symmetry of the D-dimensional ungauged action that one would obtain
in the absence of fluxes. Being the embedding tensor Θ G-covariant, by simply decomposing
G-representations with respect to GL(n,R), the background fluxes are readily identified
with components of Θ and thus associated with representations of G. From this purely
group-theoretical analysis it follows that the NS-NS, geometric and non-geometric fluxes,
Hαβγ, Tαβ
γ, Qα
βγ, Rαβγ belong to a same representation of the (continuous version of) the
T-duality group O(n, n), while the RR fluxes of Type IIA and Type IIB theories complete
two chiral representations of Spin(n, n). The latter are mapped into one another by improper
O(n, n) transformations which involve T-dualities along an odd number of internal directions,
and which interchange the Type IIA and Type IIB descriptions.
While, in general, flux compactifications can be given, in certain limits, an effective lower-
dimensional supergravity description, there are several (classically) consistent D-dimensional
gauged supergravities whose superstring/M-theory uplift, and thus their ultra-violet com-
pletion, is not known or not understood yet [158],[159]:
Known string/M-theory compactifications −→ Gauged D-dimensional supergravity ,
Known string/M-theory compactifications
?←− Gauged D-dimensional supergravity ,
It is useful, in this respect, to group gauged supergravities into equivalence classes (or orbits)
with respect to the action (1.5) of G. Some of these theories, though having a problematic
interpretation as originating from superstring or M-theory compactifications (as it is the
case in the presence of the non-geometric Q and R-fluxes), can nevertheless be characterized
as dual to theories whose higher-dimensional origin is well defined. On the other hand we
can define as intrinsically non-geometric those models which cannot be related by dualities
to the low-energy description of consistent string or M-theory compactifications. There
has been important progress in the recent years in the characterization of intrinsically non-
geometric theories and of their duality orbits. Giving these theories, some of which have
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a rich vacuum structure and interesting physical properties, a microscopic interpretation
amounts to clearing up the “swampland” of [158] and is one of the major recent challenges
in theoretical high-energy physics.
The aim of the present report is to give a pedagogical review of gauged supergravities,
highlighting their applications to the description of superstring or M-theory compactifica-
tions. At the same time the relevant topics will be dealt with in sufficient detail so as to
allow the reader to perform explicit computations. Due to the vastness of the subject and
to its many recent developments, a choice among the main issues concerning gauged super-
gravities will be made, though trying to keep the dissertation as self-consistent as possible.
Our focus will mainly be on four-dimensional theories, although general references to higher-
dimensional ones will often be made. The reader is required to have a general knowledge of
supersymmetry and superstring theory, besides a solid background in general relativity. A
basic knowledge of the theory of Lie groups and Lie algebras is also recommended.
The present report can be viewed as divided into three parts: In the first one, which
includes Sections 2, 3, 4, 5 and 6, the general structure of four-dimensional supergravities
and the gauging procedure are discussed mainly in a way which does not depend on the
higher-dimensional origin of the models. Nevertheless references to the string or M-theory
interpretation of fields and fluxes will be made, for instance, in Sect. 4.2, 4.3 and 4.6.4
when referring to toroidal reductions with fluxes yielding maximal models, and in Sect. 5.7,
where reference is made to the Type II origin of N = 2 models and Calabi-Yau reductions.
Many of these notions will be clarified in the second part, consisting of Sect. 7 and its
subsections, where toroidal reductions and instances of flux-compactifications are discussed
in detail; Sect. 8 represents the third, final part, where supergravities in D-dimensions and
their gauging are briefly reviewed.
Let us now illustrate in more detail the organization of this review:
In Section 2 we shall discuss, in a unified framework, the general features of ungauged ex-
tended supergravities in four dimensions and their mathematical structure.11 These include
their on-shell global symmetry group (or duality group) G and their non-unique off-shell de-
scription in terms of inequivalent Lagrangians, which depend on the definition of the electric
vector fields, namely on the choice of the symplectic frame. The reader who is familiar with
this subject can move directly to Section 3.
In Section 3 the gauging procedure is discussed. We choose, for pedagogical reasons, a piece-
meal approach to the subject, by initially reviewing the gauging of extended supergravities
in the electric frame. In this first analysis only the choice of the gauge group inside G
will be characterized in a way which does not depend on the symplectic frame, through a
G-covariant embedding tensor Θ, subject to a set of G-covariant linear and quadratic con-
straints.
Later in Sect. 3.2, we shall deal with a more general formulation of the gauging procedure
which no longer depends on the original symplectic-frame and is manifestly G-covariant at
the level of the field equations and Bianchi identities. The price we have to pay for this is the
introduction of fields which are dual to the existing ones in the ungauged model (with the
11We only consider the formulation of these theories in which all antisymmetric tensor fields are dualized
to lower-rank ones, through the Hodge-duality relating the corresponding field strengths.
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exception of the metric) and which include higher-order antisymmetric tensor fields. These
extra fields are associated with new gauge symmetries which ensure the correct number of
propagating degrees of freedom. The consistent distribution of the latter among the various
fields is defined by the embedding tensor. This general mechanism is called hierarchy and
allows a duality covariant formulation of all supergravities in any dimensions. The precise
knowledge of how the degrees of freedom are assigned to the fields requires “looking inside”
Θ though its rank-factorization, discussed, for four-dimensional theories, in Sect. 3.5.
Using this formalism, a gauged supergravity can be completely characterized in terms of
its amount of supersymmetry, field content and the embedding tensor defining the internal
local symmetry gauged by the vector fields. As pointed out earlier in this Introduction, the
action of G on Θ defines an equivalence, or duality, between seemingly different theories:
Dual gauged supergravities share the same physics (vacua, mass spectra and interactions).
A general discussion of the vacua of gauged supergravities and of the mass matrices, will be
given in Sect. 3.9.
Starting from Sect. 4, we discuss applications of the general procedure illustrated in Sect.
3.2 to the specific four-dimensional extended models, extensively discussing only the max-
imal and the N = 2 models. The former is discussed in Sect. 4 while latter will be dealt
with in Sect. 5. Special emphasis will be put on the new “dyonic” gaugings, such as the
recently defined “dyonic” CSO(p, q, r)-gaugings in the maximal theory, see Sect. 4.6.5. A
general discussion of the mathematical structures underlying N = 2 supergravities is given
in Sect. 5: Special and quaternionic Ka¨hler geometries are reviewed in Sects. 5.1 and 5.2,
respectively. The main facts about the relation between ungauged N = 2 supergravities and
Calabi-Yau compactifications are recalled in Sect. 5.7. The general, symplectic covariant
gauging of the N = 2 models is discussed in Sects. 5.3-5.6. In Sect. 5.8 we consider, as an
instructive example, one of the few models in which the constraints on the embedding tensor
can be explicitly solved and all possible gaugings classified in orbits of the global symmetry
group G: the STU model. Some of these orbits feature interesting physics, such as stable de
Sitter and anti de Sitter vacua.
The relationship between flux-compactifications of string/M-theory and the gauged super-
gravity describing the dynamics of the low-lying modes (or of a consistent truncation thereof),
is dealt with in Sect. 7.1. We start from toroidal reductions from ten and eleven dimensional
maximal supergravities and illustrate, in various instances, how the background quantities
enter the lower-dimensional effective description as components of the embedding tensor
defining the coresponding gauging. The action of dualities on fluxes using the embedding
tensor formalism and the issue of non-geoemtric fluxes are discussed in Sect. 7.2, where the
subjects of (extended) generalized geometry, DFT and exceptional field theory are touched
upon.
In Sect. 7.3 the gauged N = 2 supergravity description of the Type IIB theory compactified
on a K3× T2/Z2-orientifold in the presence of fluxes and space-filling D3 and D7-branes is
reviewed.
We end the discussion of the gauged supergravity approach to the study of flux-compactifications
with Sect. 7.4 where we deal with a class of N = 2 gauged models which describe flux-
compactifications of Type II theories on manifolds with SU(3)× SU(3)-structure.
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In Sect. 6, we briefly review the main facts (field content, global symmetry and embedding
tensor representation) about the four-dimensional N = 6, 5, 4, 3 supergravities.
We end the report with Sect. 8, in which a general overview of gauged supergravities in
higher dimensions is given, with special emphasis on the hierarchy mechanism.
The Appendices are devoted to the definition of the conventions used throughout the report
as well as to a summary of the useful identities and properties related to the various subjects
dealt with in the main text.
2 Review of Ungauged Supergravities
Let us recall some basic aspects of extended ungauged D = 4 supergravities. The main
references for this section are [32],[141],[160],[161],[162], [163] and [156].
2.1 Field Content and Bosonic Action.
The bosonic sector consists in the graviton gµν(x), nv vector fields A
Λ
µ(x), ns scalar fields
φs(x) and is described by a bosonic Lagrangian of the following general form 12
1
e
Lb = −R
2
+
1
2
Gst(φ) ∂µφ
s ∂µφt +
1
4
IΛΣ(φ)FΛµν FΣ µν +
1
8 e
RΛΣ(φ) µνρσ FΛµν FΣρσ , (2.1)
where e =
√|det(gµν)| and the nv vector field strengths are defined as usual:
FΛµν = ∂µA
Λ
ν − ∂νAΛµ . (2.2)
Let us comment on the general characteristics of the above action.
• The scalar fields φs are described by a non-linear σ-model, that is they are coordinates
of a non-compact, Riemannian ns-dimensional differentiable manifold (target space),
named scalar manifold and to be denoted by Mscal. The positive definite metric on
the manifold is Gst(φ), where we have used the short-hand notation φ ≡ (φs). The
corresponding kinetic part of the Lagrangian density reads:
Lscal =
e
2
Gst(φ) ∂µφ
s∂µφt . (2.3)
The σ-model Lagrangian is clearly invariant under the action of global (i.e. space-time
independent) isometries of the scalar manifold:
φs → φ′s(φ) : Gs′t′(φ′(φ))∂φ
′s′
∂φs
φ′t
′
∂φt
= Gst(φ) . (2.4)
12 Using the “mostly minus” convention and 8piGN = c = ~ = 1. Moreover 0123 = −0123 = 1. See
Appendix A.1 for the definition of the main notations and conventions.
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As we shall discuss below, the isometry group can be promoted to a global symme-
try group of the field equations and Bianchi identities (i.e. on-shell global symmetry
group) provided its (non-linear) action on the scalar fields is combined with an electric-
magnetic duality transformation on the vector field strengths and their magnetic duals
[160].
In N = 1 models [164] the ns = 2n real scalar fields are naturally grouped by super-
symmetry in n complex fields zi, i = 1, . . . , n, belonging to n chiral multiplets and
which span a complex Ka¨hler manifold [165] (in fact a Hodge-Ka¨hler manifold, see for
instance [14] for a general review of the subject). The sigma model Lagrangian density
becomes:
Lscal = e gi¯(z, z¯) ∂µz
i∂µz¯ ¯ , (2.5)
where gi¯(z, z¯) is the hermitian target space metric which can be expressed in terms of
a real Ka¨hler potential K(z, z¯) as follows: gi¯ = ∂2∂zi∂z¯¯K.
• The fermionic sector of a supergravity theory consists of N gravitino fields ψAµ, A =
1, . . . ,N , and a number of spin-1/2 fields. These comprise the gaugini λIA, I =
1, . . . , n, belonging to the n vector multiplets. In N = 2 theories we also have the
hyperinos λα in the hypermultiplets (to be denoted later also by ζα) and, only for
N ≥ 3, the dilatinos χABC in the supergravity multiplet.13
We shall use the chiral (or Weyl) basis for the fermion fields, in which the full R-
symmetry group HR, i.e. the automorphism group of the supersymmetry algebra, is
manifest.
The fermionic fields transform non-trivially under the holonomy group H of Mscal,
which contains the R-symmetry group HR, in contrast to the bosonic fields which are
inert under H. Since the action of H is by definition local on the scalar manifold,
namely it acts by means of scalar-field-dependent transformations, invariance of the
theory under it requires the covariant derivatives of the fermion fields to contain a
corresponding gauge connection Qµ. This is a composite connection, namely it is not
an independent vector field, but it is defined in terms of the scalar fields φs and their
derivatives ∂µφ
s. In N = 1 theories, for instance, the fermionic fields are charged
under the HR = U(1) R-symmetry group of the theory, whose action is associated with
the Ka¨hler transformations of the scalar manifold. Consistency of this transformation
property of the fermionic fields implies the existence of an additional structure and
conditions on the scalar manifold which further constrain it to be of Hodge-Ka¨hler
type.
13For N = 3 each vector multiplet (labeled by the index I) contains, besides the triplet λIA, also the
singlet spin-1/2 field λI ABC = λIABC of opposite chirality with respect to the former. In the N = 5 model,
besides the ten spin-1/2 fields χABC , the supergravity multiplet also contains a singlet χ while for N = 6,
supersymmetry requires, together with the χABC , also the presence in the gravity multiplet of extra six
fermions χA. These additional dilatinos all have opposite chirality with respect to χABC . See Sect. 6 for
the general details of the various extended models.
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• The two terms containing the vector field strengths will be called vector kinetic terms.
A general feature of supergravity theories is that the scalar fields are non-minimally
coupled to the vectors as they enter these terms through the symmetric matrices
IΛΣ(φ), RΛΣ(φ) which contract the vector field strengths. The former IΛΣ(φ) is neg-
ative definite and generalizes the −1/g2 factor in the Yang-Mills kinetic term. The
latter RΛΣ(φ) generalizes the θ-term.
In N = 1 supergravity, these two matrices are defined by the real and imaginary parts
of a holomorphic matrix FΛΣ(z
i). In extended theories (N > 1) vector multiplets
contain scalar fields and this feature implies an important difference with respect to the
minimal case: The IΛΣ and RΛΣ only depend on the scalar fields sitting in the vector
multiplets and their form is fixed by supersymmetry (aside from an initial choice of
the symplectic frame), so that they are no longer an independent feature of the model.
• There is a U(1)nv gauge invariance associated with the vector fields:
AΛµ → AΛµ + ∂µζΛ . (2.6)
All the fields are neutral with respect to this symmetry group.
• There is no scalar potential. In an ungauged supergravity a scalar potential is allowed
only for N = 1 (F-term potential). In this case it is determined in terms of the
holomorphic superpotential W (zi) and its covariant derivatives
V (z, z¯) = eK
(
gi¯DiWD ¯W − 3 |W |2
)
, (2.7)
where the first (positive) term is usually referred to as the “F”-term contribution to
the potential.
In extended supergravities a non-trivial scalar potential can be introduced without
explicitly breaking supersymmetry only through the gauging procedure, which implies
the introduction of a local symmetry group to be gauged by the vector fields of the
theory and which will be extensively dealt with in the following.
The fermion part of the action is totally determined by supersymmetry once the bosonic one
is given. Let us start discussing in some detail the mathematical description of the different
sectors of the theory, starting from the scalar one.
2.1.1 Scalar Sector and Coset Geometry
As mentioned above the scalar fields φs are coordinates on a Riemannian target space Mscal,
with metric Gst(φ). Their sigma model action therefore features non-linear interactions
which are encoded in this metric tensor. The consistent couplings of the scalar fields to the
vectors and fermions (gravitino and spin- 1/2 fields), for a given amount of supersymmetry,
requires restrictions on the scalar manifold and additional structures to be defined on it.
It is known that fermionic fields on a curved space-time are characterized by the property
of transforming in a certain representation (the spinorial one) of the local Lorentz group,
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which is the structure group of space-time and defines the holonomy of the Levi-Civita
connection on it for a generic metric. Similarly, as we mentioned above, they belong to a
definite representation of the holonomy group of the scalar manifold, and this determines
their couplings to the scalar fields. Physics should not depend on the local holonomy frame
either on space-time or on the scalar manifold. For this reason the covariant derivatives of
the fermions will contain both the space-time (spin) connection and the the scalar manifold
one in the appropriate representation. We will deal with this in Section 2.2.
Consistency of the scalar-vector coupling with extended supersymmetry requires, as we
shall discuss in Section 2.1.4, the definition of a flat symplectic bundle on the scalar manifold
which associates with each isometry onMscal a constant, symplectic electric-magnetic duality
transformation. The same isometry also implies a corresponding compensating holonomy
transformation on the fermions. These combined actions promote the isometry group to a
global symmetry group of the field equations and Bianchi identities.
Scalar manifolds can be homogeneous symmetric, namely of the form G/H with G
semisimple and H maximal compact in G, as it is the case of theories with large enough
supersymmetry (N > 2). A simple example of a homogeneous symmetric space is the upper-
(or lower-) half plane SL(2,R)/SO(2), see example below. A more complicated example is
the scalar manifold E7(7)/(SU(8)/Z2) of the N = 8 model, see Section 4. This is spanned by
the 70 real scalars of the maximal theory.
In the N = 2 models the geometry of the scalar manifold is less constrained and we can
have models in which Mscal is not even homogeneous, namely we cannot move from a point
to any other one of the space through a symmetry transformation of the space itself (an
isometry). We shall discuss these models in Sect. 5.
In order to deal with the scalar fields and their interactions we need therefore some
mathematical tools, related to the general description of non-compact Riemannian manifolds.
Below we shall recall the main facts about homogeneous scalar manifolds in supergravities
and the definition of the corresponding sigma-model action. Although particular emphasis
will be given to the symmetric case, most of the properties we shall derive also hold for
the more general spaces which occur in N = 2 models. Some basic notions of differential
geometry of Riemannian manifolds are needed at this point, although the relevant facts are
recalled in Appendix A.1 where the notations we shall use are also defined.
The holonomy group H of Mscal has the general form
H = HR ×Hmatt , (2.8)
where HR is the automorphism group of the supersymmetry algebra (R–symmetry group),
which is U(N ) for N < 8 and and SU(8) for N = 8, Hmatt is a compact group acting
on the matter fields. As previously emphasized, the gravitino and spin-1
2
fields transform
in representations of the H group. The theories with N ≥ 5 describe the gravitational
multiplet only and thus H = HR. The isometry group G of Mscal clearly defines the global
symmetries of the scalar action. If the G has a transitive action on Mscal, the manifold is
said to be homogeneous and can be written in the form G/H ′, where H ′ is the isotropy
group, namely the subgroup of G leaving a generic point on the manifold invariant.
If the manifold, besides being homogeneous, is also symmetric, then the isotropy and the
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N G
H
ns nv Rv
8
E7(7)
SU(8)
70 28 56
6
SO∗(12)
U(6)
30 16 32c
5
SU(5,1)
U(5)
10 10 20
4
SL(2,R)
SO(2)
× SO(6,n)
SO(6)×SO(n) 6n+2 n+6 (2,6 + n)
3
SU(3,n)
S[U(3)×U(n)] 6n 3+n (3 + n) + (3 + n)
′
Table 1: Homogeneous symmetric scalar manifolds in N > 2 supergravities, their real
dimensions ns and the number nv of vector fields.
holonomy groups (locally) coincide:14 H = H ′. In this case it has the general form
Mscal =
G
H
, (2.9)
where G is the semisimple non-compact Lie group of isometries and the isotropy group H
is its maximal compact subgroup. In N > 2 theories the scalar manifold is constrained by
supersymmetry to be of this kind, see Table 1. In generic homogeneous spacesMscal = G/H ′,
G need not be semisimple. Here we recall the main facts about the description of a non-
linear sigma-model with a homogeneous target space G/H ′ [160]. We refer to standard
textbooks [166, 167] for an in-depth discussion of the subject and to the Appendix A.1 for
the relevant notations used here.
The scalars can be described by a space-time dependent element L(x) of G and the
sigma-model Lagrangian (and in fact the whole supergravity action) is constructed so as
to be invariant under local H ′-transformations, defined on L(x) by the right-action of a
space-time dependent H ′-element h(x). The symmetries of the supergravity equations of
motion and Bianchi identities also comprise global G-transformations g acting on L(x) to
14 When dealing with the isotropy and holonomy groups, by an abuse of notation, we shall always refer
to the corresponding connected components, since we are interested in the local properties of these groups,
encoded in their respective Lie algebras.
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N G
H
ns nv Rv
SU(1,n)
U(n)
2n n+1 (1 + n) + (1 + n)′
SL(2,R)
SO(2)
× SO(2,n−1)
SO(2)×SO(n−1) 2n n+1 (2,n + 1)
SU(1,1)
U(1)
2 2 4
2, SK
Sp(6)
U(3)
12 7 14′
SU(3,3)
S[U(3)×U(3)] 18 10 20
SO∗(12)
U(6)
30 16 32c
E7(−25)
U(1)×E6 54 28 56
SU(2,nH )
S[U(2)×U(nH )] 4nH
SO(4,nH )
SO(4)×SO(nH ) 4nH
G2(2)
SU(2)×SU(2) 8
F4(+4)
SU(2)×USp(6) 28
2, QK
E6(+2)
SU(2)×SU(6) 40
E7(−5)
SU(2)×SO(12) 64
E8(−24)
SU(2)×E7 112
USp(2,2nH )
USp(2)×USp(2nH ) 4nH
Table 2: Homogeneous symmetric special Ka¨hler (SK) and quaternionic Ka¨hler (QK) scalar
manifolds in N = 2 supergravities, their real dimensions ns and the number nv of vector
fields.
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the left. Therefore the local and global symmetry groups H ′ and G, respectively, act on
L(x) as follows:
L(x)→ L(x)h(x) ; L(x)→ gL(x) , g ∈ G , h(x) ∈ H ′ . (2.10)
Invariance under the former transformations allows to group L(x), for each xµ, into equiva-
lence classes or left-cosets, each defining a point on the scalar manifold, whose representative
L(φs(x)) is obtained by fixing the local right action of H ′ on L(x) and thus depends on
dim(G) − dim(H ′) independent local parameters φs(x) which are the scalar fields. The ac-
tion of an isometry transformation g ∈ G on the scalar fields φr parametrizing Mscal is
defined by means of the coset representative L(φ) ∈ G/H ′ as follows:
g · L(φr) = L(g ? φr) · h(φr,g) , (2.11)
where g ? φr denote the transformed scalar fields, non-linear functions of the original ones
φr, and h(φr,g) is a compensator in the isotropy group H ′. The coset representative is thus
defined modulo the right-action of H ′ and is fixed by the chosen parametrization of the
manifold.
The Lie algebra g of G can be decomposed into two orthogonal subspaces: the Lie algebra
H generating H ′, and a coset space K
g = H⊕ K , (2.12)
and the following general commutation relations hold:
[H, H] ⊂ H ; [H, K] ⊂ K ; [K, K] ⊂ H⊕ K , (2.13)
that is the space K supports a representation K of H ′ with respect to its adjoint action.
The space K is isomorphic to the tangent space to G/H ′ at any point and thus supports a
representation of the whole holonomy group H.
Of particular relevance in supergravity is the so-called solvable parametrization [32, 168–
170], which corresponds to fixing the action of H ′ so that L belongs to a solvable Lie group15
GS = exp(S ), generated by a solvable Lie algebra S and defined, ifMscal is also symmetric,
by the Iwasawa decomposition of G with respect to H ′ = H. The scalar fields are then
parameters of the solvable Lie algebra S :
L(φr) = eφ
rTr ∈ exp(S ) , (2.14)
where {Tr} is a basis of S (r = 1, . . . , ns). As opposed to K, the space S is not orthogo-
nal to the isotropy algebra H. All homogeneous scalar manifolds occurring in supergravity
15 A solvable Lie group GS can be described (locally) as a the Lie group generated by solvable Lie algebra
S : GS = exp(S ). A Lie algebra S is solvable iff, for some k > 0, DkS = 0, where the derivative D of
a Lie algebra g is defined as follows: Dg ≡ [g, g], Dng ≡ [Dn−1g,Dn−1g]. In a suitable basis of a given
representation, elements of a solvable Lie group or a solvable Lie algebra are all described by upper (or lower)
triangular matrices [166].
26
theories admit this (global) parametrization, which is useful when the four-dimensional su-
pergravity originates from the Kaluza-Klein reduction of a higher-dimensional one on some
internal compact manifold. The solvable coordinates directly describe dimensionally reduced
fields and moreover this parametrization makes the shift symmetries of the σ-model met-
ric manifest. We refer the reader to the final paragraph of the present Section for a more
detailed discussion on this issue.
An alternative choice of parametrization corresponds to defining the coset representative
as an element of exp(K):
L(φr) = eφ
rKr ∈ exp(K) , (2.15)
where {Kr} is a basis of K. As opposed to the solvable parametrization, the coset represen-
tative is no-longer a group element, since K does not close an algebra, see last of eqs. (2.13).
The main advantage of this parametrization is that the action of H ′ on the scalar fields is
linear :
∀h ∈ H ′ : hL(φr) = h eφrKr h−1 h = eφr hKr h−1 h = L(φ′r)h , (2.16)
where φ′r = (h−1)sr φs, and hsr describes h in the representation K . This is not the case
for the solvable parametrization since [H, S ] * S .
In all parametrizations, the origin O is defined as the point in which the coset representa-
tive equals the identity element of G and thus the H ′-invariance of O is manifest: L(O) = 1
(corresponding to the coset H ′).
If the manifold, besides being homogeneous, is also symmetric, the space K can be defined
so that:
[K, K] ⊂ H . (2.17)
In this case the Eq. (2.12) defines the Cartan decomposition of g into compact and non-
compact generators, in H and K, respectively (recall that Mscal is a non-compact manifold).
This means that, in a given matrix representation of g, a basis of the representation space
can be chosen so that the elements of H and of K are represented by anti-hermitian and
hermitian matrices, respectively. Unless otherwise stated, we shall restrict our discussion
of coset geometry, from now on, to symmetric manifolds for which no distinction is made
between H and H ′. Several relations given in this Section, although derived for the sake of
simplicity in this special case, hold in fact for more general manifolds.
The geometry of Mscal is described by vielbein and an H ′-connection constructed out of
the left-invariant one-form
Ω = L−1 dL ∈ g , (2.18)
satisfying the Maurer-Cartan equation:
dΩ +Ω ∧Ω = 0 . (2.19)
The vielbein and H-connection are defined by decomposing Ω according to (2.12)
Ω(φ) = P(φ) +Q(φ) ; Q ∈ H , P ∈ K . (2.20)
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Let us see how these quantities transform under the action of G. For any g ∈ G, using Eq.
(2.11), we can write L(g ? φ) = gL(φ)h−1, so that:
Ω(g ? φ) = hL(φ)−1 g−1d(gL(φ)h−1) = hL(φ)−1 dL(φ) h−1 + h dh−1 , (2.21)
where we have used the fact that g is a global transformation: dg = 0. From (2.20) we find:
P(g ? φ) +Q(g ? φ) = hP(φ)h−1 + hQ(φ)h−1 + h dh−1 . (2.22)
Since h dh−1 is the left-invariant 1-form on H, it has value in this algebra. Projecting the
above equation over K and H, we find:
P(g ? φ) = hP(φ)h−1 , (2.23)
Q(g ? φ) = hQ(φ)h−1 + h dh−1 . (2.24)
We see that Q transforms as a connection while the matrix-valued one-form P transforms
linearly under the H-compensator. These quantities will be used to construct the supergrav-
ity action with manifest local H-invariance, see Sect. 2.2.16 In homogeneous non-symmetric
manifolds, Q defined above does not represent the whole H-connection but only its compo-
nent in the isotropy algebra H. In this case we would denote it by Q′, see discussion at the
end of Appendix A.1 and in particular Eq. (A.55).
The vielbein of the scalar manifold are defined by expanding P in a basis {Ks} of K
(underlined indices s, r, t, . . . are rigid tangent-space indices, as opposed to the curved coor-
dinate indices s, r, t, . . . ):
P(φ) = Ps(φ)Ks . (2.26)
From (2.23) it follows that the vielbein 1-forms Ps(φ) = Pss(φ)dφs transform under the
action of G as follows:
Ps(g ? φ) = P t(φ) (h−1)ts = hstP t(φ) . (2.27)
We can also define an H-covariant derivative on L(φs) using the connection Q, so that, from
(2.20) we have:
DL ≡ dL− LQ = LP . (2.28)
From Eq. (2.19) and Eq. (2.17) for symmetric spaces, it follows that Q and P satisfy the
following conditions
DP ≡ dP +Q∧ P + P ∧Q = 0 , (2.29)
R(Q) ≡ dQ+Q∧Q = −P ∧ P , (2.30)
16Prior to fixing the local isotropy group action to the right of L(x), as in the first of Eqs. (2.10), and
defining the scalar fields, we would have written the left invariant one-form as:
Ω(x) = Ωµ(x) dx
µ = L(x)−1∂µL(x) dxµ = (Pµ(x) +Qµ(x)) dxµ . (2.25)
Under the action of a generic h(x) ∈ H ′ on L(x) to the right Q → hQh−1 + h dh−1, so that Qµ(x) is the
connection associated with this local invariance. If we gauge-fix the local action of the isotropy group, L
depends on x only through φs(x) and P = Ps(φ) dφs, Q = Qs(φ) dφs, so that the invariance of the theory
under the local transformation in (2.10) is clearly no-longer manifest. What is manifest is the invariance
under the compensating transformation h(φ, g) associated with a global isometry g [160].
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where we have defined the H-covariant derivative DP of P and the H-valued curvature R(Q)
of the manifold. The latter can be written in components:
R(Q) = 1
2
Rrs dφ
r ∧ dφs ⇒ Rrs = −[Pr, Ps] ∈ H . (2.31)
Equation (2.29) for a general Riemannian manifold follows from the first vielbein postulate
defining the Levi-Civita connection, see Eq. (A.45) of Appendix A.1.
If Φ is a field on Mscal, only transforming, through its internal indices, in some represen-
tation of the holonomy group H, the definition of the H-covariant derivative generalizes as
follows (see also Appendix A.1):
DrΦ = ∂rΦ+Qr ? Φ , (2.32)
where ? indicates the action of Q on Φ in the corresponding representation. The reader can
easily verify that:
D2Φ = R(Q) ? Φ ⇔ [Dr, Ds]Φ = Rrs ? Φ . (2.33)
For homogeneous non-symmetric manifolds, the covariant derivative is defined in terms of the
full Levi-Civita H-connection Q, which does not coincide with the component in the isotropy
algebra H of the left-invariant one-form but which is defined by the condition DPs = 0.
Let the metric computed on the basis {Ks} be described by the constant, H-invariant
matrix ηst which, for symmetric spaces, can be written in the following form:
17
ηst ≡ kTr(KsKt) > 0 , (2.34)
where k is a positive number depending on the matrix representation used, so that the metric
in a generic point reads:
ds2(φ) ≡ Gst(φ)dφs dφt ≡ Pss(φ)Ptt(φ)ηst dφs dφt = kTr(P(φ)P(φ)) . (2.35)
As it follows from eqs. (2.23), (2.27), the above metric is manifestly invariant under global
G-transformations:
ds2(g ? φ) = ds2(φ) . (2.36)
The σ-model Lagrangian can be written in the form:
Lscal =
e
2
G (φ)st∂µφ
s ∂µφt =
e
2
kTr
(Pµ(φ)Pµ(φ)) , Pµ = Ps ∂φs
∂xµ
, (2.37)
and, just as the metric ds2, it is manifestly invariant under global G-transformations acting
on L as in Eqs. (2.10), (2.11).
17For symmetric spaces, {Ks} is a basis of the non-compact generators of g and the trace below is pro-
portional to the restriction of the Cartan-Killing metric to these generators, which is positive definite. For
homogeneous non-symmetric manifolds this trace-formula does not apply since a basis of K may include
nilpotent matrices, whose trace would yield a singular matrix. In this case the metric ηst is assigned as a
H ′-invariant, positive definite matrix. See discussion at the end of paragraph “The geometry of the scalar
manifold” in Appendix A.1.
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The bosonic part of the equations of motion for the scalar fields can be derived from the
Lagrangian (2.1) and read:
Dµ(∂
µφs) =
1
4
G st
[
FΛµν ∂t IΛΣ FΣ µν + FΛµν∂tRΛΣ ∗FΣ µν
]
+ . . . , (2.38)
where ∂s ≡ ∂∂φs and ∗Fµν ≡ e2µνρσ F ρσ. The ellipses refer to terms containing fermionic
fields. These will be dealt with later in Sections 2.2 and 2.3. The covariant derivative Dµ
also contains the Levi-Civita connection Γ˜ on the scalar manifold:
Dµ(∂νφ
s) ≡ ∇µ(∂νφs) + Γ˜ st1t2∂µφt1 ∂νφt2 , (2.39)
∇µ being the covariant derivative only containing the space-time connection, see Appendix
A.1 for a summary of the relevant conventions.
N = 2 theories deserve a separate discussion and we shall deal with them in detail in Sect
5. In this case, the scalar fields may sit either in vector multiplets or in hypermultiplets. The
former span a special Ka¨hler manifold [171], the latter, named hyper-scalars, parametrize a
quaternionic Ka¨hler one [172]. The scalar manifold is always factorized in the product of
the two:
M (N = 2)scal = Msk ×Mqk . (2.40)
As opposed to N > 2 models in which scalar manifolds are homogeneous symmetric, each of
these two spaces may not be symmetric or even homogeneous (i.e. the isometry group G, if
it exists, does not act transitively on them). The holonomy group of Msk is H(SK) = U(1)×
H
(SK)
matt while that of Mqk is H
(QK) = SU(2) × H(QK)matt where, by definition of quaternionic
Ka¨hler spaces, H
(QK)
matt is contained in USp(2nH), nH being the number of hypermultiplets.
The group SU(2) × USp(2nH) has a linear action on the tangent space to Mqk according
to the representation (2,2nH). This means that we can choose a basis {KA,α}, A = 1, 2,
α = 1, . . . , 2nH , of the tangent space at any point and expand the vielbein matrix of Mqk
in components with respect to it:18
P = PAαKA,α = dquPuAαKA,α , (2.41)
where we have denoted by qu, u = 1, . . . , 4nH , the (real) hyper-scalars parametrizing Mqk.
The vielbein tensor PuAα is subject to the reality condition:
PuAα ≡ (PuAα)∗ = ABCαβ PuBβ . (2.42)
The metric G (q)uv of Mqk, in terms of PuAα has the following form: 19
G (q)uv = PuAαPvBβABCαβ . (2.43)
18Because of a shortage of indices, only when discussing quaternionic Ka¨hler manifolds in N = 2 theories
the indices α, β, . . . will label the fundamental representation of USp(2nH). Otherwise the same indices
will label generic isometry generators.
19Later, when dealing specifically with the N = 2 theories, following the notations of [161], we shall
rescale the vielbein matrix and the metric, defining UuAα and h(q)uv related to PuAα and G (q)uv as follows:
UuAα ≡ 1√2 PuAα and huv = 12 Guv.
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Clearly for non-homogeneous spaces, the elements KA,α in (2.41) are not isometry generators.
The connection 1-form of Mqk is represented by the matrices QAB and Qαβ in the Lie
algebras of SU(2) and USp(2nH), respectively. Both Msk and Mqk, just as any other scalar
manifold in supergravity, are non-compact manifolds with negative curvature. We shall
be dealing with their geometry, and in general with N = 2 theories, in Sect. 5. The
homogeneous symmetric special Ka¨hler and quaternionic Ka¨her manifolds are listed in Table
2. Homogeneous special and quaternionic Ka¨hler manifolds were classified in [173, 174].
Let us end this paragraph by introducing, in the coset geometry, the Killing vectors
describing the infinitesimal action of isometries on the scalar fields. Let us denote by tα
the infinitesimal generators of G, defining a basis of its Lie algebra g and satisfying the
corresponding commutation relations
[tα, tβ] = fαβ
γ tγ , (2.44)
fαβ
γ being the structure constants of g. Under an infinitesimal G-transformation generated
by α tα (
α  1):
g ≈ 1 + α tα , (2.45)
the scalars transform as:
φs → φs + α ksα(φ) , (2.46)
ksα(φ) being the Killing vector associated with tα. They satisfy the condition:
Drk
t
α Gst +Dsk
t
α Grt = 0 . (2.47)
The action of g on the scalars is defined by Eq. (2.11), neglecting terms of order O(2):
(1 + α tα)L(φ) = L(φ+ 
α kα)
(
1− 1
2
αW Iα JI
)
, (2.48)
where (1 − 1
2
αW Iα JI) denotes, expanded to linear order in , the compensating transfor-
mation h(φ,g), {JI/2} being a basis of H. For homogeneous non-symmetric manifolds, we
define {JI/2} as a basis of the holonomy algebra, which contains the isotropy algebra H.
Equating the terms linear in α, multiplying to the left by L−1 and using the expansion
(2.20) of the left-invariant 1-form, we end up with the following equation:
L−1tαL = ksα (Ps +Qs)−
1
2
W Iα JI = k
s
αPssKs +
1
2
(ksαQIs −W Iα) JI , (2.49)
where we have expanded the H-connection along JI/2 as follows:
20
Qs = 1
2
QIs JI . (2.50)
20For homogeneous non-symmetric spaces this quantity would be the component Q′ of the H-connection
Q on the isotropy algebra H, see Eq. (A.55) in Appendix A.1. The derivation below would follow the same
lines.
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Eq. (2.49) allows to compute kα for homogeneous scalar manifolds by projecting L
−1tαL
along the directions of the coset space K. These Killing vectors satisfy the following algebraic
relations (note the minus sign on the right hand side with respect to (2.44)):
[kα, kβ] = −fαβγ kγ , (2.51)
We can split, according to the general structure (2.8), theH-generators JI intoHR-generators
Ja (a = 1, . . . , dim(HR)) and Hmatt-generators Jm (m = 1, . . . , dim(Hmatt)), and rewrite
(2.49) in the form:
L−1tαL = ksαPssKs −
1
2
Paα Ja −
1
2
Pmα Jm . (2.52)
The quantities
Paα = −(ksαQas −W aα ) , (2.53)
generalize the so-called momentum maps in N = 2 theories, which provide a Poissonian
realization of the isometries tα, see Sect. 5. One can verify the general property:
ksαR
a
st = DtP
a
α , (2.54)
where Ds denotes the H-covariant derivative and we have expanded the curvature R[Q]
defined in (2.30) along JI/2:
R[Q] = 1
2
RIst dφ
s ∧ dφt
(
JI
2
)
. (2.55)
These objects are important in the gauging procedure since they enter the definition of the
gauged connections for the fermion fields as well as gravitino-shift matrix SAB (see Sect. 3).
For all those isometries which do not produce compensating transformations in HR, W
a
α = 0
and Paα are easily computed to be
Paα = −ksαQas .
This is the case, in the solvable parametrization, for all the isometries in S , which include
translations in the axionic fields.
In N = 2 models with non-homogeneous scalar geometries, though we cannot apply
the above construction of kα, Paα, the momentum maps are constructed from the Killing
vectors as solutions to the differential equations (2.54). In general, in these theories, with
each isometry tα of the scalar manifold, we can associate the quantities Paα, P
m
α which
are related to the corresponding Killing vectors kα through general relations (see [161] for a
comprehensive account of N = 2 theories). We shall be dealing with this issue in detail in
Sections 5.1.1 and 5.2.1.
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A worked out example 1. Let us discuss the simple example of the lower-half complex
plane
G/H = SL(2,R)/SO(2) . (2.56)
This manifold is parametrized by a complex coordinate z, with Im(z) < 0. We can work in
the fundamental representation of G = SL(2,R) and choose the following basis of generators
of g = sl(2,R):
sl(2,R) = {σ1, i σ2, σ3} =
{(
0 1
1 0
)
,
(
0 1
−1 0
)
,
(
1 0
0 −1
)}
. (2.57)
The isotropy algebra is:
H = {J} = {−i σ2} , (2.58)
while its orthogonal complement, isomorphic to the tangent space, is spanned by symmetric
traceless matrices:
K = {K1, K2} = {σ3, σ1} . (2.59)
In this basis the metric reads: ηst = Tr(KsKt) = diag(2, 2). Let us illustrate in this simple
example the two parametrizations discussed earlier. The H = SO(2)-covariant parametriza-
tion consists in defining the coset-representative as follows:
L = eξ
sKs = exp
(
ξ
2
cos(α)σ3 +
ξ
2
sin(α)σ1
)
, (2.60)
where Ks = Ks and we have denoted the coordinates by ξ
1, ξ2 to distinguish them from
those in the solvable parametrization, to be introduced below. We have also set: ξ1 =
ξ cos(α)/2, ξ2 = ξ sin(α)/2. The coordinates ξs transform linearly under SO(2)-transformations,
which have the form h(β) = exp(β J), see Eq. (2.16). Indeed one can verify that:
h(β)L(ξ, α)h(β)−1 = L(ξ, α + 2 β) , (2.61)
which amounts to an SO(2)-rotation on the 2-component vector ξs. The metric in these
coordinates reads:
ds2 =
1
2
(
dα2 sinh2(ξ) + dξ2
)
. (2.62)
Let us now define the solvable parametrization by writing the Iwasawa decomposition of
g = sl(2,R) with respect to H = so(2):
sl(2,R) = so(2)⊕ S . (2.63)
The solvable subalgebra S consists of the follwing upper-triangular generators
S = {σ3, σ+} , σ+ ≡
(
0 1
0 0
)
. (2.64)
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and defines the solvable parametrization φs = (ϕ, χ), in which the coset representative, to
be denoted only here by L(S), has the following form:
L(S)(ϕ, χ) ≡ eχσ+ eϕ2 σ3 =
(
1 χ
0 1
)(
eϕ/2 0
0 e−ϕ/2
)
∈ eS . (2.65)
The relation between the solvable coordinates and z is
z = z1 + i z2 = χ− i eϕ . (2.66)
The metric reads:
ds2 =
dϕ2
2
+
1
2
dχ2e−2ϕ =
1
2z22
dzdz¯ = 2 gzz¯ dzdz¯ , (2.67)
and the relation between φs and ξs is the following:
e−ϕ = cosh(ξ)− cos(α) sinh(ξ) ; χ = sin(α) sinh(ξ)
cosh(ξ)− cos(α) sinh(ξ) , (2.68)
as it can be easily ascertained by solving the matrix equation L(S)(ϕ, χ)h(β) = L(ξ, α) in
ϕ, χ and the compensator parameter β.
The vielbein and connection one-forms in the solvable coordinates read:
L(S)−1dL(S) = PsKs +Q J ,
P1 = 1
2
dϕ , P2 = e
−ϕ
2
dχ , Q = e
−ϕ
2
dχ , (2.69)
The curvature 2-form is also computed to be:
R(Q) = dQ = e
−ϕ
2
dϕ ∧ dχ = i gzz¯ dz ∧ dz¯ . (2.70)
The reader can evaluate the Ricci tensor and scalar to be Rst = −2ηst and R = −4,
respectively. This manifold is an instance of special Ka¨hler space, see Sect. 5.1, and Q is
the U(1)-connection associated with Ka¨hler transformations.
The reader can also compute the Killing vectors associated with the isometry generators
in the basis (2.57) to be:
kα = k
z
α(z)
∂
∂z
+ kz¯α(z¯)
∂
∂z¯
, (2.71)
where kz¯α(z¯) = (k
z
α(z))
∗ and
kz1 = 2 z , k
z
2 = 1 + z
2 , kz3 = 1− z2 . (2.72)
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Supersymmetry transformations. Let us note that, in coset geometry, any transfor-
mation of the coset representative L can be effected by means of the action of a suitable,
possibly scalar-field-dependent, G-transformation acting on L from the right. This is due to
the fact that the right action of G on itself is transitive. Therefore, if φs → φ′s(φt) is a generic
transformation of the scalar fields, and L′ = L(φ′) is the transformed coset representative
(φ′ ≡ (φ′s)), depending on the transformed scalar fields φ′s, we can always write:
L(φ′(φ)) = L(φ) gR(φ) , (2.73)
being gR(φ) ≡ L(φ)−1 L(φ′(φ)). For instance a global isometry transformation resulting from
the action of an element g ∈ G on L from the left, using (2.11), can be described as the
effect of the action of a φ-dependent element gR(φ) of G from the right:
L(φ′) = gL(φ)h−1 = L(φ) gR(φ) , (2.74)
where gR(φ) ≡ L(φ)−1 gL(φ)h−1.
Clearly a generic variation of the coset representative could also be effected by a field-
dependent element of G acting on L from the left, but this would not be useful to our
discussion. Note that property (2.73) also holds for transformations on the scalar fields
which are local with respect to space-time, namely which explicitly depend on xµ. In this
case the G-transformation gR will be also x
µ-dependent: gR = gR(φ, x).
Let us now write gR as the product of an element in the coset and an element in H
′:
gR(φ, x) = gG/H′(φ, x) gH′(φ, x) ,
where gH′(φ, x) ∈ H ′ and gG/H′(φ, x) = exp(Σ(φ, x)), with Σ(φ, x) ∈ K. General invariance
of the theory under local H ′-transformations on L from the right allows us to ignore the
factor gH′(φ, x), so that a generic (local) transformation of the scalar fields can be effected
by acting on L to the right by a suitable element gG/H′(φ, x) = exp(Σ(φ, x)). This, for
instance, is the case of the (local) supersymmetry transformations of the scalar fields.
Therefore the effect of an infinitesimal supersymmetry transformation on the scalar fields
can be written in terms of L, modulo local H ′-transformations to the right, as follows:
δL(φ) = δφs∂sL(φ) = L(φ)Σ(x) , (2.75)
where Σ(x) is an element of K and is proportional to (¯ · fermions)(x),  being the local
supersymmetry parameter. Using Eqs. (2.18) and (2.20) we can rewrite (2.75) as follows:
δφsPs = Σ(x) . (2.76)
By means of the same equations we can also deduce, for symmetric geometries, the variation
of the left-invariant 1-form and thus of P :
δP = dΣ +QΣ −ΣQ = DΣ . (2.77)
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The property that, modulo local rotations in the holonomy group, δPs = DΣs, although
derived in the homogeneous symmetric case, applies to all scalar manifolds.21 Thus the
supersymmetry variation of the scalar Lagrangian (2.37) reads:
δLscal = kTr (PµDµΣ) . (2.80)
In Section 2.3 we shall give for Σ an explicit form in a suitable representation.
The solvable parametrization in detail. Let us add in this paragraph some more
details about the solvable parametrization introduced above. The precise statement of the
correspondence between a homogeneousMscal and GS is the following [173]. GS is a solvable
group of isometries whose action on Mscal is free (i.e. it has no fixed points) and transitive
(homogeneous manifolds admitting such kind of solvable group of isometries are called normal
[173], and all homogeneous scalar manifolds occurring in supergravity are of this kind). If
we fix a reference point O (the origin) on Mscal, to any point P ∈Mscal there corresponds
an element gP of GS:
∀P ∈Mscal −→ gP ∈ GS : P = gP · O .
Being the action of GS on Mscal free, gP is uniquely associated with P . The origin of Mscal
is then mapped into the unit element 1 ∈ GS. This diffeomorphism makes Mscal and GS
isometric, meaning by this that, if we choose the metrics on the tangent spaces of Mscal
and GS (seen as a metric group manifold) in O and 1, respectively, to coincide, they will
coincide on every other couple of corresponding points P and gP . This allows to compute
metric, affine connection and curvature of Mscal directly on the group manifold GS, see end
of Appendix A.1.
The algebra S , parametrized by the scalar fields of the theory, has the following general
structure:
S = C⊕ N , (2.81)
where C is the Cartan subspace of the coset space K and is defined as the maximal set of com-
muting semisimple generators, and N is a nilpotent subalgebra consisting, in a given matrix
21Consider a generic Riemannian manifold with vielbein one-forms Ps, metric Gst = PssPtt ηst, and let
{Ks} be the basis of the tangent space, dual to Ps, see Appendix A.1. Let Qts the metric-compatible,
torsionless connection on the manifold satisfying DPt ≡ dPt +Qts ∧ Ps = 0 and Qtr ηrs = −Qsr ηrt.
Consider now an infinitesimal diffeomorphism (e.g. a supersymmetry transformation) generated by the
vector Σ = ΣsKs. This transformation induces a variation of Pt given by its Lie derivative along Σ:
δPt = d (ιΣPt)+ ιΣdPt , (2.78)
where ιKs denotes the contraction of a form along the vector Ks. The right hand side can be rewritten as
follows:
δPt = d (Σt)+QtsΣs + ιΣDPt − (ιΣQ)ts Ps = DΣt − (ιΣQ)ts Ps , (2.79)
where we have used DPs = 0. The last term on the right hand side of (2.79) is a rotation of the vielbein in
the holonomy gorup, which drops off in the variation of the metric.
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representation, of nilpotent generators. When the theory originates from dimensional reduc-
tion of a higher dimensional one, the former space is parametrized by the dilatonic moduli,
typically associated with the size of the internal cycles or the dilaton of ten-dimensional
string theory. The latter space N, on the other hand, is parametrized by axionic fields,
originating either from components of the internal metric or from higher dimensional anti-
symmetric tensor fields. Some of these are the so-called Peccei-Quinn fields associated with
translational isometries (shift-symmetries) of the manifold. More specifically these are the
scalar fields parametrizing the maximal Abelian ideal of S [168], or, equivalently, the max-
imal Abelian subalgebra of maximal dimension of g [170]. 22 Being N nilpotent, the scalars
parametrizing it occur in the sigma-model action polynomially. This is not the case of the
dilatonic scalars parametrizing the Cartan subalgebra C.
In certain supergravity theories, like the maximally supersymmetric one, the algebra g
is a split Lie algebra. This means that the maximal Abelian subalgebra of diagonalizable
elements with real eigenvalues is a Cartan subalgebra h of g (non-compact Cartan subalge-
bra). Said differently there exists in g a Cartan subalgebra consisting only of non-compact
generators. In this case S is a Borel subalgebra of g, which is a maximal solvable subalgebra
of g containing h. This Borel subalgebra has the general structure (2.81), where C coincides
with the non-compact Cartan subalgebra h of g and N is spanned by the shift-generators
corresponding to the positive roots associated with h. In the general case of a non-split Lie
algebra, the maximal space C of commuting non-compact generators is only strictly con-
tained in a Cartan subalgebra h of g. In other words any Cartan subalgebra of g contains
a maximal subspace of non-compact generators whose dimension r is strictly less than the
rank of g. The space C in S coincides with one of these maximal non-compact subspaces
of maximal dimension, its dimension r defining the rank of the homogeneous manifold [176].
For instance if G = SU(1, n), the generators of its Cartan subalgebras can contain at most
one non-compact matrix, so that r = 1, while the rank of su(1, n) is n. For n > 1 we have
r < n and the manifold SU(1, n)/U(n) is non-split. In this case C is one dimensional. As
prescribed by the standard Iwasawa decomposition [166], N is spanned by the combinations
in g of the shift generators corresponding to positive roots α of gc, relative to hc, which are
non-vanishing on C: α(C) 6= 0.23
2.1.2 Vector Sector
We can associate with the electric field strengths FΛµν their magnetic duals GΛµν defined as:
24
GΛµν ≡ −µνρσ ∂L
∂FΛρσ
= RΛΣ FΣµν − IΛΣ ∗FΣµν , (2.82)
22The two characterizations are equivalent (see for instance [175], we thank B. Julia for pointing out this
reference).
23By gc and hc we denote the complexifications of g and h, respectively: gc ≡ g + i g, hc ≡ h + i h.
24When computing the derivative of the Lagrangian with respect to FΛµν we treat F
Λ
µν and F
Λ
νµ as inde-
pendent so that
∂FΛµν
∂FΣρσ
= δΛΣ δ
ρ
µδ
σ
ν .
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where we have omitted fermion currents in the expression of GΛ since we are only focussing
for the time being on the bosonic sector of the theory. We shall include them in Sect. 2.3.
The Hodge-dual of ∗FΣµν of F
Σ
µν is defined as:
∗FΣµν ≡
e
2
µνρσ F
Σ ρσ ,
and satisfies the property: ∗∗ = −1. In ordinary Maxwell theory (no scalar fields), IΛΣ =
−δΛΣ and RΛΣ = 0, so that GΛµν coincides with the Hodge-dual of FΛµν : GΛ = ∗FΛ.
In terms of FΛ and GΛ the Maxwell equations read
∇µ(∗FΛµν) = 0 ; ∇µ(∗GΛµν) = 0 , (2.83)
In order to set the stage for the discussion of global symmetries, it is useful to rewrite the
scalar and vector field equations in a different form. Using (2.82) and the property that
∗∗FΛ = −FΛ, we can express ∗FΛ and ∗GΛ as linear functions of FΛ and GΛ:
∗FΛ = I−1ΛΣ (RΣΓ F Γ −GΣ) ;
∗GΛ = (RI−1R+ I)ΛΣ FΣ − (RI−1)ΛΣ GΣ , (2.84)
where, for the sake of simplicity, we have omitted the space-time indices. It is useful to
arrange FΛ and GΛ in a single 2nv-dimensional vector G ≡ (GM) of two-forms:
G =
(
1
2
GMµν dxµ ∧ dxν
)
≡
(
FΛµν
GΛµν
)
dxµ ∧ dxν
2
, (2.85)
in terms of which the Maxwell equations (2.83) read:
dG = 0 , (2.86)
and eqs. (2.84) are easily rewritten in the following compact form:
∗G = −CM(φs)G , (2.87)
where
C = (CMN) ≡
(
0 1
−1 0
)
, (2.88)
1, 0 being the nv × nv identity and zero-matrices, respectively, and
M(φ) = (M(φ)MN) ≡
(
(RI−1R+ I)ΛΣ −(RI−1)ΛΓ
−(I−1R)∆Σ I−1∆Γ
)
, (2.89)
is a symmetric, negative-definite matrix, function of the scalar fields. The reader can easily
verify that this matrix is also symplectic, namely that:
M(φ)CM(φ) = C . (2.90)
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This matrix contains IΛΣ and RΛΣ as components, and therefore defines the non-minimal
couplings of the scalars to the vector fields.
Equation (2.87) expressing, in a symplectic covariant form, the dependence of GΛµν on
FΛµν ,
∗FΛµν and the scalar fields is called twisted self-duality condition [32]. Its complete ex-
pression, which includes the fermion bilinears coming from the Pauli terms of the Lagrangian,
will be given in Sect. 2.3, see Eq. (2.203). After some algebra, we can also rewrite eqs. (2.38)
in a compact form as follows
Dµ(∂
µφs) =
1
8
G st GTµν∂tM(φ)Gµν + . . . , (2.91)
2.1.3 Coupling to Gravity
We can now compute the Einstein equations:
Rµν − 1
2
gµν R = T
(S)
µν + T
(V )
µν + T
(F )
µν , (2.92)
where the three terms on the right hand side are the energy-momentum tensors of the scalars,
vectors and fermionic fields, respectively. The first two can be cast in the following general
form
T (S)µν = Grs(φ) ∂µφ
r∂νφ
s − 1
2
gµν Grs(φ) ∂ρφ
r∂ρφs , (2.93)
T (V )µν = F
T
µρ I Fνρ −
1
4
gµν (F
T
ρσIF ρσ) , (2.94)
where in the last equation the vector indices Λ,Σ have been suppressed for the sake of
notational simplicity. It is convenient for our next discussion, to rewrite, after some algebra,
the right hand side of (2.94) as follows
T (V )µν =
1
2
GTµρM(φ)Gνρ , (2.95)
so that Eq. (2.92) can be finally recast in the following form:
Rµν = Grs(φ) ∂µφ
r∂νφ
s +
1
2
GTµρM(φ)Gνρ + . . . , (2.96)
where the ellipses refer to fermionic terms.
The scalars enter the kinetic terms of the vector fields through the matrices I(φ) andR(φ).
As a consequence of this, a symmetry transformation of the scalar part of the Lagrangian
will not in general leave the vector field part invariant.
2.1.4 Global Symmetry Group
In extended supergravity models (N > 1) the (identity sector of the) global symmetry group
G of the scalar action can be promoted to global invariance [160] of the field equations and
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the Bianchi identities, provided its (non-linear) action on the scalar fields is associated with
a linear transformation on the vector field strengths FΛµν and their magnetic duals GΛµν :
g ∈ G :

φr → g ? φr (non–linear),(
FΛ
GΛ
)
→ Rv[g] ·
(
FΛ
GΛ
)
=
(
A[g]ΛΣ B[g]
ΛΣ
C[g]ΛΣ D[g]Λ
Σ
) (
FΣ
GΣ
)
(linear).
(2.97)
The transformations (2.97) would clearly be a symmetry of the scalar action and of the
Maxwell equations (dG = 0) if FΛ and GΛ were independent, since the latter are invariant
with respect to any linear transformation on GM . The definition GΛ in (2.82) as a function
of FΛ, ∗FΛ and the scalar fields, which is equivalently expressed by the twisted self-duality
condition (2.87), however poses constraints on the 2nv × 2nv matrix Rv[g] = (Rv[g]MN). In
order for (2.97) to be an invariance of the vector equations of motion (2.86) and (2.87) the
following conditions have to be met:
i) for each g ∈ G (more precisely in the identity sector of G), the matrix Rv[g] should
be symplectic, namely
Rv[g]
TCRv[g] = C ; (2.98)
ii) the symplectic, scalar dependent, matrix M(φ) should transform as follows:
M(g ? φ) = Rv[g]−TM(φ)Rv[g]−1 , (2.99)
where we have used the short-hand notation Rv[g]−T ≡ (Rv[g]−1)T .
The reader is referred to Appendix A.2 for the main properties of the symplectic group and
its Lie algebra. It is indeed straightforward to verify that conditions i) and ii) are sufficient to
guarantee invariance of (2.87) under (2.97). The symplectic transformationRv[g], associated
with each element g of G, mixes electric and magnetic field strengths, and therefore acts as
a generalized electric–magnetic duality and defines a symplectic representation Rv of G:
∀g ∈ G Rv−→ Rv[g] ∈ Sp(2nv, R) . (2.100)
The field strengths and their magnetic duals thus transform, under the duality action (2.97)
of G in the 2nv-dimensional symplectic representation Rv.
We denote by Rv∗ = R−Tv the representation dual to Rv, acting on covariant symplectic
vectors, so that, for any g ∈ G:
Rv∗[g] = (Rv∗[g]MN) = Rv[g]−T = −CRv[g]C ⇒
⇒ Rv∗[g]MN = CMP Rv[g]PQCNQ , (2.101)
where we have used the property that Rv is a symplectic representation25.
25 The symplectic indices M, N, . . . are raised (and lowered) with the symplectic matrix CMN (CMN )
using north-west south-east conventions: XM = CMN XN (and XM = CNM XN )
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From (2.98) and (2.99), it is straightforward to verify the manifest G-invariance of the
scalar field equations and the Einstein equations written in the forms (2.91) and (2.96).
Conditions i) and ii) are verified in extended supergravities as a consequence of super-
symmetry. In these theories indeed supersymmetry is large enough as to connect certain
scalar fields to vector fields and, as a consequence of this, symmetry transformations on the
former imply transformations on the latter (more precisely transformations on the vector
field strengths FΛ and their duals GΛ). The existence of a symplectic representation Rv
of G, together with the definition of the matrix M and its transformation property (2.99),
are built-in in the mathematical structure of the scalar manifold. More precisely they fol-
low from the definition on Mscal of a flat symplectic structure. Supersymmetry totally fixes
M(φ) and thus the coupling of the scalar fields to the vectors, aside from a freedom in the
choice of the basis of the symplectic representation (symplectic frame). Different choices of
the symplectic frame amount to a change in the definition ofM(φ) by a constant symplectic
transformation E:
M(φ)→M′(φ) = EM(φ)ET . (2.102)
Clearly if E ∈ Rv∗[G] ⊂ Sp(2nv,R), its effect on M(φ) can be offset be a redefinition of
the scalar fields, by virtue of Eq. (2.99). On the other hand if E were a block-diagonal
matrix, namely an element of GL(nv,R) ⊂ Sp(2nv,R), it could be reabsorbed by a local
redefinition of the field strengths. Inequivalent symplectic frames are then connected by
symplectic matrices E defined modulo redefinitions of the scalar and vector fields, namely
by matrices in the coset [152]:
E ∈ GL(nv,R)\Sp(2nv,R)/Rv∗[G] , (2.103)
where the quotient is defined with respect to the left-action of GL(nv,R) (local vector redef-
initions) and to the right-action of Rv∗[G] (isometry action on the scalar fields).
A change in the symplectic frame amounts to choosing a different embedding Rv of G
inside Sp(2nv, R), which in general is not unique. This affects the form of the action and
in particular the coupling of the scalar fields to the vectors. However, at the ungauged
level, it only amounts to a redefinition of the vector field strengths and their duals which
has no physical implication. In the presence of a gauging, namely if vectors are minimally
coupled to the other fields, the symplectic frame becomes physically relevant and may lead
to different vacuum-structures of the scalar potential.
We emphasize here that the existence of this symplectic structure on the scalar manifold
is a general feature of all extended supergravites in four dimensions, including those N = 2
models in which the scalar manifold is not even homogeneous. In the N = 2 case, as
mentioned above, only the scalar fields belonging to the vector multiplets are non-minimally
coupled to the vector fields, namely enter the matrices I(φ), R(φ), and they span a special
Ka¨hler manifold. On this manifold a flat symplectic bundle is defined, see Sect. 5.1, which
fixes the scalar dependence of the matrices I(φ), R(φ), aside from an initial choice of the
symplectic frame, and the matrix M(φ) defined in (2.89) satisfies the property (2.99).
If the scalar manifold is homogeneous symmetric, we can consider at any point the coset
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representative L(φ) ∈ G in the symplectic, 2nv-dimensional representation Rv:
L(φ)
Rv−→ Rv[L(φ)] ∈ Sp(2nv, R) . (2.104)
The maximal compact subgroup H of G is mapped through Rv into the maximal compact
subgroup U(nv) of Sp(2nv,R). In general, however, the representation Rv[H] of the isotropy
group H may not be orthogonal26, that is Rv[H] * SO(2nv). In this case we can always
change the basis of the representation27 by means of a matrix S
S = (SNM) ∈ Sp(2nv, R)/U(n) (2.105)
such that, in the equivalent representation Rv ≡ S−1Rv S,
Rv[H] ≡ S−1Rv[H]S ⊂ SO(2nv) ⇔ Rv[h]TRv[h] = 1 , ∀h ∈ H . (2.106)
Note that Rv, as a symplectic representation of H, is reducible.
For any point φ on the scalar manifold it is useful to define a hybrid coset-representative
matrix L(φ) = (L(φ)MN) as follows:
L(φ) ≡ Rv[L(φ)]S ⇔ L(φ)MN ≡ Rv[L(φ)]MNSNN . (2.107)
We also define the matrix
L(φ)MN ≡ CMP CNQ L(φ)PQ . (2.108)
Notice that, as a consequence of the fact that the two indices of L refer to two different
symplectic bases, L itself is not a matrix representation of the coset representative L. From
(2.11), the property of Rv of being a representation and the definition (2.107) we have:
∀g ∈ G : Rv[g]L(φ) = L(g ? φ)Rv[h] , (2.109)
where h ≡ h(φ,g) is the compensating transformation. The hybrid index structure of L
poses no consistency problem since, by (2.109), the coset representative is acted on to the
left and to the right by two different groups: G and H, respectively. Therefore, in our
notations, underlined symplectic indices M, N, . . . are acted on by H while non-underlined
ones by G.
The M(φ) is then expressed in terms of the coset representative as follows:
M(φ)MN = CMPL(φ)P LL(φ)RLCRN ⇔ M(φ) = CL(φ)L(φ)T C , (2.110)
where summation over the index L is understood. The reader can easily verify that the
definition given above of the matrixM(φ), as a function of the point φ onMscal, is consistent.
26That is unitary, being the representation real.
27 We label the new basis by underlined indices
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Indeed it is H-invariant, and thus does not depend on the choice of the coset representative,
and transforms according to (2.99):
∀g ∈ G : M(g ? φ) = CL(g ? φ)L(g ? φ)TC =
= CRv[g]L(φ)(Rv[h]−1Rv[h]−T )L(φ)TRv[g]TC =
= Rv[g]
−TCL(φ)L(φ)TCRv[g]−1 =
= Rv[g]
−TM(φ)Rv[g]−1 , (2.111)
where we have used Eq. (2.109), the orthogonality property (2.106) ofRv[h] and the symplec-
tic property of Rv[g]. From the definition (2.110) ofM in terms of the coset representative,
it follows that for symmetric scalar manifolds the scalar Lagrangian (2.37) can also be written
in the equivalent form:
Lscal =
e
2
Gst(φ)∂µφ
s ∂µφt =
e
8
kTr
(M−1∂µMM−1∂µM) , (2.112)
where k depends on the representation Rv of G.
The transformation properties of the matrices IΛΣ and RΛΣ under G can be inferred from
(2.99) and can be conveniently described by defining the complex symmetric matrix
NΛΣ ≡ RΛΣ + i IΛΣ . (2.113)
Under the action of a generic element g ∈ G, N transforms as follows:
N (g ? φ) = (C[g] +D[g]N (φ))(A[g] +B[g]N (φ))−1 , (2.114)
where A[g], B[g], C[g] , D[g] are the nv × nv blocks of the matrix Rv[g] defined in (2.97).
Parity. We have specified above that only the elements of G which belong to the iden-
tity sector, namely which are continuously connected to the identity, are associated with
symplectic transformations. There may exist isometries g ∈ G which do not belong to the
identity sector and are associated with anti-symplectic matrices A[g]:
M(g ? φ) = A[g]−TM(φ) A[g]−1 ; A[g]TCA[g] = −C . (2.115)
Anti-symplectic matrices do not close a group but can be expressed as the product of a
symplectic matrix S times a fixed anti-symplectic one P, that is A = S P. In a suitable
symplectic frame, the matrix P can be written in the following form:
P =
(
1 0
0 −1
)
. (2.116)
Due to their being implemented by anti-symplectic duality transformations (2.97), these
isometries leave Eq. (2.87) invariant up to a sign which can be offset by a parity transforma-
tion, since under parity one has ∗ → −∗ . Indeed one can show that these transformations
are a symmetry of the theory provided they are combined with parity. Notice that this poses
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no problem with the generalized theta-term since, as parity reverses the sign of µνρσFΛµνF
Σ
ρσ,
under P we have:
IΛΣ → IΛΣ ; RΛΣ → −RΛΣ , (2.117)
see equation (2.114), so that the corresponding term µνρσFΛµνF
Σ
ρσRΛΣ in the Lagrangian is
invariant. The global symmetries of the theory are therefore described by the group
G = G0 × Z2 = {G0, G0 · p} , (2.118)
where G0 is the proper duality group defined by the identity sector of G and p is the element
of G which corresponds, in a suitable symplectic frame, to the anti-symplectic matrix P :
P = A[p].
Example 2. Let us consider the simple example of the lower-half complex plane discussed
in Example 1.
G/H = SL(2,R)/SO(2) . (2.119)
As a symplectic representation of G we take the fundamental one. Moreover we use the
solvable parametrization so that:
(L(φ)P L) = Rv[L(S)(ϕ, χ)] = L(S)(ϕ, χ) , (2.120)
where the coset representative L(S)(ϕ, χ) was defined in (2.65). The matrix M(φ)MN has
the form:
M(z, z¯)MN = CMP L(φ)P L L(φ)RLCRN = 1
z2
(
1 −z1
−z1 |z|2
)
. (2.121)
The generic isometry which is continuously connected to the identity is a holomorphic trans-
formation of the form
z → z′ = az + b
cz + d
, ad− bc = 1 , (2.122)
corresponding to the SL(2,R) transformation S = (SMN) =
(
a b
c d
)
with det(S) = 1. The
reader can easily verify that:
M(z′, z¯′) = S−TM(z, z¯)S−1 . (2.123)
We also have the following isometry:
z → −z¯ , (2.124)
which is not in the identity sector of the isometry group, and corresponds to the anti-
symplectic transformation P = diag(1,−1) in that:
M(−z¯, −z) = P−TM(z, z¯)P−1 . (2.125)
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This corresponds to a parity transformation whose effect is to change the sign of the pseudo-
scalar χ while leaving the scalar ϕ inert:
parity : χ→ −χ , ϕ→ ϕ . (2.126)
Notice that the correspondence between the linear transformation P and the isometry (2.124)
exists since P is an outer-automorphism of the isometry algebra g = sl(2,R), namely:
P−1sl(2,R)P = sl(2,R) , (2.127)
while P is not in SL(2,R) and the above transformation cannot be offset by any conjugation
by SL(2,R) elements. Analogous outer-automorphisms implementing parity can be found
in other extended supergravities, including the maximal one in which G = E7(7) × Z2 [177].
We shall come back to this discrete symmetry at the end of Sect. 2.3 where we illustrate its
action on the fermion fields. The parity matrix P can have a more general form than (2.116),
allowing an intrinsic parity ηΛp ((η
Λ
p )
2 = 1) for each vector field. A detailed discussion of this
issue in extended supergravities will be given in [178].
Solitonic solutions, electric-magnetic charges and duality. Ungauged supergravities
only contain fields which are neutral with respect to the U(1)nv gauge-symmetry of the vector
fields. These theories however feature solitonic solutions, namely configurations of neutral
fields which carry U(1)nv electric-magnetic charges [36, 37]. These solutions are typically
black holes in four dimensions or black branes in higher and have been extensively studied in
the literature. On a charged dyonic solution of this kind, we define the electric and magnetic
charges as the integrals28:
eΛ ≡
∫
S2
GΛ =
1
2
∫
S2
GΛµν dx
µ ∧ dxν ,
mΛ ≡
∫
S2
FΛ =
1
2
∫
S2
FΛµν dx
µ ∧ dxν , (2.128)
where S2 is a spatial two-sphere. They define a symplectic vector ΓM :
Γ = (ΓM) =
(
mΛ
eΛ
)
=
∫
S2
GM . (2.129)
These are the quantized charges, namely they satisfy the Dirac-Schwinger-Zwanziger quan-
tization condition for dyonic particles [179–181]:
Γ T2 CΓ1 = mΛ2 e1Λ −mΛ1 e2Λ = 2pi ~ c n ; n ∈ Z . (2.130)
At the quantum level, the dyonic charges therefore belong to a symplectic lattice and this
breaks the duality group G to a suitable discrete subgroup G(Z) which leaves this symplectic
lattice invariant:
G(Z) ≡ G ∩ Sp(2nv,Z) . (2.131)
This discrete symmetry group (or a suitable extension thereof) surviving quantum corrections
was conjectured in [34] to encode all known string/M-theory dualities.
28 The electric and magnetic charges (e,m) are expressed in the rationalized-Heaviside-Lorentz (RHL)
system of units
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2.1.5 Symplectic Frames and Lagrangians
As pointed out earlier, the duality action Rv[G] of G depends on which elements, in a
basis of the representation space, are chosen to be the nv electric vector fields (appearing
in the Lagrangian) and which their magnetic duals, namely on the choice of the symplectic
frame which determines the embedding of the group G inside Sp(2nv, R). Different choices
of the symplectic frame may yield inequivalent Lagrangians (that is Lagrangians that are
not related by local field redefinitions) with different global symmetries. A generic duality
transformation of the form (2.97) can only be a global symmetry of the field equations and
Bianchi identities (on-shell global symmetry) but not of the Lagrangian (off-shell global
symmetry). Indeed if B[g]ΛΣ 6= 0 the Bianchi identity of the transformed electric field
strength F ′Λ is not implied by the Bianchi identities dFΛ = 0 of the original ones since
dF ′Λ = A[g]ΛΣ dFΣ +B[g]ΛΣ dGΣ = B[g]ΛΣ dGΣ , (2.132)
but also requires the field equation dGΣ = 0 [15]. The global symmetry group of the
Lagrangian 29 is therefore defined as the subgroup Gel ⊂ G, whose duality action is linear
on the electric field strengths, namely:
g ∈ Gel : Rv[g] =
(
AΛΣ 0
CΛΣ DΛ
Σ
)
, (2.133)
where D = A−T by the symplectic condition (see Eq. (A.71) of Appendix A.2), so that
g ∈ Gel : FΛ → F ′Λ = AΛΣ FΣ ,
GΛ → G′Λ = CΛΣ FΣ +DΛΣ GΣ . (2.134)
Indeed, as the reader can verify using Eq. (2.114), under the above transformation the
matrices I, R transform as follows:
IΛΣ → DΛΠDΣ∆ IΠ∆ ; RΛΣ → DΛΠDΣ∆RΠ∆ + CΛΠ DΣΠ , (2.135)
and the consequent variation of the Lagrangian reads
δLb =
1
8
CΛΠ A
Π
Σ
µνρσ FΛµνF
Σ
ρσ , (2.136)
which is a total derivative since CΛΠ A
Π
Σ is constant. Transformations characterized by a
non-vanishing CΛΣ block are called of Peccei-Quinn type and are associated with shifts in
certain axionic scalar fields. They are a symmetry of the classical action, while invariance of
the perturbative path-integral requires the variation (2.136), integrated over space-time, to
be proportional through an integer to 2pi~. This constrains the symmetries to belong to a
discrete subgroup G(Z) of G whose duality action is implemented by integer-valued matrices
Rv[g]. Such restriction of G to G(Z) in the quantum theory was discussed earlier as a
29 Here we only consider local transformations on the fields
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consequence of the Dirac-Schwinger-Zwanziger quantization condition for dyonic particles
(2.130).
From (2.134) we see that, while the vector field strengths FΛµν and their duals GΛµν trans-
form together under G in the (2nv–dimensional) symplectic representation Rv, the vector
field strengths alone transform linearly under the action of Gel in a smaller representation
nv, defined by the A-block in (2.133).
Different symplectic frames of a same ungauged theory may originate from different com-
pactifications. Examples will be discussed in Sect. 7. A distinction here is in order. In
N ≥ 3 theories, scalar fields always enter the same multiplets as the vector fields. Su-
persymmetry then implies their non-minimal coupling to the latter and requires the scalar
manifold to be endowed with a symplectic structure which associates with each isometry a
constant symplectic matrix.
In N = 2 models, scalar fields in the hypermultiplets (hyper-scalars) are not connected
to vector fields through supersymmetry and thus they do not enter the matrices I(φ) and
R(φ). As a consequence of this the isometries of the quaternionic-Ka¨hler manifolds spanned
by these scalars are associated with trivial duality transformations
g ∈ isom. of Mqk ⇒ Rv[g] = 1 . (2.137)
Only Msk features a flat symplectic structure which defines the embedding of its isometry
group inside Sp(2nv,R) and the vector-scalar non-minimal couplings through the matrix
M(φ). It is important to remark that such structure on a special Ka¨hler manifold exists
even if the manifold itself is not homogeneous [161]. This means that one can still define a
matrix L(φ), which generalizes the hybrid coset-representative, in terms of which the matrix
M(φ), and thus its components IΛΣ and RΛΣ, is defined as in (2.110). The matrix L(φ),
however, is no longer derived from a coset representative for non-homogeneous manifolds.
We shall discuss this issue in detail in Sect. 5.1.
It is convenient for later purposes to rewrite the transformation properties of the bosonic
fields under the duality group G, discussed in this section, in the following infinitesimal form:
G :

δ φs = Λα ksα(φ) ,
δM(φ) = Λα ksα ∂sM(φ) = Λα
(
Rv∗[tα]M(φ) +M(φ)Rv∗[tα]T
)
,
δGMµν = −Λα (tα)NM GNµν ,
(2.138)
in terms of the infinitesimal generators tα of G introduced earlier, satisfying the relation
(2.44). The second of Eqs. (2.138) is derived from (2.99) for infinitesimal transformations
g. The matrices (tα)M
N define the infinitesimal duality action of G and are symplectic
generators (see Appendix A.2)
(tα)M
N CNP = (tα)PN CNM M,N, . . . = 1, . . . , 2nv . (2.139)
This is equivalently stated as the property of the tensor tαMN ≡ (tα)MP CPN of being
symmetric in M N :
(tα)MN = (tα)NM . (2.140)
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The above quantity tαMN = (tα)MN can be viewed as a G-invariant tensor in the product
Adj(G) × Rv∗ ×s Rv∗, in terms of which we can construct a characteristic rank-4, totally
symmetric, G-invariant tensor:
KMNPQ ≡ tα (MN tαPQ) , (2.141)
where the index α has been raised by means of the invariant metric ηαβ ≡ Tr(tαtβ): tα ≡
ηαβ tβ, η
αβηβγ = δ
α
γ . In the description of static, extremal black hole solutions, this tensor
plays an important role since the AdS2×S2 near-horizon geometry, by virtue of the attractor
mechanism, see [39] and reference therein, is totally described in terms of a quartic G-
invariant quantity constructed out of the quantized charges (ΓM) = (mΛ, eΛ) as follows:
I4(e,m) ∝ KMNPQΓMΓNΓ PΓQ , (2.142)
and does not depend on the values of the scalar fields at spatial infinity.
2.2 The Fermionic Sector
As mentioned earlier, we use the Weyl-basis for the fermion fields. In particular we denote by
ψµA, χABC , λIA and λα the Weyl components of the fermion fields with positive chirality (see
Appendix A.1 for the conventions about the D = 4 Clifford algebra), while ψAµ , χ
ABC , λIA
and λα denote the corresponding charge conjugate fields with opposite chirality:30
γ5

ψµA
χABC
λIA
λα
 =

ψµA
χABC
λIA
λα
 , A,B,C = 1, . . . ,N . (2.143)
The same convention will be used for the supersymmetry parameter: A, 
A.
As for the extra gauginos λIABC = λI ABC and dilatinos χ, χ
A in N = 3, 5 and 6 theories,
respectively, see footnote 13, the corresponding chirality is:
γ5λI = −λI ; γ5χ = −χ ; γ5χA = −χA . (2.144)
Occasionally we shall denote the various fermionic fields by a collective symbol λI where the
calligraphic index I runs over all the spin-1/2 fields:
λI = {χABC , λIA, λα, . . . } , γ5λI = λI , λI = (λI)c . (2.145)
Fermions in supergravity transform covariantly with respect to the holonomy group H of
the scalar manifold, which has the general form (2.8), while they do not transform under G,
as opposed to the bosonic fields. Bosons and fermions have therefore definite transformation
properties with respect to different groups of internal symmetry. The matrix L, defined in
30Later we shall also describe the hyperinos by the fields ζα ≡ λα/
√
2, to make contact with the notations
of [161].
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terms of the coset representative for homogeneous scalar manifolds, transforms under the
action of G to the left and of H to the right, according to (2.11)31
G → L ← H , (2.146)
and thus has the right index structure to “mediate” in the Lagrangian between bosons and
fermions. This means that we can construct G-invariant terms by contracting L to the left
by bosons (scalars, vectors and their derivatives), and to the right by fermion bilinears
(Bosons) ? L(φ) ? (Fermion bilinears) , (2.147)
the two ? symbols denote some contraction of indices: G-invariant to the left and H-invariant
to the right. The “Boson” part of (2.147) may also contain L and its derivatives. These are
the kind of terms occurring in the action. If under a transformation g ∈ G, symbolically:
Bosons → Bosons′ = Bosons ? g−1 , (2.148)
and the fermions are made to transform under the compensating transformation h(φ,g) in
(2.11):
Fermions → Fermions′ = h(φ,g) ? Fermion bilinears , (2.149)
using (2.11) we see that (2.147) remains invariant:
(Bosons)′ ? L(g ? φ) ? (Fermion bilinears)′ = (Bosons) ? L(φ) ? (Fermion bilinears) . (2.150)
As mentioned earlier, the Lagrangian is manifestly invariant under local H-transformations
since the covariant derivatives on the fermion fields contain the H-connection 32 Qµ:
Dµξ = ∇µξ +Qµ ? ξ , (2.151)
where, as usual, the ? symbol denotes the action of the H-valued connection Qµ on ξ in the
corresponding H-representation and ∇µ only contains the Levi-Civita connection on space-
time, see Appendix A.1. The reader can verify that (2.151) is indeed covariant under local
H-transformations (2.149), provided Q is transformed according to (2.24). As opposed to
the gauge groups we are going to introduce by the gauging procedure, which involve minimal
couplings to the vector fields of the theory, the local H-symmetry group of the ungauged
theory is not gauged by the vector fields, but by the composite connection Qµ, which is a
function of the scalar fields and their derivatives.
General H-covariance of supergravity allows to describe the couplings between bosons
and fermions in terms of H-covariant composite fields :
f(φ, ∂Bosons) ≡ (∂Bosons) ? L(φ) , (2.152)
31Here we are considering symmetric manifolds of the form G/H. In general L is acted on to the right by
the isotropy group H ′ which is locally contained in the holonomy group H.
32 We define Qµ ≡ Qs ∂µφs
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obtained by dressing the derivatives of the bosonic fields with the coset-representative so
as to obtain an H-covariant quantity with the correct H-index structure to contract with
fermionic currents. Indeed under a G-transformation
f(g ? φ, ∂Bosons′) ≡ f(φ, ∂Bosons) ? h(φ,g)−1 , (2.153)
The manifest H-invariance of the supergravity theory requires the supersymmetry transfor-
mation properties of the femionic fields to be H-covariant. Indeed such transformation rules,
which in rigid supersymmetric theories (i.e. theories which are invariant only under global
supersymmetry) can be schematically described in the form33:
δFermion =
∑
Bosons
∂Boson ·  , (2.154)
and in supergravity theories have the following general H-covariant form34
δFermion =
∑
Bosons
f(φ, ∂Bosons) ·  , (2.155)
where the space-time derivatives of the bosonic fields are dressed with the scalars in the
definition of f(φ, ∂Bosons). Examples of composite fields f(φ, ∂Bosons) are the vielbein of
the scalar manifold (pulled back on space-time) Pµ ≡ Ps ∂µφs, the H-connection Qµ in
(2.151), the “dressed” vector field-strengths Fµν(φ, ∂A), to be defined in the next Section,
or the T-tensor, to be introduced later, in which the bosonic field “dressed” by the scalars is
the embedding tensor Θ, which is a non-dynamical quantity defining the choice of the gauge
algebra.
2.3 The Unaguged Lagrangian: A Detailed Discussion
To be more explicit, since the fermion fields transform in complex representations of H, it
is convenient to describe the right action of H on the hybrid coset-representative matrix L
in a complex basis, in which this action is block-diagonal. In Sect. 2.1.4 we introduced a
symplectic representation Rv defined by the property that Rv[H] ⊂ SO(2nv). Let us change
the basis of this representation into a complex one by means of the Cayley matrix A which
maps a real symplectic vector V M = (V Λ, VΛ) into a complex one V
M as follows:
VM =
(
VΛ
VΛ
)
=
1√
2
(
V Λ + i VΛ
V Λ − i VΛ
)
= AMN V N , AMN ≡ 1√
2
(
1 i1
1 −i1
)
. (2.156)
As shown in Appendix A.2, in this complex basis the maximal compact subgroup U(uv) of
Sp(2nv,R) has a block-diagonal action, and the upper and the lower components ( VΛ, VΛ)
of V transform in the U(uv)- representations (nv)+1 and (nv)−1, respectively, according the
branching (A.81).
33 This is a schematic representation in which we have suppressed the Lorentz indices and gamma-matrices
34 The gravitino field has an additional term D which is its variation as the gauge field of local super-
symmetry
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Let us denote now by Rcv the matrix representation of G in this new basis: R
c
v ≡ ARvA†.
Although this representation is no-longer symplectic, it is convenient for the description of the
couplings to the fermion fields since H is represented by block-diagonal matrices, the diagonal
blocks defining the representations of H in the decomposition of Rv (or, equivalently, of Rv).
Recall now the general form of H in Eq. (2.8) and the fact that the spin-1 states in the
gravitational multiplet belong to the 2-times antisymmetric representation
∧2N ≡ N ∧N
of (S)U(N ) = HR. On the other hand the spin-1 states in the vector multiplets (being
top-spin states) are singlets of HR and in general transform in a representation n of Hmatt.
The following decompositions then hold:
Rv
H−→ Rv + Rv ,
Rv
H−→ (
∧2N ,1) + (1,n) ⇔ (VΛ) = (VAB, VI) ; V Λ = (VΛ)∗ = (V AB, V I) , (2.157)
where V AB = −V BA, VAB = −VBA and I = 1, . . . , n. There is an exception to this rule in
the N = 6 theory: the gravitational supermultiplet contains, besides the 15 spin-1 states
in the
∧26 of SU(6), also an SU(6)-singlet A•µ ≡ A1...A6AµA1...A6/6!, that is a spin-1 state
with six antisymmetric SU(6)-indices. This will be taken into account in our discussion by
allowing, in this theory, for the presence of a single-valued index I = •, keeping in mind
that it does not label a vector multiplet. The bosonic sector of the ungauged N = 6 theory
coincides with that of the ungauged N = 2 model characterized by a special Ka¨hler manifold
SO∗(12)/U(6), fifth line of Table 2, and no hypermultiplets. In this case A•µ plays the role
of the graviphoton in the gravitational multiplet while the remaining 15 spin-1 fields belong
to 15 vector multiplets. The two theories clearly differ in the fermionic sector. 35
Written in the complex basis, a generator of H is, as we have seen, block-diagonal, while
a non-compact generator in the space K is block-off-diagonal of the form
k ∈ Rv[K] , kc = AkA† = (kMN) =
=
(
0 KΛΣ
KΛΣ 0
)
=
 0
KAB,CD KAB,J
KI,CD KIJ
KAB,CD KAB,J
KI,CD KIJ
0
 ∈ Rcv[K] ,
(2.158)
where KΛΣ = (K
ΛΣ)∗ = KΣΛ. By group theory, the following properties hold: KAB,CD =
K[AB,CD], K
AB,CD = K [AB,CD], so that we shall avoid the comma between the two antisym-
metric couples when labeling these components.
35In our conventions, we shall use a factor 1/2 whenever a contraction over an antisymmetric couple is
performed, so that:
VΛWΛ =
1
2
VABWAB +V
IWI .
This implies that the identity matrix in the space parametrized by the antisymmetric couple reads:
(1)ABCD = 2 δ
AB
CD.
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Correspondingly the K-valued vielbein one-form P in the representation Rcv, in the com-
plex basis, reads
Pc = ARv[P ]A† = (PMN) =
(
0 PΛΣ
PΛΣ 0
)
=
 0
PABCD PAB,J
PI,CD PIJ
PABCD PAB,J
PI,CD PIJ 0
 ,
(2.159)
where
PABCD = P[ABCD] , PABCD = P [ABCD] . (2.160)
Recall, however, that the symplectic representation Rv of G (and thus R
c
v), in N = 2
theories, is not faithful, since, see (2.137), the isometries of the quaternionic Ka¨hler part
of the scalar manifold in (2.40), are represented by the identity. In this case (2.159) only
represent the vielbein of the special Ka¨hler space, spanned by the complex scalar fields in
the vector multiplets.
The composite fields PABCD and PAB,I describe, in the supersymmetry transformation
laws, the spin-0 states in the gravitational and vector multiplets, respectively. The former
indeed are in the
∧4N and the latter in the ∧2N of HR. Depending on the amount of
supersymmetry, some of the blocks in (2.159) may be zero. We shall discuss below the
relevant cases. The gravitational multiplet features scalar fields only for N ≥ 4. They span
a submanifold of Mscal whose vielbein matrix is PABCD. The block PI AB, on the other
hand, defines the vielbein matrix associated with the scalars in the vector multiplets.
We also write Q as a matrix in the complex basis:
Qc = ARv[Q]A† = (QMN) =
(QΛΣ 0
0 QΛΣ
)
=

QABCD 0
0 QIJ 0
0
QABCD 0
0 QIJ
 ,
(2.161)
where QABCD is the HR-connection while QIJ is the Hmatt one. For N = 2, the matrix Qc
only belongs to the Lie algebra of the holonomy group H(SK) of the special Ka¨hler manifold,
and in particular QABCD only realizes the U(1)-factor of HR while QIJ the part H(SK)matt of
Hmatt.
Being HR = U(N ) (SU(8) for N = 8), we can write:
QABCD = −QCDAB = 4 δ[A[C QB]D] ⇒ QACBC = (N − 2)QAB + δABQCC , (2.162)
where QAB is the HR-connection in the fundamental representation. Notice that for N = 2
only the U(1) factor of the U(2) R-symmetry group, generated by QCC , is represented in
QABCD, while for N = 8 QCC = 0 being HR = SU(8).
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In terms of the connection matrices QAB, QIJ we can write the H-covariant derivatives
(2.151) of the gravitinos, the dilatinos and gauginos:
DµψAν = ∂µψAν − Γ ρµν ψAρ +
1
4
ωµ, abγ
abψAν +QµAB ψB ν ,
DµχABC = ∂µχABC +
1
4
ωµ, abγ
abχABC + 3Qµ [AD χD|BC] ,
DµλAI = ∂µλAI +
1
4
ωµ, abγ
abλAI +QµAD λDI +Qµ IJ λAJ . (2.163)
Let us discuss the general features of the matrices Pc and Qc in the different extended
theories, see also Sect. 6.
• N > 4 models only describe the gravitational multiplet, so n = 0 and, with the
exception of the N = 6 theory, the index I disappears. In the maximal (i.e. N = 8)
theory, PABCD transforms in the 70 = ∧48 and thus satisfies the reality condition:
PABCD = (PABCD)∗ = 1
24
ABCDEFGH PEFGH , (2.164)
where A,B, · · · = 1, . . . , 8.
In the N = 6 theory, PABCD = (PABCD)∗ and PAB• = (PAB•)∗ are not independent
but are related by the condition:
PABCD = 1
2
ABCDEF PEF• , (2.165)
where A,B, · · · = 1, . . . , 6 and V • ≡ A1...A6VA1...A6/6!.
The N = 6 theory can be characterized as a consistent truncation of the maximal
one. Indeed let us split the R-symmetry index of the latter into an index A = 1, . . . , 6
and the remaining values 7, 8, according to the branching of SU(8) into U(6)× SU(2),
the SU(2) factor acting on the components labeled by 7, 8. The N = 6 theory is the
consistent truncation of the maximal one obtained by retaining only the SU(2)-singlets.
In this perspective we can identify A•µ with A
78
µ and χA = χA78. Condition (2.165)
then trivially follows from (2.164), being PEF• ≡ PEF78.
Similarly the N = 5 theory can be obtained as the truncation of the maximal one de-
fined by branching the SU(8)-representations in the latter with respect to the subgroup
U(5)× SU(3) and retaining only the SU(3)-singlets. We can thus identify χ = −χ678.
• The N = 4 case. This is the only model in which the scalar fields in the gravitational
and vector multiplets coexist. In this case we have [182]:
Mscal =
SL(2,R)
SO(2)
× SO(6, n)
SO(6)× SO(n) , (2.166)
where n is the number of vector multiplets and nv = 6 +n the number of vector fields,
which also comprise the six vectors in the gravitational supermultiplet. The latter
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contains a complex scalar S = a− i eϕ spanning the SL(2,R)
SO(2)
-factor, with vielbein matrix
PABCD = ABCD P while the 6n scalar fields in the vector multiplets span the second
factor SO(6, n)
SO(6)×SO(n) , with vielbein matrix PI AB satisfying a reality condition similar to
that of PABCD for N = 8:
PI AB = (PI AB)∗ = 1
2
ABCD PI CD , (2.167)
the index I = 1, . . . , n labeling the fundamental representation of SO(n).
We also have PIJ = P¯ δIJ .
• N ≤ 3 models. The gravitational multiplet has no scalar fields and the block PABCD
is zero. For N = 3 the block PIJ vanishes. As far as N = 2 theories are concerned,
we can write the Ka¨hler metric gi¯ of the special Ka¨hler manifold in terms of complex
vielbein ei I , e¯ı¯
J : gi¯ = ei I e¯ı¯
I . The non-vanishing blocks in Pc read:
PAB I = e¯ı¯I dz¯ ı¯ AB , PIJ = i e−1 Ii e−1 Jj Cijk dzk , (2.168)
where Cijk appear in the Lagrangian as the coefficients of the anomalous magnetic
moments of the gauginos.
In N = 2 theories QABCD only contains the Ka¨hler U(1)-connection Q while QIJ also
contains the connection QˆIJ associated with the part of Hmatt in the holonomy group
of the special Ka¨hler manifold:
QABCD = −2iQ δABCD , QIJ = iQ δIJ + QˆIJ , (2.169)
Q ≡ − i
2
(
∂
∂zi
K dzi − ∂
∂z¯ ı¯
Kdz¯ ı¯
)
, (2.170)
where K(z, z¯) is the Ka¨hler potential of the special Ka¨hler manifold.
The SU(2)-connection, on the other hand, only pertains to the quaternionic Ka¨hler
manifold. In our conventions the U(2)-connection reads:
QAB = 1
2
ωx (Jx)A
B +
1
2
Q (J0)AB = − i
2
ωx (σx)A
B +
i
2
QδBA , (2.171)
where σx, x = 1, 2, 3, are the three Pauli matrices (A.25) and we have renamed Qx by
ωx to comply with the N = 2 literature.
The covariant derivative of the hyperini in the N = 2 models reads:
Dµλ
α = ∇µλα + ∂µquQuαβ λβ , (2.172)
whereQαβ is theH(QK)matt -connection 1-form, having value in the Lie algebra of USp(2nH):
CαγQuγβ = CβγQuγα.
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Since each block in Pc, due to the factorized form of H, is an H-covariant tensor, when
writing the kinetic Lagrangian for the scalar fields, according to the general form (2.37),
G-invariance of the scalar metric allows for different normalizations of each term, which is
however fixed by supersymmetry as follows:
Lscal =
1
48
PABCDPABCD , N = 8 ,
Lscal =
1
24
PABCDPABCD , N = 5, 6 ,
Lscal =
1
24
PABCDPABCD + 1
4
PI ABPI AB , N = 4 ,
Lscal =
1
2
PI ABPI AB , N = 3 , (2.173)
Lscal =
1
2
PI ABPI AB + 1
2
PAαPAα , N = 2 , (2.174)
where the extra factors 1/2 in the N = 4, 8 cases are due to the reality conditions (2.167),
(2.164) on the vielbein tensors. The vielbein PAα describe the quaternionic Ka¨hler manifold
in the N = 2 models and were defined in Eq. (2.41). As emphasized earlier, they are not
part of the complex matrix Pc.
Since the hybrid coset-representative matrix L(φ) contracts to the right against fermion
fields (see (2.146)), which belong to complex representations, and to the left against bosonic
fields, which can be real (as the vector fields are), it is useful to express the corresponding
matrix by changing only the right index to a complex one and thus defining the following
hybrid complex matrix (for the components of Lc we use the notation of [162]):
Lc(φ) = (LNc M) ≡ L(φ)A† = (LMc AB, LMc I , LM ABc , LM Ic ) =
(
fΛAB f
Λ
I f¯
ΛAB f¯ΛI
hΛAB hΛI h¯Λ
AB h¯Λ
I
)
,
(2.175)
where the real matrix L(φ) was defined in (2.107). Equation (2.109) now becomes:
∀g ∈ G : Rv[g]Lc(φ) = Lc(g ? φ)Rcv[h] , (2.176)
where now Rcv[h] is a unitary, block-diagonal complex matrix.
The reader can verify that this matrix satisfies the following relations (which derive from
the symplectic property of L(φ) and L(φ)T ):
Lc(φ)†CLc(φ) = $ , Lc(φ)$Lc(φ)† = C , (2.177)
$ ≡ ACA† = −i
(
1 0
0 −1
)
(2.178)
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In components the first relation reads:
LM ABc LNc CDCMN = f¯ΛAB hΛCD − h¯Λ AB fΛCD = −2i δABCD , (2.179)
LM Ic LNc JCMN = f¯ΛI hΛJ − h¯Λ I fΛJ = −i δIJ , (2.180)
LM ABc LNc ICMN = f¯ΛAB hΛI − h¯Λ AB fΛI = 0 , (2.181)
LM ABc LN CDc CMN = f¯ΛAB h¯ΛCD − h¯Λ AB f¯ΛCD = 0 , (2.182)
LM ABc LN Ic CMN = f¯ΛAB h¯ΛI − h¯Λ AB f¯ΛI = 0 . (2.183)
Similarly, the second of (2.177), in components read:
(CLc)MΛ(CLc)N Λ − (CLc)M Λ(CLc)NΛ = −iCMN , (2.184)
or, equivalently,
1
2
f [ΛAB f¯
Σ]AB + f [ΛI f¯
Σ] I = 0 =
1
2
h[Λ |ABh¯Σ]AB + h[Λ |I h¯Σ]I , (2.185)
1
2
fΛAB h¯Σ
AB + fΛI h¯Σ
I − 1
2
f¯ΛAB hΣAB − f¯ΛI hΣ I = i δΛΣ . (2.186)
It is useful to define the block-matrices f ≡ (fΛAB, fΛI), h ≡ (hΛAB, hΛI), and by f¯ and h¯
the corresponding complex conjugate matrices.
From the abstract definitions (2.18) and (2.20) we can derive the left-invariant 1-form
Ωc = ARv[Ω]A† in the complex basis in terms of Lc, and from it compute the components
of Pc and Qc:
Ωc = (ΩMN) = L−1c dLc = −$L†cCdLc = Pc +Qc , (2.187)
where we have used (2.177). The components of Pc and of the connection Qc, in (2.159)
and (2.161) respectively, can be read off the off-diagonal and diagonal blocks of ΩMN :
PABCD = i (f¯ΛABdh¯ΛCD − h¯ΛABdf¯ΛCD) = P [ABCD]
PAB I = i (f¯ΛABdh¯ΛI − h¯ΛABdf¯ΛI) = PI AB ; PI J = i (f¯ΛIdh¯ΛJ − h¯ΛIdf¯ΛJ) = PJ I ,
QABCD = i
(
f¯ΛABdhΛCD − h¯ΛABdfΛCD
)
; QIJ = i
(
f¯ΛIdhΛJ − h¯ΛIdfΛJ
)
. (2.188)
From (2.28) we can express the H-covariant derivative of Lc in terms of the vielbein matrix
[162]:
DLMc AB ≡ dLMc AB −
1
2
LMc CDQCDAB =
1
2
LM CDc PABCD + LM Ic PI AB . (2.189)
DLMc I ≡ dLMc I − LMc J QJ I =
1
2
LM CDc PI CD + LM Jc PI J . (2.190)
It is useful to write in this basis the components of the HR and Hmatt-curvatures, from Eq.
(2.30):
R(Q)rsABCD = −PABEF[r Ps]CDEF − 2P[rAB IPs]CD I , (2.191)
R(Q)rsIJ = ∂rQsIJ − ∂sQrIJ + 2Q[rIK Qs]KJ = −P[rIEFPs] JEF − 2P[rI KPs] JK , (2.192)
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where
R(Q)rsABCD = 4 δ[A[C R(Q)rsB]D] ; R(Q)rsAB ≡ ∂rQAs B−∂sQrAB + 2Q[rAC Qs]CB . (2.193)
Finally Eq. (2.29) can be rewritten (in form notation) as follows [162]:
DPABCD = dPABCD + 4Q[AE ∧ PE|BCD] = 0 , (2.194)
DPAB I = dPAB I + 2Q[AE ∧ PE|B] I +QIJ ∧ PAB J = 0 , (2.195)
DPIJ = dPIJ + 2Q(IK ∧ PJ)K = 0 . (2.196)
From the definition (2.110) of M we can express this matrix in terms of Lc:
M(φ) = CLc(φ)Lc(φ)†C , (2.197)
which can also be written as follows:
MMN = −(CLc)MΛ(CLc)N Λ − (CLc)M Λ(CLc)NΛ = −2 (CLc)M Λ(CLc)NΛ + iCMN ,
(2.198)
where we have used Eq. (2.184). In terms of the f and h-blocks the matrix M reads:
M(φ) =
( −2hh† 2 hf † + i1
2 fh† − i1 −2 ff †
)
. (2.199)
Comparing the above formula with (2.89), we can derive the expression of the matrices I, R
in terms of Lc, namely of f and h:
I = −1
2
f−† f−1 ; R = (h + i
2
f−†)f−1 , (2.200)
from which we derive the simple expression for the complex matrix N defined in Eq (2.113)
NΛΣ = RΛΣ + i IΛΣ = (hf−1)ΛΣ = 1
2
hΛAB f
−1AB
Σ + hΛI f
−1 I
Σ = NΣΛ , (2.201)
the symmetry of NΛΣ follows from (the complex conjugate of) Eqs. (2.182) and (2.183).
As mentioned above, in N = 2 models, the matrix Lc, and thus the matrix-valued 1-forms
Pc, Qc, only describe the geometry of the special Ka¨hler manifold spanned by the scalar
fields in the vector multiplets. It is important to emphasize that, as shown in [162], these
quantities can also be defined for non-homogeneous manifolds and the geometry of these
manifolds expressed in terms of them as discussed above, although, in the non-homogeneous
case, the definition of Lc cannot be derived from a coset representative. Its components are
instead expressed in terms of the covariantly holomorphic section V M(z, z¯) of the special
Ka¨hler manifold and its covariant derivatives UMi ≡ DiV M , to be defined later in Sect. 5.1,
as follows:
LMc AB = V M AB , LMc I = e¯−1I ı¯U
M
ı¯ ; LM ABc = V
M
AB , LM Ic = e¯−1 Ii UMi , . (2.202)
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We shall discuss separately the geometry of special Ka¨hler and quaternionic Ka¨hler manifolds
in Sections 5.1 and 5.2, respectively.
Now we have the mathematical tools we need to complete the duality condition (2.87) by
introducing a Rcv-vector OMµν = −OMνµ consisting of fermion bilinears [140, 160]:
∗G = −CM(G + LcO) = −CMG + Lc$O , (2.203)
where the matrix $ was defined in (2.178). We denote, as usual, by OΛµν and OΛµν = (OΛµν)∗
the upper and lower components of OMµν , respectively. These fermion bilinears originate from
the Pauli terms in the Lagrangian and the definition of GΛµν in (2.82). It is straightforward
to verify that equation (2.203) is manifestly G-covariant provided the symplectic vector OM
transforms under the compensating transformation h = h(φ,g), see Eq. (2.176), as follows:
Oµν g∈G−→ O′µν = Rcv(h)Oµν , (2.204)
which follows from the fermion transformation rule (2.149). Let us define the self-dual and
anti-self-dual components of a rank-2, covariant antisymmetric tensor Fµν as follows:
F±µν ≡
Fµν ± i ∗Fµν
2
⇒ ∗F±µν = ∓i F±µν . (2.205)
It is also convenient to introduce the following projectors in the symplectic representation:
P± =
1
2
(1∓ iCM(φ)) ; P± P± = P± ; P± P∓ = 0 , (2.206)
where the above properties of the two matrices originate from the symplectic property (2.90)
of the symmetric matrixM: (CM)2 = −1. From (2.203) and the properties (2.198), (2.177)
of the matrices M and Lc, we can deduce from (2.203) the following useful relations
G±µν = P± Gµν ±
i
2
Lc$Oµν , (2.207)
G±µν = ∓iCMG±µν ± iLc$O±µν , (2.208)
and from the definition of P± the identities:
L†cCP± =
1
2
(1± i$)L†cC . (2.209)
Next we define the following complex (2nV )-vector of 2-forms by “dressing” GM in (2.85)
with scalar fields by using Lc:36
Fµν(φ, ∂AΛ, f) = (FMµν ) ≡ −Lc(φ)†CGµν = −((Lc(φ)NM)∗CNP GPµν) =

FABµν
F Iµν
Fµν AB
Fµν I
 , (2.210)
36The components FΛ of F should not be mistaken for the field strengths FΛ, the former being composite
fields labeled by the indices (AB), I.
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where f generically denotes the spin-1/2 fields. Let us see how the composite field F trans-
forms under a transformation g in G of the elementary fields it depends on:
F(φ′, ∂A′Λ, f ′) = −Lc(g ? φ)†CG ′ = −hc(φ,g)Lc(φ)†Rv[g]TCRv[g]G = hc(φ,g)F(φ, ∂AΛ, f) ,
(2.211)
where we have used (2.176) and denoted by hc(φ,g) the compensating H-transformation
h(φ,g) in the representation Rcv, which is complex and unitary: (hc)
−1 = h†c. We see that,
just as Q(φ, ∂φ) and P(φ, ∂φ), also this composite field transforms only by the compensating
transformation in H. By supersymmetry, Weyl fermions, according to their chiralities, trans-
form either in the self-dual or in anti-self-dual components of the composite field strengths
F. To show this let us derive some general properties of these components.
Using Eqs. (2.207) and (2.209) we find:
F±µν = −L†cCG±µν = −L†cCP±Gµν ±
i
2
Oµν = −1
2
(1± i$)L†CGµν ± i
2
Oµν =
=
1
2
(1± i$)Fµν ± i
2
Oµν , (2.212)
which also implies
1
2
(1∓ i$)F±µν = ±
i
2
O±µν , (2.213)
that is:
O−Λµν = O+Λµν = 0 . (2.214)
The above equation and (2.212) imply that the components F+Λµν , F
−Λ
µν = (F
+
Λµν)
∗ are purely
fermionic:
F+ABµν =
i
2
O+AB µν ; F+Iµν =
i
2
O+I µν ,
F−ABµν = −
i
2
O−ABµν ; F− Iµν = −
i
2
O− Iµν . (2.215)
We can then write the general form of the composite fields FM :
F+µν =

F+ABµν
F+ Iµν
i
2
OAB µν
i
2
OI µν
 ; F−µν =

− i
2
OABµν
− i
2
OIµν
F−µν AB
F−µν I
 . (2.216)
From (2.208) and the definition of the matrix N we find:
G+Λ = NΛΣ F
Σ+ + i IΛΣ f¯ΣΓOΓ = NΛΣ FΣ+ − i
2
f−1Γ ΛOΓ , (2.217)
G−Λ = N ΛΣ F
Σ− − i IΛΣfΣΓOΓ = N ΛΣ FΣ− + i
2
f¯−1ΓΛOΓ , (2.218)
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where we have used (2.200). Finally, using Eqs. (2.208) and (2.215) we can derive the
following expression for G+µν :
G+Mµν = −iLMc Λ F+Λµν −
1
2
LM Λc O+Λµν . (2.219)
An analogous formula is derived for G−µν = (G+µν)∗. Inverting Eq. (2.219) and using (2.217)
we find:
F+Λµν = iL−1Λc M G+Mµν = −2 i f¯ΣΛ IΣΛ FΛ+µν + fermi.− bilinears (2.220)
where we have also used Eq. (A.88). An analogous expression can be derived for F−Λµν .
From Eqs. (2.217) and (2.218) we can deduce the general form of the Pauli terms. This
is done by rewriting (2.82) for the self-dual/anti-self-dual components of the field strengths:
G±Λµν = ±
2 i
e
δL
δF±Λµν
. (2.221)
Eqs. (2.217) and (2.218) imply for the kinetic Lagrangian of the vector fields and Pauli
terms:
Lkin., v = e
i
4
(
F−Λµν N ΛΣF
−Σ µν − F+Λµν NΛΣF+Σ µν
)
, (2.222)
LPauli =
e
2
F+ΛµνIΛΣ f¯ΣΓOΓ µν + h.c. (2.223)
where Lkin, v is an equivalent rewriting of the vector kinetic terms given in (2.1).
Denoting by λI the generic spin-1/2 field, the general form of OΛ is the following:
OAB µν = 2 ψ¯Aργ[ργµνγσ]ψB σ + i cAB;CIψ¯Cρ γµνγρλI + cAB; IJ λ¯IγµνλJ = O+AB µν , (2.224)
OI µν = i cI;CIψ¯Cρ γµνγρλI + cI; IJ λ¯IγµνλJ = O+I µν , (2.225)
where cAB;C
I , cAB; IJ or cI;CI , cI; IJ are model-dependent H-covariant tensors fixed by su-
persymmetry. The last equalities in (2.224), (2.225) follow from the familiar properties
(A.30), (A.39) of the gamma matrices. In the maximal theory, for instance, we have
[141, 156]:
OAB µν = 2 ψ¯Aργ[ργµνγσ]ψB σ + i ψ¯Cρ γµνγρχABC +
1
72
ABCDEFGH χ¯
CDEγµνχ
FGH . (2.226)
Just as we did for the quantized charges, we define on a bosonic solution the central and
matter charges as the following integrals over a sphere S2∞ at spatial infinity:
ZAB(φ, e,m) ≡
∫
S2∞
FAB = −LMc AB(φ) CMN ΓN = hΛAB(φ)mΛ − fΛAB(φ) eΛ , (2.227)
ZI(φ, e,m) ≡
∫
S2∞
FI = −LMc I(φ) CMN ΓN = hΛI(φ)mΛ − fΛI(φ) eΛ , (2.228)
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where we assume that the scalar fields at spatial infinity are constant over S2∞. These can be
thought of as the physical charges measured on a solution at radial infinity. Together with
their complex conjugates, they can be arranged in a vector Z M in the complex symplectic
basis
Z (φ, e,m) = (Z M(φ, e,m)) =

Z AB
Z I
ZAB
ZI
 = −L†c(φ)CΓ . (2.229)
Just as Fµν , this vector transforms under G through the compact compensator hc(φ, g) in
H:
Z (g ? φ; g Γ ) = hc(φ, g)Z (φ;Γ ) , (2.230)
where we have written Γ instead of (e,m) and g Γ instead ofR[g]Γ , for the sake of notational
simplicity.
We can now write the general form (up to higher-order terms in the fermionic fields) of
the supersymmetry transformation laws for the bosonic and fermionic fields in the ungauged
theory:3738
δφsPABCDs = ΣABCD ; δφsPI ABs = ΣI AB ; δquPAαu = ΣAα , (2.233)
δAΛµ = LΛc M O
M
µ =
1
2
fΛAB O
AB
µ + f
Λ
I O
I
µ + h.c. , (2.234)
δVµ
a = i ¯AγaψµA + i ¯Aγ
aψAµ , (2.235)
δψAµ = DµA − 1
8
F−ρσ ABγ
ρσγµ
B + . . . , (2.236)
δχABC = i ∂µφ
sPsABCDγµD − 3i
4
F−µν [ABγ
µνC] + . . . , (2.237)
δλI A = iPs I AB ∂µφsγµ B − i
4
F−µν Iγ
µνA + . . . , (2.238)
37 Supersymmetry closes on-shell on the other local symmetries of the theory. In our conventions, the
commutator of two supersymmetry transformations on a generic field Φ should read:
[δ1, δ2]Φ = i (¯
A
2 γ
µ1A − ¯A1 γµ2A)DµΦ+ . . . (2.231)
where ellipses refer to local symmetry transformations of the theory. In the presence of a gauging, the latter
will include gauge transformations.
38The transformation laws of the fermion fields which are specific to the N = 2, 3, 5, 6 theories are:
δλI =
i
2
Ps I AB ∂µφsγµ C ABC + . . . ; (N = 3) ,
δχ =
i
24
ABCDE ∂µφ
sPsABCDγµE + . . . ; (N = 5) ,
δχF =
i
24
FABCDE ∂µφ
sPsABCDγµE − i
4
F−µν •γ
µνF + . . . ; (N = 6) ,
δλα = iPBβu ∂µquγµAABCαβ + . . . ; (N = 2) (2.232)
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where the ellipses refer to terms which are of higher order in the fermion fields.39 We shall
occasionally write the above fermion transformation laws in the following compact form:
δλI = iPs IA∂µφs γµA + . . . , (2.239)
where the ellipses now include also the terms depending on the vector fields and PIA stands
for the different components of the vielbein 1-forms: PBCDA, PI A, PAα.
The tensors ΣABCD and ΣI AB in (2.236) are the components of the K-generator Σ
c =
Rcv[Σ], Σ being defined in (2.75), according to the general matrix form (2.158). The com-
ponents of Σ entering (2.233) read:
ΣABCD = −4
(
¯[AχBCD] +
1
24
ABCDEFGH ¯[AχBCD]
)
; (N = 8) ,
ΣABCD = −4 ¯[AχBCD] − ABCDEF ¯EχF ; (N = 6) ,
ΣABCD = −4 ¯[AχBCD] + ABCDE ¯Eχ ; (N = 5) ,
ΣABCD = −4 ¯[AχBCD] ; (N = 4) ,
ΣI AB = −2
(
¯[A λI|B] +
1
2
ABCD ¯[C λI|D]
)
; (N = 4) ,
ΣI AB = −2¯[A λI|B] + ¯CλI ABC ; (N = 3) ,
ΣI AB = −2¯[A λI|B] ; ΣAα = λ¯αA + ABCαβλ¯βB (N = 2) .
(2.240)
The tensors OABµ , O
I
µ in (2.234) are defined as follows:
OABµ ≡ i ¯CγµχABC − 4 ¯[AψB]µ ; OIµ ≡ i ¯CγµλIC . (2.241)
O•µ ≡ i ¯CγµχC ; (N = 6) , (2.242)
Notice that the supersymmetry transformation rules are manifestly H-covariant, being writ-
ten in terms of the fermion fields and the H-covariant composite fields Pc, Qc and FMµν so
that, when acting by means of G on φs and GMµν and on the fermions by means of the corre-
sponding compensating transformation in H, they retain the same form in the transformed
quantities.
The ungauged supergravity Lagrangian density has the following general form:
L = Lscal.,k. +Lvect.,k. +Lfermi.,k. +Lscal.−fermi. +LPauli +L4f , (2.243)
where Lscal.,k. +Lvect.,k. were given in (2.1), see also (2.174), (2.223) and LPauli was given
in (2.223) and discussed previously. The kinetic terms of the spin-3/2 and spin-1/2 fields in
39Part of these terms, as usual in supergravity, would contribute, in the supersymmetry transformation
laws of the fermionic fields, to the super-covariantization of the vector field strengths and the derivative of
the scalars by adding to them fermion bilinears ψ¯γψ, λ¯γψ.
62
our notations read:40
Lfermi.,k. = 
µνρσ(ψ¯Aµ γνDρψAσ − ψ¯AµγνDρψAσ )−
i e
2
(λ¯IγµDµλI + λ¯IγµDµλI) . (2.244)
Finally the scalar-fermion interaction terms Lscal.−fermi. read:
Lscal.−fermi. = −eλ¯IγµγνψBµ ∂νφsPs IB − eλ¯IγµγνψBµ ∂νφsPIBs =
= −e
6
χ¯ABCγµγνψDµ ∂νφ
sPsABCD − e λ¯IAγµγνψBµ ∂νφsPs IAB + . . . . (2.245)
The last part L4f of the Lagrangian density (2.243) consists of the quartic terms in the
fermion fields, which we shall not consider here. Such terms are given in the maximal and
N = 2 theories in [141, 156] and [161], respectively.
Parity. Let us briefly comment on the action of a parity transformation on the fermion
fields in the context of extended supergravities. We have seen that there may exist isometries
on the scalar fields which correspond in a suitable symplectic frame to an anti-symplectic
duality transformation P of the form (2.116). We have shown that these are symmetries of
the bosonic sector provided they are combined with a parity transformation on the spatial
coordinates: xµ = (x0, ~x) → xµp = (x0, −~x). The symmetry actually extends to the whole
theory. This is apparent if we combine it with a CP-transformation (charge-conjugation+
parity) on generic fermion fields ξ(x), χ(x):
ξ(x)→ ξ′(x) = γ0 ξc(xp) ,
ikξ¯(x)γµ1...µkχ(x)→ ikξ¯c(xp)γµ1...µkχc(xp)ηµ1µ1 . . . ηµkµk = (ikξ¯(xp)γµ1...µkχ(xp))∗ηµ1µ1 . . . ηµkµk ,
where we have used the general properties (A.34). As a consequence of this the H-indices
of the fermion current invert their (upper or lower) positions. For instance the reader can
verify that the currents in the Pauli terms (2.223) undergo the following transformation:
OΓ µν(x)→ OΓµν(xp)ηµµηνν = (OΓ µν(xp))∗ηµµηνν .
This is consistent with the transformation properties of the blocks f , h of Lc under P. The
reader can indeed verify that: f → f and h → −h. This amounts to a corresponding
change in the position of the H-indices in Lc which contract the fermion currents. Similarly
PIA(x) → PIA(xp). As a result of this transformation each term in the Lagrangian is
mapped into its complex conjugate computed in xµp . Being the Lagrangian real, the total
effect on it is: L (x) → L (xp), thus defining a symmetry of the action. This discrete
symmetry [177, 178] is present in a broad class of extended supergravities which include the
maximal one, to be discussed in detail later.
40The kinetic term for each spin-1/2 field is normalized with a coefficient −i/2, so that the term for χABC
reads: − ie12 (χ¯ABCγµDµχABC+χ¯ABCγµDµχABC). As for the hyperinos, in line with the conventions of [161],
one defines λI=α =
√
2 ζα, so that the corresponding kinetic term reads: −ie (ζ¯αγµDµζα + ζ¯αγµDµζα).
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3 Gauging Supergravities
We have reviewed the general features of ungauged supergravities, including their global
symmetry group G. Now we want to discuss how to construct a gauged theory from an
ungauged one.
The gauging procedure consists in promoting a suitable global symmetry group Gg ⊂ Gel
of the Lagrangian to a local symmetry group gauged by the vector fields of the theory.
Besides the introduction of minimal couplings, changes in the Lagrangian and the super-
symmetry transformation rules are required in order for the resulting model to feature the
same supersymmetries as the original ungauged one. As pointed out in the Introduction,
the first examples of gauged extended supergravities, see for instance [147],[148],[149], date
back to the very first years following the discovery of supergravity and feature some of the
characteristic properties of this type of models such as fermion masses, spontaneous super-
symmetry breaking and a scalar potential (or a cosmological constant when scalars were not
present). The first gauged maximal supergravity was constructed in 1982 by de Wit and
Nicolai [140, 141]. It features an SO(8) local internal symmetry gauged by the 28 vector fields
of the theory and was later put in correspondence with the Freund-Rubin compactification of
eleven-dimensional supergravity on a round seven-sphere [138, 139]. Generalizations of this
model were devised by Hull in the late eighties [183–185] and feature gauge groups which
are non-compact forms (SO(p, q), p + q = 8) of SO(8,C) and non-semisimple contractions
thereof, see Section 4. Meanwhile, still in the eighties, early progress in the understanding
of the mathematical structure of N = 2 supergravity led to the construction of new gauged
models [186]. Later developments in the knowledge of the geometry underlying ungauged
N = 2 theories, in particular of special and quaternionic geometries, allowed to further
broaden the class of N = 2 gauged models. We shall review this topic in Sect. 5.
As mentioned earlier, in Sect. 2.1.5, the choice of the electric-magnetic symplectic frame
is not physically relevant in ungauged models: It may affect the Lagrangian description
but not the set of field equations and Bianchi identities. The introduction of the minimal
couplings, however, explicitly breaks the original electric-magnetic duality invariance and
the initial choice of the symplectic frame has physical implications on the resulting gauged
model: Different frames correspond to inequivalent ungauged Lagrangians with different
global symmetries Gel and thus different choices of possible gauge groups; even gauging
a same group Gg in different frames may yield inequivalent gauged models. This latter
feature was originally exploited in N = 4 supergravity [187, 188]. In the maximal theory the
freedom in choosing the original electric-magnetic frame led to the construction of physically
interesting gauged models in [152, 156, 189, 190] and, more recently, in [191–194]. We shall
discuss them in some detail in Section 4.
To illustrate the construction of a gauged supergravity we start from an ungauged one in a
given symplectic frame, to be referred to as the electric frame. As we shall see, not all global
symmetry groups Gg ⊂ Gel of the corresponding Lagrangian, are admissible gauge groups,
that is can be promoted to local symmetries. Consistency conditions on the corresponding Lie
algebra have to be imposed, which on the one hand allow to construct a gauged Lagrangian
with local symmetry Gg, and, on the other hand, guarantee its supersymmetric completion.
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In the following, we will employ a covariant formalism in which the possible gaugings
are encoded into an object called embedding tensor, that can be characterized group-
theoretically [150–152]: It defines the embedding of the gauge algebra inside the global
symmetry one by associating with each vector field a given combination of the generators
of Gel. It is possible to free its definition from the original choice of the symplectic frame,
i.e. from a specific Lagrangian description, by characterizing it as a formally G-covariant
tensor. This is done by writing, through the action of a symplectic transformation E, the
same embedding tensor in a generic frame, different from the electric one, in which also
magnetic vector fields will be involved in the gauging. The embedding tensor then specifies
which, among the full set of electric and magnetic vector fields in the new frame, are the
gauge vectors associated with which global symmetry generator in g. Interestingly, in terms
of this quantity, the consistency conditions on Gg can be formulated as G-covariant relations
which, as such, do not depend on the initial symplectic frame. By construction any viable
gauging of the original ungauged theory solves these constraints. Vice versa, it can be shown
that any embedding tensor satisfying the consistency conditions is associated with its own
electric frame in which the vectors involved in the gauging are all electric and the group
Gg it defines is an off-shell symmetry (i.e. global symmetry of the corresponding ungauged
action) and a viable gauge group.
Since no assumption is made on the original symplectic frame, we can view it as the
electric one associated with a generic solution to the G-covariant consistency conditions.
3.1 The Gauging in the Electric Frame
For pedagogical reasons we shall adopt a piecemeal approach in reviewing the gauging proce-
dure. We first discuss, in Sect. 3.1.1, the gauging of extended supergravities starting from a
theory in a generic symplectic frame and describing the necessary steps which lead, from the
choice of the gauge group Gg, to the construction of a locally Gg-invariant Lagrangian. In
particular we derive the linear and quadratic constraints on the gauge generators which are
required by the consistency of this construction. Eventually in Sect. 3.1.2, these conditions
are rewritten in a G-covariant form using the embedding tensor description. In this way,
as explained above, the choice of the gauge group is completely freed from the symplectic
frame. This is however not the case for the resulting gauged theory, which is formulated
in the electric frame of the embedding tensor: Given a solution to the constraints, this
has to be rotated, through a suitable symplectic transformation E, into its electric frame
where the corresponding gauged theory is formulated. Finally, in Sect. 3.1.3, we discuss the
supersymmetry completion of the supergravity with local Gg-invariance.
In Sect. 3.2, we shall deal with a more general, frame-independent formulation of the
gauging procedure in which the resulting theory is not formulated in the electric frame of
the embedding tensor and the symplectic rotation E is not needed. As a consequence of this
the minimal couplings involve not only electric vector fields entering the kinetic terms, but
also magnetic ones.
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3.1.1 The Gauging Procedure Step-by-Step
Consider an ungauged extended supergravity and let Gel describe the global symmetry of
its action. We wish to promote a subgroup Gg of it to a local symmetry of the Lagrangian
gauged by the vector fields. This implies, as a preliminary requirement, that the number of
gauge generators should not exceed the number nv of vectors
dim(Gg) ≤ nv . (3.1)
The first condition for the global symmetry group Gg to be a viable gauge group, is that
there should exist a subset {AΛˆ} of the vector fields41 which transform in the co-adjoint
representation of Gg under its global duality action. These fields will become the gauge
vectors associated with the generators XΛˆ of Gg.
We shall name electric frame the symplectic frame defined by the vectors in our ungauged
Lagrangian and labeled by hatted indices.
Note that, once the gauge group is chosen within Gel, its action on the various fields is
fixed, being it defined by the action of Gg as a global symmetry group of the ungauged theory
(duality action on the vector field strengths, non-linear action on the scalar fields and indi-
rect action through H-compensators on the fermionic fields): fields are thus automatically
associated with representations of Gg.
After the initial choice of Gg in Gel, the first part of the procedure is quite standard in
the construction of non-Abelian gauge theories: we introduce a gauge-connection, gauge-
curvature (i.e. non-Abelian field strengths) and covariant derivatives. We will also need to
introduce an extra topological term needed for the gauging of the Peccei-Quinn transfor-
mations (2.136). This will lead us to construct a gauged Lagrangian L (0)gauged with manifest
local Gg-invariance. Consistency of the construction will imply constraints on the possible
choices of Gg inside G. The minimal couplings will however break supersymmetry.
The second part of the gauging procedure consists in further deforming the Lagrangian
L (0)gauged in order to restore the original supersymmetry of the ungauged theory and, at the
same time, preserving local Gg-invariance.
Step 1. Choice of the gauge algebra. We start by introducing the gauge connection:
Ωg = Ωg µdx
µ ; Ωg µ ≡ g AΛˆµ XΛˆ , (3.2)
g being the coupling constant. The gauge-algebra relations can be written in the general
form
[XΛˆ, XΣˆ] = fΛˆΣˆ
Γˆ XΓˆ , (3.3)
and are characterized by the structure constants fΛˆΣˆ
Γˆ satisfying the Jacobi identity:
f[ΛˆΣˆ
Γˆf∆ˆ]Γˆ
Πˆ = 0 . (3.4)
41 We describe by hatted-indices those pertaining to the symplectic frame in which the Lagrangian is
defined
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This closure condition should be regarded as a constraint on XΛˆ, since the structure constants
are not generic but are fixed in terms of the action of the gauge generators on the vector
fields as global symmetry generators of the original ungauged theory. To understand this,
let us recall that Gg is a subgroup of Gel and thus its electric-magnetic duality action, as a
global symmetry group, will have the form (2.133) and thus the duality action on the vector
field strengths and their duals of the infinitesimal generators XΛˆ will be represented by the
symplectic matrix in the Rv-representation 42
(XΛˆ)
Mˆ
Nˆ =
(
XΛˆ
Σˆ
Γˆ 0
−XΛˆ ΣˆΓˆ XΛˆ Σˆ Γˆ
)
= Rv[XΛˆ]
Mˆ
Nˆ , (3.6)
where XΛˆ
Γˆ
Σˆ and XΛˆ Γˆ
∆ˆ are the infinitesimal generators of the A and D-blocks in (2.133)
respectively, while −XΛˆ Γˆ Σˆ describes the infinitesimal C-block. It is worth emphasizing here
that we do not identify the generator XΛˆ with the symplectic matrix defining its electric-
magnetic duality action. As pointed our in Sect. 2.1.5, there are isometries in N = 2 models
which do not have duality action, see Eq. (2.137), namely for which the matrix in (3.6) is
null.
The variation of the field strengths under an infinitesimal transformation ξΛˆXΛˆ, whose
duality action is described by (3.6), is:
δGMˆ = ξΛˆ (XΛˆ)Mˆ Nˆ GNˆ ⇒
{
δF Λˆ = ξΓˆXΓˆ
Λˆ
Σˆ F
Σˆ ,
δGΛˆ = −ξΓˆXΓˆ ΛˆΣˆF Σˆ + ξΓˆXΓˆ ΛˆΣˆ GΣˆ .
(3.7)
The symplectic property of the matrix (XΛˆ)
Mˆ
Nˆ implies the following relations:
XΛˆMˆ
Pˆ CNˆPˆ = XΛˆNˆ
Pˆ CMˆPˆ ⇔
{
XΛˆ
Σˆ
Γˆ = −XΛˆΓˆ Σˆ ,
XΛˆ Γˆ Σˆ = XΛˆ ΣˆΓˆ .
(3.8)
The condition that AΛˆµ transform in the co-adjoint representation of the gauge group, namely
δF Λˆ = ξΓˆ fΓˆ Σˆ
ΛˆF Σˆ , (3.9)
together with the transformation properties (3.7), lead us to identify the structure constants
of the gauge group in (3.3) with the diagonal blocks of the symplectic matrices XΛˆ:
fΓˆ Σˆ
Λˆ = −XΓˆ Σˆ Λˆ , (3.10)
42The nv × nv-blocks in (3.6) are actually referred to the Rv∗-representation on covariant vectors:
(
XΛˆ
)
Mˆ
Nˆ =
(
XΛˆΣˆ
Γˆ XΛˆ ΣˆΓˆ
0 XΛˆ
Σˆ
Γˆ
)
= Rv∗[XΛˆ]Mˆ
Nˆ . (3.5)
This is the reason for the minus sign in the lower off-diagonal block in (3.6).
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so that the closure condition reads
[XΛˆ, XΣˆ] = −XΛˆΣˆ Γˆ XΓˆ , (3.11)
and is a quadratic constraint on the tensor XΛˆ
Mˆ
Nˆ . The identification (3.10) also implies
X(Γˆ Σˆ)
Λˆ = 0 . (3.12)
The closure condition (3.11) can thus be interpreted in two equivalent ways:
• the vector fields AΛˆµ transform in the co-adjoint representation of Gg under its action
as global symmetry, namely
nv = co-adj(Gg) ; (3.13)
• the gauge generators XΛˆ are invariant under the action of Gg itself:
δΛˆXΣˆ ≡ [XΛˆ, XΣˆ] +XΛˆΣˆ Γˆ XΓˆ = 0 . (3.14)
Step 2. Introducing gauge curvatures and covariant derivatives. Having defined
the gauge connection (3.2) we also define its transformation property under a local Gg-
transformation g(x) ∈ Gg:
Ωg → Ω′g = gΩg g−1 + dg g−1 = g A′ΛˆXΛˆ . (3.15)
Under an infinitesimal transformation g(x) ≡ 1 + g ζ Λˆ(x)XΛˆ, Eq. (3.15) implies the follow-
ing transformation property of the gauge vectors:
δAΛˆµ = Dµζ Λˆ ≡ ∂µζ Λˆ + g AΣˆµXΣˆΓˆ Λˆ ζ Γˆ , (3.16)
where we have introduced the Gg-covariant derivative of the gauge parameter Dµζ Λˆ.43
As usual in the construction of non-Abelian gauge-theories, we define the gauge curva-
ture44
F = F ΛˆXΛˆ =
1
2
F Λˆµν dx
µ ∧ dxν XΛˆ ≡
1
g
(dΩg −Ωg ∧Ωg) , (3.17)
which, in components, reads:
F Λˆµν = ∂µA
Λˆ
ν − ∂νAΛˆµ − g fΓˆ Σˆ ΛˆAΓˆµ AΣˆν = ∂µAΛˆν − ∂νAΛˆµ + g XΓˆ Σˆ ΛˆAΓˆµ AΣˆν . (3.18)
43In what follows we shall denote by Dµ the gauge-covariant derivative containing the Levi-Civita, the H
and the gauge connection Ωg, not to be mistaken for Dµ which did not contain Ωg.
44 Here we use the following convention for the definition of the components of a form: ω(p) =
1
p! ωµ1...µp dx
µ1 ∧ . . . dxµp
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The gauge curvature transforms covariantly under a transformation g(x) ∈ Gg:
F → F ′ = gF g−1 , (3.19)
and satisfies the Bianchi identity:
DF ≡ dF −Ωg ∧ F + F ∧Ωg = 0 ⇔ DF Λˆ ≡ dF Λˆ + g XΣˆΓˆ ΛˆAΣˆ ∧ F Λˆ = 0 . (3.20)
In the original ungauged Lagrangian we then replace the Abelian field strengths by the new
Gg-covariant ones:
∂µA
Λˆ
ν − ∂νAΛˆµ → ∂µAΛˆν − ∂νAΛˆµ + g XΓˆ Σˆ ΛˆAΓˆµ AΣˆν . (3.21)
After having given the gauge fields a Gg-covariant description in the Lagrangian through
the non-Abelian field strengths, we now move to the other fields. The next step in order to
achieve local invariance of the Lagrangian under Gg consists in replacing ordinary derivatives
by gauge-covariant ones
∂µ −→ ∂µ −Ωgµ = ∂µ − g AΛˆµ XΛˆ , (3.22)
thus introducing the minimal couplings of the vectors to the other fields.
As it can be easily ascertained, the covariant derivatives satisfy the identity which is well
known from gauge theories:
D2 = · · · − gF = · · · − g F ΛˆXΛˆ ⇔ [Dµ, Dν ] = · · · − g F Λˆµν XΛˆ , (3.23)
where, since Dµ also contains the space-time connection and the composite connection on
the scalar manifold, the ellipses refer to terms depending on the space-time curvature and
the curvature of the scalar manifold. Aside from the vectors and the metric, the remaining
bosonic fields are the scalars φs, whose derivatives are covariantized using the Killing vectors
kΛˆ associated with the action of the gauge generator XΛˆ as an isometry:
∂µ −→ Dµφs = ∂µφs − g AΛˆµ ksΛˆ(φ) , (3.24)
Care is needed for the fermion fields which, as we have discussed above, do not transform
directly under G, but under the corresponding compensating transformations in H. This was
taken into account by writing the H-connection Q in the fermion H-covariant derivatives.
Now we need to promote such derivatives to Gg-covariant ones, by minimally coupling the
fermions to the gauge fields. This is effected by modifying the H-connection.
For homogeneous scalar manifolds redefine the left-invariant 1-form Ω (pulled-back on
space-time), introduced in (2.18), by a gauged one obtained by covariantizing the derivative
on the coset representative:
Ωµ = L
−1∂µL −→ Ωˆµ ≡ L−1DµL = L−1
(
∂µ − g AΛˆµ XΛˆ
)
L = Pˆµ + Qˆµ (3.25)
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where, as usual, the space-time dependence of the coset representative is defined by the
scalar fields φs(x): ∂µL ≡ ∂sL∂µφs.
The gauged vielbein and connection are related to the ungauged ones as follows:
Pˆµ = Pµ − g AΛˆµ PΛˆ ; Qˆµ = Qµ − g AΛˆµ QΛˆ , (3.26)
the matrices PΛˆ, QΛˆ being the projections onto K and H, respectively, of L−1XΛˆL:
PΛˆ ≡ L−1XΛˆL
∣∣
K
; QΛˆ ≡ L−1XΛˆL
∣∣
H
. (3.27)
Using Eq. (2.52) we can express the above quantities as follows:
PΛˆ = ksΛˆPssKs ; QΛˆ = −
1
2
Pa
Λˆ
Ja − 1
2
Pm
Λˆ
Jm , (3.28)
where Pa
Λˆ
were defined in Sect. 2.1.1.
For non-homogeneous scalar manifolds we cannot use the construction (3.25) based on
the coset representative. Nevertheless we can still define Pm
Λˆ
, Pa
Λˆ
in terms of the Killing
vectors, see discussion below Eq. (2.54). From these quantities one then defines gauged
vielbein Pˆµ and H-connection Qˆµ using (3.26) and (3.28), where now Ks should be intended
as a basis of the tangent space of the manifold at the origin (and not as isometry generators)
and {Ja, Jm} a basis of the holonomy group.
Notice that, as a consequence of eqs. (3.28) and (3.26), the gauged vielbein 1-forms (pulled-
back on space-time) can be written as the ungauged ones in which the derivatives on the
scalar fields are replaced by the covariant ones (3.24). This is readily seen by applying
the general formula (2.49) for homogeneous manifolds to the isometry XΛˆ in (3.25), and
projecting both sides of this equation on the coset space K:
Pˆµ = PsDµzs . (3.29)
Consequently the replacement (3.24) is effected by replacing everywhere in the Lagrangian
Pµ by Pˆµ.
Consider now a local Gg-transformation g(x) whose effect on the scalars is described
by Eq. (2.11): gL(φ) = L(g ? φ)h(φ,g). From (3.25) and from the fact that D is the
Gg-covariant derivative, the reader can easily verify that:
Ωˆµ(g ? φ) = h Ωˆµ(φ)h
−1 + hdh−1 ⇒
{
Pˆ(g ? φ) = h Pˆ(φ)h−1 ,
Qˆ(g ? φ) = h Qˆ(φ)h−1 + hdh−1 , (3.30)
where h = h(φ,g). By deriving (3.25) we find the gauged Maurer-Cartan equations:
dΩˆ + Ωˆ ∧ Ωˆ = −g L−1FL , (3.31)
where we have used (3.23). For symmetric spaces,45 projecting the above equation onto K
and H we find the gauged version of eqs. (2.29), (2.30):
DPˆ ≡ dPˆ + Qˆ ∧ Pˆ + Pˆ ∧ Qˆ = −g F ΛˆPΛˆ , (3.32)
Rˆ(Qˆ) ≡ dQˆ+ Qˆ ∧ Qˆ = −Pˆ ∧ Pˆ − g F ΛˆQΛˆ . (3.33)
45Analogous formulae hold also for non-symmetric spaces.
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The above equations are manifestly Gg-covariant. Using (3.29) one can easily verify that
the gauged curvature 2-form (with value in H) can be written in terms of the curvature
components Rrs of the manifold, given in Eq. (2.31), as follows:
Rˆ(Qˆ) = 1
2
RrsDφr ∧ Dφs − g F ΛˆQΛˆ . (3.34)
The gauge-covariant derivatives, when acting on a generic fermion field ξ, is defined using
Qˆµ, so that (2.151) is replaced by
Dµξ = ∇µξ + Qˆµ ? ξ . (3.35)
Summarizing, local invariance of the action under Gg requires replacing everywhere in the
Lagrangian the Abelian field strengths by the non-Abelian ones, Eq. (3.21) and the ungauged
vielbein Pµ and H-connection Qµ by the gauged ones:
Pµ → Pˆµ ; Qµ → Qˆµ . (3.36)
Clearly supersymmetry of the gauged action requires as a necessary, though not sufficient,
condition to perform the above replacements also in the supersymmetry transformation laws
of the fields.
Step 3. Introducing topological terms. If the symplectic duality action (3.6) of XΛˆ has
a non-vanishing off-diagonal block XΛˆΓˆ Σˆ, that is if the gauge transformations include Peccei-
Quinn shifts, then an infinitesimal (local) gauge transformation ξΛˆ(x)XΛˆ would produce a
variation of the Lagrangian of the form (2.136):
δLb = −g
8
ξΛˆ(x)XΛˆΓˆ Σˆ
µνρσ F ΓˆµνF
Σˆ
ρσ . (3.37)
Being ξΛˆ(x) a local parameter, the above term is no longer a total derivative and thus
the transformation is not a symmetry of the action. In [186], see also discussion in Sect.
3.2, it was proven that the variation (3.37) can be canceled by adding to the Lagrangian a
topological term of the form
Ltop. = −1
3
g µνρσXΛˆΓˆ Σˆ A
Λˆ
µ A
Σˆ
ν
(
∂ρA
Γˆ
σ +
3
8
g X∆ˆΠˆ
Γˆ A∆ˆρ A
Πˆ
σ
)
, (3.38)
provided the following condition holds
X(ΛˆΓˆ Σˆ) = 0 . (3.39)
We shall see in the following that condition (3.39), together with the closure constraint (3.11),
is part of a set of constraints on the gauge algebra which are also implied by supersymmetry.
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3.1.2 Choice of the Gauge Algebra and the Embedding Tensor
We have seen that the gauging procedure corresponds to promoting some suitable subgroup
Gg ⊂ Gel to local symmetry. This subgroup is defined selecting a subset of generators within
the global symmetry algebra g of G. Now, all the information about the gauge algebra
can be encoded in a Gel -covariant object Θ, which expresses the gauge generators as linear
combinations of the global symmetry generators tσ of the subgroup Gel ⊂ G
XΛˆ = ΘΛˆ
σ tσ ; ΘΛˆ
σ ∈ nv × adj(Gel) , (3.40)
with Λˆ = 1, . . . , nv and with σ = 1, . . . , dim(Gel). The advantage of this description
is that the Gel -invariance of the original ungauged Lagrangian L is restored at the level
of the gauged Lagrangian Lgauged, to be constructed below, provided ΘΛˆ
σ is transformed
under Gel as well. However, the full global symmetry group G of the field equations and
Bianchi identities is still broken, since the parameters ΘΛˆ
σ can be viewed as electric charges,
whose presence manifestly breaks electric-magnetic duality invariance. In other words we
are working in a specific symplectic frame defined by the ungauged Lagrangian we started
from.
We shall give later on a definition of the gauging procedure which is completely freed
from the choice of the symplectic frame. For the time being, it is useful to give a description
of the gauge algebra (and of the consistency constraints on it) which does not depend on
the original symplectic frame, namely which is manifestly G-covariant. This is done by
encoding all information on the initial symplectic frame in a symplectic matrix E ≡ (EMN)
and writing the gauge generators, through this matrix, in terms of new generators
XM = (XΛ, X
Λ) (3.41)
which are at least twice as many as the XΛˆ:(
XΛˆ
0
)
= E
(
XΛ
XΛ
)
. (3.42)
This description is clearly redundant and this is the price we have to pay in order to have a
manifestly symplectic-covariant formalism. We can then rewrite the gauge connection in a
symplectic-invariant fashion
AΛˆµ XΛˆ = A
Λˆ
µ EΛˆ
ΛXΛ + A
Λˆ
µ EΛˆ ΛX
Λ = AΛµ XΛ + AΛµX
Λ = AMµ XM , (3.43)
where we have introduced the vector fields AΛµ and the corresponding dual ones AΛµ, that
can be regarded as components of a symplectic vector
AMµ ≡ (AΛµ , AΛµ) . (3.44)
These are not independent, since they are all expressed in terms of the only electric vector
fields AΛˆµ of our theory (those entering the vector kinetic terms):
AΛµ = EΛˆ
ΛAΛˆµ , AΛµ = EΛˆ ΛA
Λˆ
µ . (3.45)
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In what follows, it is useful to adopt this symplectic covariant description in terms of 2nv
vector fields AMµ and 2nv generators XM , bearing in mind the above definitions through the
matrix E, which connects our initial symplectic frame to a generic one.
The components of the symplectic vector XM are generators in the isometry algebra g
and thus can be expanded in a basis tα of generators of G:
XM = ΘM
α tα , α = 1, . . . , dim(G) . (3.46)
The coefficients of this expansion ΘM
α represent an extension of the definition of Θ to a
G-covariant tensor:
ΘΛˆ
σ 99K ΘMα ≡ (ΘΛα, ΘΛα) ; ΘMα ∈ Rv∗ × adj(G) , (3.47)
which (locally) describes the explicit embedding of the gauge group Gg into the global sym-
metry group G, and combines the full set of deformation parameters of the original ungauged
Lagrangian. The advantage of this description is that it allows to recast all the consistency
conditions on the choice of the gauge group into G-covariant (and thus independent of the
symplectic frame) constraints on Θ.
We should however bear in mind that, just as the redundant set of vectors AMµ , also the
components of ΘM
α are not independent since, by Eq. (3.42),
ΘΛˆ
α = EΛˆ
M ΘM
α , 0 = ΘΛˆ α = EΛˆM ΘM
α , (3.48)
so that
dim(Gg) = rank (ΘΛˆ
α) = rank(ΘM
α) . (3.49)
Being E a symplectic matrix, i.e. EMˆ
M ENˆ
N CMˆNˆ = CMN , the above relations (3.48) imply
for ΘM
α the following condition:
ΘΛ
αΘΛβ −ΘΛβ ΘΛα = 0 ⇔ CMNΘMαΘNβ = 0 . (3.50)
To see this it suffices to note that the above equation is manifestly Sp(2nv,R)-invariant.
Therefore, being it satisfied by the original embedding tensor ΘMˆ
α = (ΘΛˆ
α, 0) in the electric
frame, it will be satisfied by the same tensor in a generic frame ΘM
α, being the former related
to the latter by the symplectic transformation E:
0 = ΘΛˆ
αΘΛˆ β −ΘΛˆβ ΘΛˆ α = CMˆNˆΘMˆαΘNˆ β = EMˆM ENˆN CMˆNˆΘMαΘNβ = CMNΘMαΘNβ ,
(3.51)
where the first equality holds since ΘΛˆ α = 0.
Vice versa, one can show that if ΘM
α satisfies the above conditions, there exists a sym-
plectic matrix E which can rotate it to an electric frame, namely such that eqs. (3.48)
are satisfied for some θΛˆ
α. Equations (3.50) define the so-called locality constraint on the
embedding tensor ΘM
α and they clearly imply:
dim(Gg) = rank(Θ) ≤ nv , (3.52)
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which is the preliminary consistency condition (3.1). The construction of the matrix E from
an embedding tensor satisfying the locality constraint will be discussed in Sect. 3.5 using
the rank-factorization of ΘM
α.
The electric-magnetic duality action of XM , in the generic symplectic frame defined by
the matrix E, is described by the tensor:
XMN
P ≡ Rv∗[XM ]NP = ΘMα tαNP = E−1MMˆE−1NNˆ XMˆNˆ Pˆ EPˆ P , (3.53)
where we have used Eq. (3.46). For each value of the index M , the tensor XMN
P should
generate symplectic transformations. This implies that:
XMNP ≡ XMNQCQP = XMPN , (3.54)
which is equivalent to eqs. (3.8). The remaining linear constraints (3.12), (3.39) on the gauge
algebra can be recast in terms of XMN
P in the following symplectic-covariant form:
X(MNP ) = 0 ⇔

2X(ΛΣ)
Γ = XΓ ΛΣ ,
2X(ΛΣ)Γ = XΓ
ΛΣ ,
X(ΛΣΓ ) = 0 .
(3.55)
Notice that the second of equations (3.55) implies that, in the electric frame in which X Λˆ = 0,
also the B-block (i.e. the upper-right one) of the infinitesimal gauge generators Rv[XΛˆ]
vanishes, being XΓˆ
ΛˆΣˆ = 0, so that the gauge transformations are indeed in Gel. Moreover
the antisymmetry of XΛˆΣˆ
Γˆ in the first two indices, i.e. Eq. (3.12), follows from the first of
Eqs. (3.55) in the electric frame.
Equations (3.55) can also be written in the following form:
X(MN)
P = −1
2
CPLXLMQCQN = −1
2
CPLΘLα tαMN , (3.56)
where tαMN were defined above Eq. (2.140).
Finally, also the closure constraints (3.11) can be cast in a manifestly symplectic-covariant
form:
[XM , XN ] = −XMNP XP ⇔ ΘMαΘNβfαβγ +ΘMα tαNPΘP γ = 0 . (3.57)
The above condition is equivalently stated as the characteristic property of the embedding
tensor ΘM
α of being invariant under the action of the gauge group it defines :
δMΘN
α = 0 . (3.58)
Summarizing we have found that consistency of the gauging requires the following set of
linear and quadratic algebraic, G-covariant constraints to be satisfied by the embedding
tensor:
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• Linear constraint:
X(MNP ) = 0 , (3.59)
• Quadratic constraints:
CMNΘMαΘNβ = 0 , (3.60)
[XM , XN ] = −XMNP XP . (3.61)
The above conditions on the embedding tensor as well as useful identities deduced from them
are summarized in Appendix A.3. The linear constraint (3.59) amounts to a projection of
the embedding tensor on a specific G-representation RΘ in the decomposition of the product
Rv∗ × Adj(G) with respect to G
Rv∗ × Adj(G) G−→ RΘ + . . . (3.62)
and thus can be formally written as follows:
PΘ ·Θ = Θ , (3.63)
where PΘ denotes the projection on the representation RΘ. For this reason (3.59) is also
named representation constraint.
Let us now prove that, if G is simple (as in maximal supergravity), (3.59) implies that
the trace XNM
N must vanish:46
X(MNP ) = 0 ⇒ XNMN = 0 . (3.64)
To show this we note that at least one representation Rv∗ is always present in the decom-
position (3.62) of the product Rv∗ × Adj(G). If G is simple, this representation occurs just
once in that decomposition. There are two ways of extracting this Rv∗ component out of
the G-tensor XMN
P :
Rv∗ : XNMN , KNPQMXNPQ , (3.65)
where KMNPQ is the characteristic rank-4, totally symmetric, invariant tensor defined in
(2.141). Being Rv∗ unique, the above two quantities must be proportional to each other and
single out a same component θM of ΘM
α.47 Note however that only the totally symmetric
part of XNPQ, which vanishes by virtue of (3.59), contributes to the last term in (3.65). We
conclude that if G is simple, θM = 0 and thus the implication (3.64) holds. One can prove
that there is a notable exception in which (3.64) is still valid while G is not simple. This is
the so-called STU model, to be discussed in detail in Sect. 5.8, in which G = SL(2,R)3.48 In
46The trace XMN
N vanishes by construction, being (XM )N
P a matrix in the algebra of Sp(2nv,R).
47One can indeed show by direct computation that, for simple G, KMNPQ tα
PQ ∝ tαMN .
48In those models with scalar manifold of the form SL(2,R)SO(2) × SO(p,q)SO(p)×SO(q) , in which G is not simple and
has the form G = SL(2,R)×SO(p, q), one can prove that (3.64) holds only if p+ q = 4, which comprises the
case of the STU model in which p = q = 2, since SO(2, 2) ∼ SL(2,R)2.
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this case there are three representationsRv∗ occurring in the decomposition ofRv∗×Adj(G).
Nevertheless the only one entering the decomposition of X(MNP ), which is thus set to zero,
is exactly XNM
N .
The first quadratic constraint (3.60) guarantees that a symplectic matrix E exists which
rotates the embedding tensor ΘM
α to an electric frame in which the magnetic components
ΘΛˆ α vanish. The second one (3.61) is the condition that the gauge algebra close within the
global symmetry one g and implies that Θ is a singlet with respect to Gg. In the maximal
theory we will show, by group theoretical arguments, that once the representation constraint
is implemented, the locality condition is in fact equivalent to the other quadratic constraint
(3.61). This is not the case for N < 8 theories where in general the locality and closure
conditions (3.60),(3.61) should be imposed independently.
The second part of the gauging procedure, which we are going to discuss in Sect. 3.1.3
below, has to do with restoring supersymmetry after minimal couplings have been intro-
duced and the Gg-invariant Lagrangian L
(0)
gauged have been constructed. As we shall see,
the supersymmetric completion of L (0)gauged requires no more constraints on Gg (i.e. on Θ)
than the linear (3.59) and quadratic ones (3.60), (3.61) discussed above. In particular the
representation condition on the embedding tensor will be required by the cancelation of
the O(g)-terms originating from the supersymmetry variations of the minimal couplings (in
particular the ones involving the fermion fields) by means of new terms depending on the
so-called fermion shift-tensors to be introduced in Sect. 3.1.3 below. In fact, although we
have introduced it here from an analysis of the sole bosonic Lagrangian, in all supergravities
the linear constraint is deduced directly from supersymmetry.
As a final remark let us prove that the locality constraint (3.60) is independent of the
others only in theories featuring scalar isometries with no duality action, namely in which
the symplectic duality representation Rv of the isometry algebra g is not faithful. This is
the case of the quaternionic isometries in N = 2 theories, see Eq. (2.137) of Sect. 2.1.5. Let
us split the generators tα of G into t`, which have a non-trivial duality action, and tm, which
do not:
(t`)M
N 6= 0 ; (tm)MN = 0 . (3.66)
From equation (3.61) we derive, upon symmetrization of the M, N indices, the following
condition:
X(MN)
P XP = X(MN)
P ΘP
α tα = 0 , (3.67)
where tα on the right hand side are not evaluated in the Rv representation and thus are all
non-vanishing. Using the linear constraint (3.59) we can then rewrite X(MN)
P as follows:
X(MN)
P = −1
2
CPQXQMN = −1
2
CPQΘQ`t`MN , (3.68)
so that (3.67) reads
CQP ΘQ`ΘP α t`MN = 0 . (3.69)
Being tα and t`MN independent for any α and `, conditions (3.59) and (3.61) only imply part
of the locality constraint (3.60):
CQP ΘQ`ΘP α tα = 0 , (3.70)
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while the remaining constraints (3.60)
CQP ΘQmΘP n = 0 , (3.71)
need to be imposed independently. Therefore in theories in which all scalar fields sit in
the same supermultiplets as the vector ones, as it is the case of N > 2 or N = 2 with no
hypermultiplets, the locality condition (3.60) is not independent but follows from the other
constraints.
The linear constraint (3.59) was related in [195] to the absence, in extended supergrav-
ities, of chiral anomalies. This implies that, in certain cases, it can be relaxed in N = 1
supergravities, which can be chiral.
3.1.3 The Gauged Lagrangian
The three steps described above allow us to construct a Lagrangian L (0)gauged which is locally
Gg-invariant starting from the ungauged one. Now we have to check if this deformation is
compatible with local supersymmetry. As it stands, as emphasized earlier, the Lagrangian
L (0)gauged is no longer invariant under supersymmetry, due to the extra contributions in its
supersymmetry variation that originate from the vector fields in the covariant derivatives.
Consider, for instance, the supersymmetry variation of the (gauged) Rarita-Schwinger
term in the Lagrangian
Lrs = i e ψ¯
A
µ γ
µνρDνψAρ + h.c. , (3.72)
where Dν is the gauged covariant derivative defined in Eq. (3.35). Under a supersymmetry
variation of ψµ:
δψµ = Dµ+ . . . , (3.73)
 being the local supersymmetry parameter, 49 the variation of Lrs produces the following
term
δLrs = · · ·+ 2i e ψ¯Aµ γµνρDνDρA + h.c. =
= · · · − i g e ψ¯Aµ γµνρF Λˆνρ (QΛˆ)A + h.c. , (3.74)
where we have used the property (3.23) of the gauge covariant derivative. Similarly we can
consider the supersymmetry variation, see Eq. (2.239), of the spin-1/2 fields:
δλI = i PˆI Aµ γµA + . . . , (3.75)
where, as in (3.73) the ellipses denote terms containing the vector fields together with higher-
order terms in the fermion fields and PˆI Aµ is a specific component of the K-valued matrix
Pˆµ. The resulting variation of the corresponding kinetic Lagrangian contains terms of the
following form:
δ
(
−ie
2
λ¯IγµDµλI + h.c.
)
= · · ·+ e λ¯IγµνDµPˆ I Aν A + h.c. =
= · · · − g
2
e λ¯IγµνF Λˆµν PI AΛˆ A + h.c. (3.76)
49 The ellipses refer to terms containing the vector field strengths and the fermion fields.
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where we have used, in going to the second line, Eq. (3.32). We see that the supersymmetry
variation of the minimal couplings in the fermion kinetic terms have produced O(g)-terms
which contain the tensor
F Λˆµν L
−1XΛˆL = GMµν L−1XML (3.77)
projected on H and contracted with the ψ¯ current in (3.74), or restricted to K and contracted
with the λ¯ current in the second case (3.76). On the right hand side of (3.77) the summation
over the gauge generators has been written in the symplectic invariant form defined in Eq.
(3.43): GM XM ≡ F ΛˆEΛˆM XM . These are instances of the various terms occurring in the
supersymmetry variation δL (0)gauged. Just as (3.74) and (3.76), these terms are proportional
to an H-tensor defined as follows50:
T(Θ, φ)M ≡ L(φ)−1MN L(φ)−1XN L(φ) = L(φ)−1MN ΘNβ L(φ)βα tα =
= T(Θ, φ)Mα tα , (3.79)
where
T(Θ, φ)Mα ≡ L(φ)−1MN ΘNβL(φ)βα = (L−1(φ) ? Θ)Mα , (3.80)
where ? denotes the action of L−1 as an element of G on ΘMα in the corresponding RΘ-
representation. The matrix L(φ)MM appearing in the above formulas is obtained by com-
plexifying the right index of the matrix defined in (2.108) and is related to the Lc-matrix as
follows (see Appendix A.2) :
(L(φ)MN) = −i (CMPCNLLPc L) = iCLcC = L−Tc . (3.81)
The tensor T(φ, Θ) = L−1(φ) ? Θ is called the T-tensor and was first introduced in [140].
From its definition and from (3.27) we can also write the T-tensor as follows:
T(Θ, φ)M = L(φ)−1MM (PM +QM) , (3.82)
where, as usual, we have written QˆΛˆ = EΛˆM QˆM , PˆΛˆ = EΛˆM PˆM . In components, using
(3.81) we can write:
TAB = LMc AB (PM +QM) = fΛAB(PΛ +QΛ) + hΛAB(PΛ +QΛ) , (3.83)
TI = LMc I (PM +QM) = fΛI(PΛ +QΛ) + hΛI(PΛ +QΛ) . (3.84)
If Θ and φ are simultaneously transformed with G, the T-tensor transforms under the cor-
responding H-compensator:
∀g ∈ G : T(g ? φ, g ? Θ) = L−1(g ? φ) ? (g ? Θ) =
= (h(g, φ)L−1(φ) g−1) ? (g ? Θ) = h(g, φ) ? T(φ, Θ) . (3.85)
50 In the formulas below we use the coset representative in which the first index (acted on by G) is in
the generic symplectic frame defined by the matrix E and which is then related to the same matrix in the
electric frame (labeled by hatted indices) as follows:
L(φ)Mˆ
N = EMˆ
P L(φ)P
N ⇒ M(φ)MˆNˆ = EMˆPENˆQM(φ)PQ , (3.78)
last equation being (2.102)
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Thus the quantity T naturally belongs to a representation of the group H and is an example
of composite field discussed at the end of Sect. 2.2.
If, on the other hand, we fix φ and only transform Θ, T transforms in the same G-
representation RΘ as Θ, being T defined by acting on the embedding tensor with the G-
element L−1. As a consequence of this, T satisfies the same constraints (3.59), (3.60) and
(3.61) as Θ:
T(MNP ) = 0 , (3.86)
CMN TMα TNβ = 0 ,
[TM , TN ] + TMNP TP = 0 , (3.87)
where we have defined TMNP ≡ TMα tαNP and TMNP ≡ TMNQCQP . Recall that in N = 2
theories the tensor
TMNP = L−1MM L−1NN XMNP LP P , (3.88)
only represents the part of TM associated with the gauged special-Ka¨hler isometries, the
tensor TM , appearing in the last two of (3.87), also having contributions from gauged
quaternionic-Ka¨hler isometries. Equations (3.87) have been originally derived within maxi-
mal supergravity in [140, 141], and dubbed T-identities51. Just as for the bare embedding
tensor Θ, also in this case the linear constraint (3.86) implies, in the case of G simple (or for
the STU model), the tracelessness of T: TMNM = 0 (see Eq. (3.64)).
Notice that, using eqs. (3.27) and (3.28), we can rewrite the T-tensor in the following
form [196]:52
TM = L−1MN ΘNα
(
ksαPssKs −
1
2
Paα Ja −
1
2
Pmα Jm
)
, (3.89)
which can be extended to N = 2 theories with non-homogeneous scalar manifolds of the
form (2.40). In this case we cannot define a coset representative. However, as discussed in
Sect. 2.3, one can still define a symplectic matrix LMc N (which is no longer related to a coset
representative) depending on the complex scalar fields in the vector multiplets. We can then
define the T-tensor in these theories as in (3.89) where {Ks} should be intended as a basis
of the tangent space to the origin (and not as isometry generators), while {JI} = {Ja, Jm}
are holonomy group generators53. Recall that {Paα, Pmα } enter the definition of the gauged
composite connection (3.28) on the scalar manifold and, as mentioned earlier, are related
to the Killing vectors by general properties of the spacial Ka¨hler and quaternionic Ka¨hler
geometries [161], see Sect. 5.
51 Recall that in maximal supergravity the locality constraint follows from the linear and the closure ones.
52Some of the general formulae given for all extended supergravities were independently derived by the
authors of [197].
53 The HR = U(2)-generators {Ja} naturally split into a U(1)-generator J0 of the Ka¨hler transformations
on Msk and SU(2)-generators Jx (x = 1, 2, 3) in the holonomy group of the quaternionic Ka¨hler manifold
Mqk
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Step 4.: The supersymmetric completion of the gauged Lagrangian. To cancel
the supersymmetry variations of L (0)gauged and to construct a gauged Lagrangian Lgauged
preserving the original supersymmetries, one can apply the general Noether method (see [7]
for a general review) which consists in adding new terms toL (0)gauged and to the supersymmetry
transformation laws, iteratively in the gauge coupling constant. In our case the procedure
converges by adding terms of order one (∆L (1)gauged) and two (∆L
(2)
gauged) in g, so that
Lgauged = L
(0)
gauged +∆L
(1)
gauged +∆L
(2)
gauged . (3.90)
The additional O(g)-terms are mass terms (or, more precisely, Yukawa terms) and have the
general form:
e−1∆L (1)gauged = g
(
2ψ¯Aµ γ
µν ψBν SAB + i λ¯I γµ ψµA NIA + λ¯I λJ MIJ
)
+ h.c. , (3.91)
characterized by the scalar-dependent matrices SAB = SBA and NIA called fermion-shift
matrices, and a matrix MIJ that can be rewritten in terms of the previous mixed-mass
tensor NIA by supersymmetry, see discussion below Eq. (3.95). For these tensors we shall
also use the notation: NIA ≡ (NIA)∗, SAB ≡ (SAB)∗ and MIJ ≡ (MIJ )∗
The O(g2)-terms consist of a scalar potential:
e−1∆L (2)gauged = −V (φ) . (3.92)
At the same time the fermionic supersymmetry transformations need to be suitably modified.
To this end, we shall add order–g terms to the fermion supersymmetry transformation rules
of the gravitino (ψµA) and of the other fermions (χ
I)
δψµA = DµA + i g SAB γµ B + . . . ,
δλI = gNIA A + . . . (3.93)
depending on the same matrices SAB, NIA, MIJ entering the mass terms. The fermion shift-
matrices are composite fields belonging to some appropriate representations RS, RN , RM of
the H group, such that (3.91) is H-invariant. Some properties of these representations are
fixed by the way these tensors appear in the Lagrangian and the supersymmetry transfor-
mation rules: For instance the gravitino fermion-shift matrix SAB belongs to the two-times
symmetric product of the fundamental representation of HR = (S)U(N ), the dilatino one
NABCD belongs to the (
∧3N )×N of HR, MI,J is symmetric in its two indices etc. Other
properties will be fixed by supersymmetry, namely by the condition that the supersymmetry
variations of the minimal coupling terms (in particular those involving the fermion terms),
which depend on the T-tensor, be canceled by the new terms depending on the fermion-shift
matrices. This condition, as mentioned earlier, poses a restriction on the T-tensor, which
amounts, see below, to the representation constraint on embedding tensor.
Indeed the additional terms in the Lagrangian and supersymmetry transformation laws are
enough to cancel the original O(g) variations in δL (0)gauged — like (3.74) and (3.76), together
with new O(g) terms depending on S and N in the supersymmetry variation of L (0)gauged —
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provided the shift-tensors SAB, NIA are identified with suitable H-covariant components of
the T-tensor, according to the branching:
RΘ
H−→ RN +RS +RM +Rother , (3.94)
and that additional H-representations Rother in the T-tensor do not enter the supersymmetry
variations of the Lagrangian. This can be formulated as a G-covariant restriction on the
representation RΘ of the T-tensor or, equivalently, of embedding tensor, which can be shown
to be, for N > 2, no more than the representation constraint (3.59) discussed earlier. This
condition also defines the properties, mentioned above, of the representations RN , RS and
RM , see example below, in Eq. (3.115). In particular RM is not independent of RN and
RS. For N = 2 models, the linear constraint (3.59) only fixes the components of the T-
tensor associated with the gauging of the special Ka¨hler isometries, in terms of the fermion-
shift tensors, while the corresponding expressions of the remaining components is fixed by
supersymmetry. We shall give the explicit relations below.
The identification with components of the T-tensor defines the expression of the fermion
shift-tensors as H-covariant composite fields in terms of the embedding tensor and the scalar
fields:
SAB = SAB(φ,Θ) = T(φ,Θ)|RS ; NIA = NIA(φ,Θ) = T(φ,Θ)|RN . (3.95)
The precise identifications will be given below, see Eqs. (3.114).
The aforementioned relation between the fermion mass-matrix MIJ and NIA follows from
requiring the cancelation of the terms (3.76) against O(g)-terms produced by the fermion
variations (see Eqs. (2.237)-(2.238)) in the mass- terms (3.91) and in the (gauged) Pauli
terms of the Lagrangian. This cancelation also fixes the identification (3.95) as far as the
N-tensor is concerned.
The first of the (3.95) follows from requiring the cancelation of the (3.74) terms with
O(g)-ones of the form FSψ¯, F standing for the vector field strengths, originating from the
variation of the (gauged) Pauli terms and of the gravitino mass term in (3.91).
As we shall discuss below, supersymmetry further requires differential relations between
the tensors S, N and M, to be dubbed “gradient flow” equations [163]. These relations also
follow from the identifications (3.95), the definition of the T-tensor and, for homogenous
scalar manifolds, from the differential equations (2.28), (2.189), (2.190) satisfied by L and
Lc. For non-homogeneous geometries in N = 2 models the same relations originate from
properties of special and quaternionic Ka¨hler manifolds.
A detailed analysis. Let us add some more details on how the supersymmetry variations
of the deformed Lagrangian vanish, to all orders in g, as a consequence of the identifications
(3.95). Following [198] and [163], in the variation of the Lagrangian we can distinguish
between two kinds of terms: those with one derivative and those with no derivatives. As
far as the former are concerned, consider the O(g)-terms of the form ψ¯∂(S) and λ¯∂(N) in
the variations of the gravitino and spin-1/2 kinetic terms, respectively. The ψ¯∂S and λ¯∂N
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-terms have the form:
− 4e g ψ¯Aµ γµνDνB SAB + h.c. (3.96)
− i e g λ¯I γµDµANIA + h.c. (3.97)
and are canceled by the gravitino variation of the Yukawa-terms (3.91). Next consider the
cancelation of the ψ¯∂S terms
− 4e g ψ¯Aµ γµνB DνSAB + h.c. (3.98)
which occurs by effect of O(g) contributions from the variation of the scalar-fermion terms
and the Yukawa-terms (3.91):
from scalar-fermion terms: − e gNIAψ¯Bµ γνγµA Pˆν IB + h.c. (3.99)
from Yukawa terms: e gNIBψ¯Bµ γµγνA Pˆν IA + h.c. (3.100)
Writing γµγν = γµν + ηµν in the above terms, the reader can easily verify that the γµν-
contributions sum up to
2 e g ψ¯Aµ γ
µνB Pˆν I(ANIB) + h.c. , (3.101)
which cancel, to order O(g), against (3.98) provided the following differential relation be-
tween the fermion-shift tensors hold:
DsSAB =
1
2
Ps I(ANIB) , (3.102)
where Ds is the H-covariant derivative on the scalar manifold defined in Sect. 2.1.1. The
ηµν-contributions in (3.99) and (3.100) sum up to:
− 2 e gNIB ψ¯[Aµ B]PˆµIA + h.c. , (3.103)
which is canceled by a corresponding term coming from the variation of the vector fields in
the scalar kinetic Lagrangian:
− 2e g GrsDµφrLcMABksM ψ¯Aµ B + h.c. (3.104)
provided the following relation holds:
LcMABksM = −G sr Pr I[ANIB] . (3.105)
Next consider the cancelation of the λ¯∂N -terms from the λI-kinetic action. It occurs, in
part, by effect of O(g)-contributions which originate from the variation of the vector fields
in the scalar kinetic Lagrangian, of the form:
i e g GrsDµφrLcMIksM λ¯IAγµA +
i
2
e g GrsDµφrLcMABksM χ¯ABCγµC + h.c =
= i e g GrsDµφrLcMIAksM λ¯IγµA + h.c. (3.106)
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where, in the last line, we have used the collective symbol λI to denote all the dilatinos and
gauginos, corresponding to I = (IA) or (ABC), respectively and have set54
LcMIA =
{
LcMIBA ≡ LcMIδBA
LcMABCA ≡ 3LcM [ABδC]A .
The cancelation of the λ¯∂N -terms also occurs by effect of the following contributions:
from scalar-fermion terms: 2i e g λ¯Iµγ
µASAB Pˆµ IB + h.c. (3.107)
from Yukawa terms: 2i e gMIJ λ¯IγµB PˆµJB + h.c. (3.108)
provided the following differential relation holds:
DrNIA = Grs LcMIA kMs + 2Pr IB SBA + 2MIJPrJ A . (3.109)
Finally, in order to cancel the O(g2)-contributions resulting from the variations (3.93) in
(3.91) we need to add an order-g2 scalar potential V (φ) which is totally determined by
supersymmetry as a bilinear function of the shift matrices by the condition
δB
A V (φ) = g2
(
NIANIB − 12 SAC SBC
)
, (3.110)
To see this consider the g2 ψ¯-contributions resulting from the variations (3.93) in (3.91),
which have the form:
i e g2ψ¯Aµ γ
µC
(
12SABSBC − NIANIC
)
+ h.c. (3.111)
these are canceled by the variation δ(e)V of the potential term, being
δ(e) = e Va
µδVµ
a = i e (¯AγµψµA + ¯Aγ
µψAµ ) , (3.112)
provided Eq. (3.110) holds. This condition is called potential Ward identity [198, 199]. It
defines the scalar potential as a quadratic function of the embedding tensor and non-linear
function of the scalar fields:
V (φ,Θ) =
g2
N
(
NIANIA − 12 SAC SAC
)
. (3.113)
As a constraint on the fermion shifts, it is part of a set of quadratic conditions required
for the cancelation of the supersymmetry variations to order-g2 and can be shown, once the
fermion-shift tensors have been identified with components of the T-tensor, to follow from
the T-identities (3.87) or, equivalently, from the quadratic constraints (3.60), (3.61) on Θ.
We shall explicitly derive the Ward identity from the quadratic constraints on the embedding
tensor in the N = 8 and N = 2 theories.
54Recall that when the index I equals the antisymmetric triplet [ABC] labeling the dilatini, summation
over it requires a normalization factor 1/3!.
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Equations (3.102) and (3.109) are general differential “gradient flow” relations [163] among
the fermion-shift tensors which also follow from the identification of the fermion shifts with
components of the T-tensor.
Let us now make the relations (3.95) more precise. The cancelation of terms like (3.74)
and (3.76) leads to the following identifications:
(TAB)CDEF = 4 δ[C[ETF ]
D]AB ; (TAB)CDEF = −4 δ[C[ETD]F ]AB ,
TC
DAB = LM ABc QMDC = −
1
2
LM ABc ΘMαPaα (Ja)DC = −
1
2
NDABC − 2SD[AδB]C ,
(TAB)CDEF = −LMc AB ΘMα ksαPCDEFs = −4 δ[C[ANDEF ]B] ,
(TAB)CDI = −LMc AB ΘMα ksαPCD Is = −2 δ[C[AND]IB] ,
(TI)AB = −1
2
LMc I ΘMαPaα(Ja)AB =
1
2
NIAB ,
(TAB)C α = LM ABc ΘMm ksmPsCα = −δ[AC NαB] , α = 1, . . . , 2nH , (N = 2) , (3.114)
where NαA is the hyperino-shift tensor: δλα = · · · + gNαA A. In the last line we have
labeled the quaternionic isometries by the index m while the index α = 1, . . . , 2nH , in this
particular case, has a different definition: it is the index of the symplectic representation of
the H
(QK)
matt -factor in the holonomy group.
Notice that, for N = 2 theories, not all the above components of TM are part of the tensor
TMNP . For instance the S-dependent part of (TAB)CD does not contribute to (TAB)CDEF ,
while (TAB)C α is totally absent from TMNP , being the components of TM along the tangent
space to the quaternionic Ka¨hler manifold with basis KC α. The reader can verify that the
above identifications are consistent with the linear constraints on the T-tensor as expressed
in (3.86). In particular the expression of the TMNP components in terms of the fermion-shift
tensors is totally fixed by these conditions. For instance it is straightforward to verify that:
(TAB)CDEF + (TCD)ABEF = (TEF )ABCD , (3.115)
provided NABCD = N[ABC]D and SAB = SBA.
Notice that, in N = 2 models, we have
(TAB)CDEF = 4 δ[C[ETF ]
D]AB = 0 , (3.116)
given the expression of TC
DAB in terms of the fermion-shift tensors, since NABCD = 0 and
the gravitino-shift matrix gives no contribution. On the other hand, form the definition of
the T-tensor we have
(TAB)CDEF =
1
2
LM ABc ΘMαPaα(Ja)EFCD = 2iLM ABc ΘMαP0αδEFCD . (3.117)
Being LM ABc = V
M
AB we deduce that in N = 2 models the linear constraint implies:
V M ΘM
αP0α = 0. We shall derive this property also using special geometry, see Eqs. (5.141)
of Sect. 5.3.
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In homogeneous models the gradient-flow equations in the fermion-shift matrices, given
the identifications (3.114), follow from the very definition of the T-tensor and the general
property (2.28), or (2.189), (2.190):
DsTM = (Pcs) NMLMc NL−1XML+ LMc M [L−1XML, Ps] = TN (Pcs) NM + [TM , Ps] , (3.118)
where Pc is the matrix-valued 1-form defined in (2.159).
By deriving the general expression for the scalar potential V given by (3.113), and using
the gradient-flow equations, we can write the gradient of V in terms of the fermion shift-
tensors and the mass-matrix:
∂V
∂φs
=
g2
N
(−4Ps ICSCANIA + 2MIJPJCs NIC)+ c.c. (3.119)
This condition is required for the cancelation, in the supersymmetry variation of the La-
grangian, of the O(g2)-terms of the form f(φ) χ¯. We shall use the above identity in Sect.
3.9.2 for proving the consistent definition of the mass-matrix for the spin-1/2 fields. It will
indeed be crucial to show that the Goldstino fields, associated with the spontaneous su-
persymmetry breaking, correspond to the zero-eigenvalues of that matrix (i.e. are massless
fermions).
To derive equation (3.119) we need to use the following conditions:
ΘM
αLMc IANIA + c.c. = 0 , SAB = SBA . (3.120)
which also follow from the constraints on the embedding tensor once the fermion-shift tensors
have been identified with components of the T-tensor. In the maximal theory the first of
Eqs. (3.120) follow from the property NABCA = 0 which in turn is implied by the linear
constraints just as, in a generic supergravity, is the symmetry property of SAB.
Example 1.: The scalar potential of minimal supergravity. The most widely known
supergravity theory, as well as the first to be constructed, is the minimal one. As men-
tioned earlier, in this theory, being the scalar fields not connected to the vector ones by
supersymmetry, there is no built-in symplectic structure in the definition of the scalar man-
ifold. As a consequence of this, the non-minimal couplings of the scalars to the vectors
are not fixed by supersymmetry, as it happens (modulo an initial choice of the symplectic
frame) for extended theories. This in turn implies that there is no built-in duality sym-
metry. The Gaillard-Zumino mechanism of promoting the isometry group of the scalar
manifold to on-shell global symmetry, through its electric-magnetic duality action of the
vector fields strengths and their duals, requires a specific choice of the holomorphic function
FΛΣ(z
i) = N ΛΣ(zi) = RΛΣ − i IΛΣ, defining the vector kinetic terms. The presence of a
scalar potential does not require the introduction of a gauge group. As mentioned earlier,
we can have an F-term potential defined in terms of a holomorphic superpotential W (z), or
a covariantly holomorphic superpotential L(z, z¯) ≡ eK2 W (z). The superpotential defines the
gravitino shift tensor S (which is a 1× 1 complex matrix) as follows ( we reabsorb g in the
definition of S):
δψ•µ = · · ·+ i S γµ , S = L
2
= e
K
2
W
2
, (3.121)
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as well as shift-tensors for the chiralini (fermions in the n chiral multiplets):55
δλ•I = · · ·+ NI • , NI = e−1 IiDiL . (3.122)
We see that DiS = 12 ei I N
I , which is the gradient flow equation (3.102). The gauging
of isometries of the Ka¨hler scalar manifold implies further deformations of the theory by
inducing non-vanishing values of the auxiliary fields DΛ of the nv vector supermultiplets,
thus implying the presence of fermion-shift tensors for the gauginos χΛ (the coupling constant
has been reabsorbed in the embedding tensor):
δχ•Λ = · · ·+ NΛ • , NΛ = i UΛM ΘMαPα , Λ = 1, . . . , nv ; M = 1, . . . , 2nv , (3.123)
where Pα are the moment maps associated with the isometries of the Ka¨hler manifold56,
ΘM
α is the embedding tensor defining the gauging and UΛ
M is a complex, scalar-dependent
matrix satisfying the property:
MMN(z, z¯) = −(UΛMUΛN + UΛNUΛM) ; UΛM ≡ (UΛM)∗ , (3.124)
and MMN is the inverse of the symplectic, symmetric matrix, defined in (2.89) in terms of
the real and imaginary parts of N (z¯). From the general form (3.110) of the scalar potential
in terms of the fermion-shift tensors we have:
V = eK
(
gi¯DiWD¯W − 3|W |2
)− 1
2
MMNΘMαΘNβPαPβ . (3.125)
The last term is known as the “D”-term contribution to the scalar potential and only depends
on the gauged isometries through the embedding tensor. In terms of the embedding tensor
in the electric frame, the potential reads
V = eK
(
gi¯DiWD¯W − 3|W |2
)− 1
2
I ΛˆΣˆΘΛˆαΘΣˆβPαPβ , (3.126)
which is the well known general form of the N = 1 scalar potential, originally found in [164],
see also [14] for a review.
Example 2.: The gradient flow equations in maximal supergravity. As a second
example we can work out the gradient-flow equations for the fermion shifts in maximal
supergravity from the coset geometry and the definition of the T-tensor. In this case Eq.
(3.118) has the following component:
Ds(TAB)CDEF =
1
2
PsABA′B′ (TA′B′)CDEF + 1
2
PsCDA′B′ (TAB)A′B′EF − 1
2
(TAB)CDA′B′ PsA′B′EF ,
(3.127)
55The tensor NI are the non-vanishing values of the complex auxiliary fields FI of the chiral multiplets.
56Later we shall give a general definition of moment maps for non-homogeneous geometries.
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from which, using the identifications (3.114), after some algebra, we derive:
DsSAB = − 1
12
NCDE(APs|B)CDE ,
DsNABDF = −2SFE PsEABD − 3
2
NFEG[APs|BD]EG + 1
2
δF[ANEGHBPs|D]EGH . (3.128)
which correspond to the general equations (3.102) and (3.109). As far as the latter equation
is concerned, to see the correspondence one has to use the property that dilatino mass matrix
in the maximal theory is expressed in terms of N as follows:
MABC,DEF = −1
4
ABC,A′B′C′[DE NA
′B′C′
F ] . (3.129)
This relation derives, as previously pointed out, from the requirement that the terms (3.76)
be canceled by corresponding variations of the dilatino mass term and the (gauged) Pauli
terms.
The derivation of Eqs. (3.128) requires the following useful identities, which follow from
the reality condition on the SU(8)-four-fold antisymmetric representation:
Σ1CDA′B′Σ
A′B′EF
2 −Σ2CDA′B′ΣA
′B′EF
1 =
1
6
δEFCDΣ1A′B′C′D′Σ
A′B′C′D′
2 −
4
3
δ
[E
[C Σ
F ]A′B′C′
1 Σ2D]A′B′C′ =
=
2
3
(
δ
[E
[C Σ
F ]A′B′C′
2 Σ1D]A′B′C′ − δ[E[C Σ
F ]A′B′C′
1 Σ2D]A′B′C′
)
(3.130)
We shall discuss the scalar potential of maximal supergravity and its vacua in a later section
devoted to this theory.
It is a characteristic of supergravity theories that – in contrast to globally supersymmetric
ones – by virtue of the negative contribution due to the gravitino shift-matrix, the scalar
potential is in general not positive definite, but may, in particular, feature AdS vacua.
These are maximally symmetric solutions whose negative cosmological constant is given
by the value of the potential at the corresponding extremum: Λ = V0 < 0. Such vacua
are interesting in light of the AdS/CFT holography conjecture [142–144], mentioned in the
Introduction, according to which stable AdS solutions describe conformal critical points of
a suitable gauge theory defined on the boundary of the space. In this perspective, domain
wall solutions to the gauged supergravity interpolating between AdS critical points of the
potential describe renormalization group (RG) flow (from an ultra-violet to an infra-red
fixed point) of the dual gauge theory and give important insights into its non-perturbative
properties. The spatial evolution of such holographic flows is determined by the scalar
potential V (φ) of the gauged theory.
In some cases the effective scalar potential V (φ), at the classical level, is non–negative and
defines vacua with vanishing cosmological constant in which supersymmetry is spontaneously
broken and part of the moduli are fixed. Models of this type are generalizations of the so-
called “no–scale” models [200], [201], [202] which were subject to intense study during the
eighties.
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3.2 Duality Covariant Gauging
Let us summarize what we have learned so far.
• The most general local internal symmetry group Gg which can be introduced in an
extended supergravity is defined by an embedding tensor Θ, covariant with respect to
the on-shell global symmetry group G of the ungauged model and (locally) defining
the embedding of Gg inside G. Since a scalar potential V (φ) can only be introduced
through the gauging procedure, Θ also defines the most general choice for V = V (φ,Θ).
• Consistency of the gauging at the level of the bosonic action requires Θ to satisfy a
number of (linear and quadratic) G-covariant constraints. The latter, besides com-
pletely determining the gauged bosonic action, also allow for its consistent (unique)
supersymmetric extension.
• Once we find a solution ΘMα to these algebraic constraints, a suitable symplectic
matrix E, which exists by virtue of (3.60), will define the corresponding electric frame,
in which its magnetic components vanish.
Although we have freed our choice of the gauge group from the original symplectic frame, the
resulting gauged theory is still defined in an electric frame and thus depends on the matrix
E: whatever solution Θ to the constraints is chosen for the gauging, the kinetic terms of the
gauged Lagrangian are always written in terms of the only electric vector fields AΛˆµ , namely of
the vectors effectively involved in the minimal couplings, see Eq. (3.43). We shall discuss in
the present section a more general formulation of the gauging procedure in four-dimensions
which was developed in [155, 156] and which no longer depends on the matrix E, so that
the kinetic terms are not written in terms of the vector fields in the electric frame.
Steps 1, 2 and 3 revisited. We start from a symplectic-invariant gauge connection of
the form57:
Ωgµ ≡ AMµ XM = AΛµ XΛ + AΛµXΛ = AMµ ΘMα tα , (3.131)
where ΘM
α satisfies the constraints (3.59), (3.60), (3.61). The fields AΛµ and AΛµ are now
taken to be independent. This is clearly a redundant choice and, as we shall see, half of them
play to role of auxiliary fields. Eq. (3.60) still implies that at most nv linear combinations
AΛˆµ of the 2nv vectors A
Λ
µ , AΛµ effectively enter the gauge connection (and thus the minimal
couplings):
AMµ XM = A
Λˆ
µ XΛˆ . (3.132)
Indeed, as a consequence of Eq. (3.60), the symplectic matrix EMˆ
N exists which rotates the
embedding tensor to its electric frame, namely for which Eq. (3.48) holds. In the new frame
the gauge generators are then given by:
XΛˆ = EΛˆ
Σ XΣ + EΛˆΣ X
Σ , 0 = X Λˆ = EΛˆΣ XΣ + E
Λˆ
Σ X
Σ , (3.133)
57 Here, for the sake of simplicity, we reabsorb the gauge coupling constant g into Θ: g Θ → Θ.
88
where we have used the fact that, in the electric frame, the magnetic components ΘΛˆα of the
embedding tensor vanish, so that X Λˆ = ΘΛˆα tα = 0. Using the matrix E we can then write
AMµ XM = A
M
µ E
−1
M
Nˆ XNˆ = A
M
µ E
−1
M
ΛˆXΛˆ = A
Λˆ
µ XΛˆ ,
where we have defined: AΛˆµ ≡ E−1MΛˆAMµ .
In the new formulation we wish to discuss, however, the vectors AΛµ , instead of A
Λˆ
µ , enter
the kinetic terms. The covariant derivatives are then defined in terms of (3.131), as in Step 2
of the Section 3.1.1, and, as prescribed there, should replace ordinary derivative everywhere
in the action. The infinitesimal gauge variation of AM reads:
δAMµ = DµζM ≡ ∂µζM + ANµ XNPM ζP , (3.134)
where, as usual, XMP
R ≡ Rv∗[XM ]PR. We define for this set of electric-magnetic vector
fields a symplectic covariant generalization GM of the non-Abelian field strengths F Λˆ (3.18):
FMµν ≡ ∂µAMν − ∂νAMµ + X[NP ]M ANµ APν ⇔ FM ≡ dAM +
g
2
XNP
M AN ∧ AP , (3.135)
where in the last equation we have used the form-notation for the fields strengths. The gauge
algebra-valued curvature F is defined as in (3.17):
F ≡ FM XM . (3.136)
The first problem one encounters in describing the vectors AΛµ in the kinetic terms is that,
in a symplectic frame which is not the electric one, such fields are not well defined since
their curvatures fail to satisfy the Bianchi identity. This comes with no surprise since the
components ΘΛα of the embedding tensor are nothing but magnetic charges. One can indeed
verify that:
DFM ≡ dFM + XNPM AN ∧ F P = X(PQ)M AP ∧
(
dAQ +
g
3
XRS
QAR ∧ AS
)
6= 0 . (3.137)
In particular DFΛ 6= 0 since, by Eq. (3.56), X(PQ)Λ = −12 ΘΛα tαPNCNQ 6= 0, being in the
non-electric frame ΘΛα 6= 0. To deduce (3.137) we have used the quadratic constraint (3.61)
on the gauge generators XM in the Rv∗-representation, which reads:
XMP
RXNR
Q −XNPRXMRQ +XMNRXRPQ = 0 . (3.138)
From the above identity, after some algebra (see Appendix A.3), one finds:
X[MP ]
RX[NR]
Q +X[PN ]
RX[MR]
Q +X[NM ]
RX[PR]
Q = −(XNMRX(PR)Q)[MNP ] , (3.139)
that is the generalized structure constants X[MP ]
R entering the definition (3.135) do not
satisfy the Jacobi identity, and this feature is at the root of (3.137).
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Related to this is the non-gauge covariance of FM . The reader can indeed verify that (we
use the form-notation):
δFM = −XNPM ζN F P +
(
2X(NP )
M ζN F P −X(NP )M AN ∧ δAP
) 6= −XNPM ζN F P ,
(3.140)
where δAM is given by (3.134) and we have used the general property:
δFM = DδAM −X(PQ)M AP ∧ δAQ , (3.141)
valid for generic δAM .
We also observe that the obstruction to the Bianchi identity (3.137), as well as the non-
gauge covariant terms in (3.140), are proportional to a same tensorX(MN)
P . This quantity, as
a consequence of Eq. (3.61), see Eq. (3.67), vanishes if contracted with the gauge generators
XM , namely with the first index of the embedding tensor: X(MN)
P ΘP
α = 0. Being the true
electric vector fields AΛˆµ , defined as the combinations of the A
M
µ singled out by the contraction
AMµ ΘM
α, see Eq. (3.132), they are perfectly well defined, since the non-vanishing terms in
DFM and the non-covariant terms in δFM vanish upon contraction with ΘMα. Consequently
also the gauge connection, which only depends on AΛˆµ , is well defined. Indeed, one can easily
show, using the matrix E, that the gauge curvature (3.136) only contains the field strengths
F Λˆ associated with AΛˆ and defined in (3.18):
F ≡ FM XM = F ΛˆXΛˆ . (3.142)
On the other hand, using (3.137) and (3.67) we have:
DF = DFM XM = 0 . (3.143)
The gauge covariance (3.19) of F , and thus of F Λˆ, is also easily verified by the same token,
together with Eq. (3.23): D2 = −F .
In order to construct gauge-covariant quantities describing the vector fields, we combine
the vector field strengths FMµν with a set of massless antisymmetric tensor fields Bαµν
58 in
the adjoint representation of G through the matrix
ZM α ≡ 1
2
CMN ΘNα . (3.144)
and define the following new field strengths:59
HMµν ≡ FMµν + ZM αBαµν :
{
HΛ = dAΛ + 1
2
ΘΛαBα ,
HΛ = dAΛ − 12 ΘΛαBα .
(3.145)
From the definition (3.144) and (3.60) we have:
ZM αΘM
β = 0 ⇔ ZM αXM = 0 . (3.146)
58 These fields will also be described as 2-forms Bα ≡ 12 Bαµν dxµ ∧ dxν .
59Restoring the coupling constant g we would have: HMµν ≡ FMµν + g ZM αBαµν .
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In terms of the new tensor ZM α the linear constraint (3.59), or equivalently (3.56), read:
X(NP )
M = −ZM α tαNP . (3.147)
The reason for considering the combination (3.145) is that the non-covariant terms in the
gauge variation of FMµν , being proportional to X(NP )
M , that is to ZM α, can be canceled by
a corresponding variation of the tensor fields δBαµν :
δHM = XPNM ζN F P + ZMα
(
δBα + tαNP A
N ∧ δAP ) =
= XPN
M ζN HP + ZMα (δBα + tαNP AN ∧ δAP ) =
= −XNPM ζN HP + 2X(NP )M ζN HP + ZMα
(
δBα + tαNP A
N ∧ δAP ) =
= −XNPM ζN HP + ZMα
[
δBα + tαNP (A
N ∧ δAP − 2 ζN HP )] , (3.148)
where in going from the first to the second line we have used (3.146), so that: XPN
M F P =
XPN
M HP . If we define:
δBα ≡ tαNP (2 ζN HP − AN ∧ δAP ) , (3.149)
the term proportional to ZM α in (3.148) vanishes and HM transforms covariantly. The
kinetic terms in the Lagrangian are then written in terms of HΛµν :
1
e
Lv, kin =
1
4
IΛΣ(φ)HΛµνHΣ µν +
1
8 e
RΛΣ(φ) µνρσHΛµνHΣρσ , (3.150)
The above transformation property (3.149) should however be modified since the quantity
we want to transform covariantly is not quite HM but rather the symplectic vector:
GM ≡
(HΛ
GΛ
)
; GΛµν ≡ −µνρσ ∂L
∂HΛρσ
, (3.151)
corresponding, in the ungauged theory, to the field-strength-vector GM of Eq. (2.85), satis-
fying the twisted self-duality condition given by (2.87), or, in its complete form, by (2.203).
Consistency of the construction will then imply that the two quantities HM and GM , which
are off-shell different since the former depends on the “magnetic” vector fields AΛ as opposed
to the latter, will be identified on-shell. As we shall see, the equations of motion for Bαµν
have indeed the form:
(HM − GM)ΘMα = (HΛ −GΛ)ΘΛα = 0 . (3.152)
These equations in particular identify the field strengths of the auxiliary fields AΛ in HΛ
with the duals GΛ to HΛ.
We the require GM to be the gauge covariant object, namely to transform covariant under
Gg, upon use of (3.152). To this end we modify Eq. (3.149) as follows:
δBα ≡ tαNP (2 ζN GP − AN ∧ δAP ) , (3.153)
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so that the variations of the symplectic vectors HM and GM read:
δHMµν = −XNPM ζN HPµν + non-covariant terms ,
δGMµν = −XNPM ζN GPµν + non-covariant but on-shell vanishing terms . (3.154)
More specifically we have:
δHMµν = −XNPM ζN HPµν − 2X(NP )M (Gµν −Hµν)N ζP , (3.155)
δGΛµν = −XNPΛ ζN GPµν − ζN XPNΣ
[RΣΛ(G −H)Pµν − IΣΛ (∗G − ∗H)Pµν] . (3.156)
The last two terms on the right hand side of (3.156) vanish upon use of the on-shell condition
(3.152). The field-strengths HΛµν are the upper component of both HMµν and GMµν . However
they should transform covariantly only as the upper components of GMµν , once (3.152) is
imposed. Their transformation properties can be deduced from (3.155) and read:
δHΛµν = −XNPΛ ζN GPµν − (G −H)Pµν XPNΛ ζN . (3.157)
A consistent definition of Bα requires the theory to be gauge-invariant with respect to trans-
formations parametrized by 1-forms: Ξα = Ξαµ dx
µ. Such transformations should in turn
be Gg-covariant and leave HM unaltered:
AM → AM + δΞAM ; Bα → Bα + δΞBα ⇒ δΞHM = 0 . (3.158)
Let us use (3.141) then to write
δΞHM = DδΞAM + ZM α
(
δΞBα + tαNP A
N ∧ δΞAP
)
. (3.159)
If we set
δΞA
M = −ZMαΞα , (3.160)
the invariance of HM implies:
δΞBα = DΞα − tαNP AN ∧ δΞAP , (3.161)
where
DΞα ≡ dΞα +ΘMβ fβαγAM ∧ Ξγ . (3.162)
We have thus introduced, together with the new fields AΛµ and Bαµν , extra gauge symme-
tries, parametrized by ζΛ and Ξαµ. This ensures the correct number of propagating degrees
of freedom. We can verify that the commutator between these gauge transformations on the
fields to close as follows [156]:
[δ(ζ1), δ(ζ2)] = δ(ζ3) + δ(Ξ3) ; [δ(ζ), δ(Ξ)] = δ(Ξ˜) ,
ζM3 = ζ
P
1 ζ
Q
2 X[PQ]
M ; Ξ3α = tαMN(DζM1 ζN2 −DζM2 ζN1 ) ,
Ξ˜α = ζ
P ((XP )α
β − 2 tαPM ZM β)Ξβ . (3.163)
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Using the quadratic constraints (3.61) on the embedding tensor one can verify that δ(Ξ˜)AM =
0.
Let us now introduce field strengths for the 2-forms:
H(3)α ≡ DBα − tαPQAP ∧
(
dAQ +
1
3
XRS
QAR ∧ AS
)
. (3.164)
Writing the forms in components:
H(3)α =
1
3!
Hαµνρ dxµ ∧ dxν ∧ dxρ ; DBα = 1
2
DµBανρ dxµ ∧ dxν ∧ dxρ , (3.165)
we have:
Hαµνρ = 3D[µBανρ] − 6 tαPQ
(
AP[µ∂νA
Q
ρ] +
1
3
XRS
QAP[µA
R
ν A
S
ρ]
)
. (3.166)
The reader can verify, using the relations summarized in Appendix A.3, that the following
Bianchi identities hold:60
DHM = ZMαH(3)α , (3.168)
ZM αDH(3)α = XNPM HN ∧HP . (3.169)
Just as in Step 3. of Section 3.1.1, gauge invariance of the bosonic action requires the
introduction of topological terms, so that the final gauged bosonic Lagrangian reads:
LB = −e
2
R +
e
2
Gst(φ)DµφsDµφt + e
4
IΛΣHµνΛHµν Σ + 1
8
RΛΣ εµνρσHµνΛHρσΣ +
+Ltop,B +LGCS , (3.170)
where we have defined:
Ltop,B ≡ −1
8
εµνρσ ΘΛαBµν α
(
2 ∂ρAσ Λ +XMN ΛAρ
MAσ
N − 1
4
ΘΛ
βBρσ β
)
, (3.171)
LGCS ≡ −1
3
εµνρσXMN ΛAµ
MAν
N
(
∂ρAσ
Λ +
1
4
XPQ
ΛAρ
PAσ
Q
)
− 1
6
εµνρσXMN
ΛAµ
MAν
N
(
∂ρAσΛ +
1
4
XPQΛAρ
PAσ
Q
)
. (3.172)
The Chern-Simons terms in LGCS generalize those in Eq. (3.38). On top of them, gauge
invariance of the action requires the introduction of new topological terms, depending on
60Due to the fact that HMµν do not transform covariantly under gauge transformations, also DHM ≡
dHM − XPQM AP ∧ HQ is not covariant. The Bianchi identities (3.168) and (3.169) can be written in a
manifestly gauge-covariant way by redefining DHM and H(3)α correspondingly, see [156]:
DHH → DHH +XNPM AP ∧ (G −H)N ; H(3)α → H(3)α − tαMN AM ∧ (G −H)N . (3.167)
We shall not do it here since we content ourselves with showing gauge invariance of the action and thus of
the field equations.
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the B-fields, which appear in Ltop,B. Notice that if the magnetic charges ΘΛα vanish (i.e.
we are in the electric frame), Bα disappear from the action, since (3.171) vanishes as well as
the B-dependent Stueckelberg term in HΛ. In this limit one can verify that LGCS reduces
to (3.38).
To understand the role of the various new terms in the bosonic Lagrangian, it is useful to
evaluate the variation of LGCS and Ltop,B corresponding to generic variations of the vector
and tensor fields:
AMµ → AMµ + δAMµ ; Bαµν → Bαµν + δBαµν . (3.173)
After some algebra, and using the constraints (3.59), (3.60) and (3.61) on the embedding
tensor, one finds:
δLGCS = −1
2
µνρσ
(
FΛµνDρδAΛσ −X(PQ)ΛFΛµνAPρ δAQσ
)
,
δLtop,B = −1
8
µνρσ
[
2ΘΛαBαµνDρδAΛσ + ZΛαBαµν ΘΛβ
(
δBβ ρσ + 2 tβPQA
P
ρ δA
Q
σ
)
+
+ FΛµν Θ
ΛβδBβ ρσ
]
=
= −1
2
µνρσ
[
HΛµνDρδAΛσ +
1
2
HΛµν ZΛβ
(
δBβ ρσ + 2 tβPQA
P
ρ δA
Q
σ
)]− δLGCS ,
(3.174)
so that, summing the two variations, we have:
δ(Ltop,B +LGCS) = −1
2
µνρσ
[
HΛµνDρδAΛσ +
1
2
HΛµν ZΛβ
(
δBβ ρσ + 2 tβPQA
P
ρ δA
Q
σ
)]
.
(3.175)
On the other hand the variation of the kinetic terms Lg,k for the gauge fields AMµ reads:
δLg,k =
1
4
µνρσGΛµνδHΛρσ =
1
2
µνρσGΛµν
[
DρδAΛσ +
1
2
ZΛα
(
δBαρσ + 2 tαPQA
P
ρ δA
Q
σ
)]
.
(3.176)
Summing up (3.175) and (3.175) we finally find:
δ(Lg,k +Ltop,B +LGCS) = −1
2
µνρσ
[GMµν DρδANσ CMN+
+
1
2
(HΛµν −GΛµν)ZΛα
(
δBαρσ + 2 tαPQA
P
ρ δA
Q
σ
)]
=
= −1
2
µνρσ
[−DµGMνρ δANσ CMN+
+
1
2
(HΛµν −GΛµν)ZΛα
(
δBαρσ + 2 tαPQA
P
ρ δA
Q
σ
)]
, (3.177)
where we have integrated by parts the term GDδA. The above formula will be useful in
order to compute the field equations for AMµ and Bαµν . We notice that, as observed earlier,
in the electric frame in which ΘΛα = 0, LB does not depend on the tensor fields since the
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coefficient of δBα in (3.177) vanishes. On the other hand the magnetic vectors AΛµ drop
off from the minimal couplings and only remain in Ltop,B + LGCS. However δAΛµ enters
(3.177) multiplied by D[µFΛνρ] which vanishes in the electric frame by the Bianchi identity,
being there no magnetic charges. This shows that, in the duality-covariant formulation
under discussion, the dependence of the Lagrangian on the extra fields AΛµ, Bαµν needed
for the construction, is related to the dyonic nature of the embedding tensor, namely to the
presence of the corresponding magnetic components ΘΛα 6= 0. If we restrict ourselves to
electric gaugings, characterized by ΘΛα = 0, the extra fields disappear altogether from the
Lagrangian and we are back to the construction illustrated in Sect. 3.1.
Before deriving the field equations for the vector and antisymmetric tensor fields, let us
comment on the gauge invariance of the action in order to appreciate the interplay between
the various terms in the (3.170). The reader who is not interested in these details can directly
move to Subsection 3.3.
Gauge invariance of the action. In order to compute the variation of the gauge-kinetic
terms Lg,k under a vector-gauge transformation parametrized by ζM(x), we need to add to
the term in (3.176) the contribution due to the gauge variation of the scalar fields in IΛΣ
and RΛΣ. We can write these additional terms in a symplectic invariant form as follows:
δζLg,k =
1
4
µνρσGΛµνδHΛρσ +
e
4
ζM GTµνXMMGµν =
=
1
4
µνρσ
(
GΛµνδHΛρσ +
1
2
ζM GTµνXMCGρσ
)
=
=
1
4
µνρσζP
(
XΣP
ΛGΛµνHΣ ρσ − 1
2
XP ΛΣHΛµνHΣρσ
)
, (3.178)
where we have suppressed the symplectic indices M,N and we have used, in going from
the first to the second line, the twisted self-duality condition (2.87). We have also used the
transformation properties of IΛΣ and RΛΣ deduced from (2.99) and (2.138):
δζM = ζP ksP ∂sM = ζP (XPM+MXTP ) , (3.179)
and the transformation law of HΛµν given in (3.157). Notice that in the electric frame (ΘΛα =
0) the above variation reduces to
δζLg,k = −1
8
ζΓ XΓΛΣ 
µνρσHΛµνHΣρσ , (3.180)
which corresponds to Eq. (2.136) being CΛΠ DΣ
Π = −ζΓ XΓΛΣ and HΛµν = FΛµν .
The gauge variation of Ltop,B +LGCS can be computed from (3.175), using the identities
in Appendix A.3:
δζ(Ltop,B +LGCS) = −1
2
µνρσ
(HΛµνDρDσζΛ − ζQX(PQ)ΛHΛµνGPρσ)
= −1
4
µνρσζQ
(HΛµνHPρσXPQΛ − 2X(PQ)ΛHΛµνGPρσ) . (3.181)
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Expanding the above expression and using the linear constraints (3.55), the reader can verify
that it precisely cancels (3.178).
In the electric frame this variation is only due to LGCS, being Ltop,B = 0, and has the
simple form
δζLGCS = −1
4
µνρσ FΛµνF
Γ
ρσXΓΛΣζ
Σ =
1
8
µνρσ FΛµνF
Γ
ρσXΣΓΛζ
Σ , (3.182)
where we have used (3.55): X(ΓΛ)Σ = −12 XΣΓΛ. This variation precisely cancels (3.180), as
it was first proven in [186].
In a similar way, using Eqs. (3.175) and (3.176) and the constraints on the embedding
tensor, one can prove the invariance of the bosonic action with respect to the Ξ-gauge
transformations.
3.3 A General Discussion
Before going on with our analysis of the field equations, let us pause for a moment to highlight
the main features of the duality-covariant construction discussed so far. The constraints
(3.59), (3.60) and (3.61) are needed for the consistent definition of the gauged bosonic action,
which is uniquely determined. Just as discussed in Sect. 3.1.1, they are also enough to
guarantee its consistent supersymmetric completion through Step 4, which equally applies
to this more general construction, see Subect. 3.7.
Some comments are in order:
i) The construction we are discussing in this Section requires the introduction of addi-
tional fields: nv magnetic potentials AΛµ and a set of antisymmetric tensors Bαµν .
These new fields come together with extra gauge-invariances (3.134), (3.160), (3.161)
which guarantee the correct counting of physical degrees of freedom. As we shall
discuss below these fields can be disposed of using their equations of motion;
ii) It is known that in D-dimensions there is a duality relating p-forms to (D − p − 2)-
forms, the corresponding field strengths having complementary order and being related
by a Hodge-like duality, see Sect 8. In four dimensions vectors are dual to vectors
while scalars are dual to antisymmetric tensor fields. From this point of view we can
understand the 2-forms Bα as “dual” to the scalars in the same way as AΛ are “dual”
to AΛ. This relation can be schematically illustrated as follows:
∂[µBνρ] ∝ e µνρσ∂σφ+ . . . .
More precisely we can write the non-local relation between Bα and φ
s in a G-covariant
fashion as a Hodge-like duality between H(3)α and the Noether current jα of the sigma
model describing the scalar fields, associated with the generator tα:
Hαµνρ ∝ e µνρσ jσα + . . . ; jµα ≡
δLscal.
δ∂µφs
ksα , (3.183)
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ksα being the Killing vector corresponding to tα. This motivated the choice of the
2-forms in the adjoint representation of G. In the gauged theory we will find a Gg-
invariant version of (3.183), see discussion below.
iii) It was shown, see discussion below Eq. (3.177), that the presence of the extra fields
Bα and AΛ in the action is related to non-vanishing magnetic components Θ
Λα of the
embedding tensor. In the electric frame in which ΘΛα = 0, these fields disappear
altogether from the Lagrangian and we are back to the gauged action described in
Sect. 3.1;
iv) The kinetic terms in the Lagrangian only describe fields in the ungauged theory while
the extra fields enter topological terms, or Stueckelberg-like couplings, and satisfy first
order equations, as we shall show in the next Subsection. This feature is common to
the G-covariant construction of gauged supergravities in any dimensions [153, 154, 157,
203];
v) The dyonic61 embedding tensor ΘM
α determines a splitting of the 2nv vector fields
AMµ into the truly electric ones A
Λˆ
µ , which are singled out by the combination A
M
µ ΘM
α
and thus define the gauge connection, and the remaining ones A˜Mµ , corresponding to
non-vanishing components of ZM α, that is to the components along which the Jacobi
identity is not satisfied, see (3.139). These latter vectors, of which there are at most
nv independent, can be then written as A˜
M
µ = Z
M αAαµ and are ill-defined since the
corresponding field strengths do not satisfy the Bianchi identity. Another problem
with the vectors A˜Mµ is that they are not part of the gauge connection but in general
are charged under the gauge group, that is are minimally coupled to AΛˆµ . These fields
cannot therefore be consistently described as vector fields. However this poses no
consistency problem for the theory since A˜Mµ can be gauged away by a transformation
(3.160), (3.161) proportional to Ξα. In a vacuum they provide the two degrees of
freedom needed by some of the tensor fields Bα to become massive according to the
anti-Higgs mechanism [204, 205]. In the electric frame these vectors become magnetic
AΛˆ µ and disappear from the action. This phenomenon also occurs in higher dimensions:
The vectors A˜Mµ which do not participate in the gauge connection but are charged with
respect to the gauge group, are gauged away by a transformation associated with some
of the antisymmetric tensor fields which, in a vacuum, become massive;
vi) An important role in this construction was played by the linear constraint (3.59), in par-
ticular by the property (3.147) implied by it, which allowed to cancel the non-covariant
terms in the gauge variation of FΛ by a corresponding variation of the antisymmetric
tensor fields. It turns out that a condition analogous to (3.147) represents the rele-
vant linear constraint on the embedding tensor needed for the construction of gauged
theories in higher dimensions [153, 154, 157, 203] (see Sect. 8.1).
61Here we use the word “dyonic” for the embedding tensor in a somewhat improper way, since ΘM
α can
be seen as a collection of electric-magnetic charge-vectors, labeled by the index α, which are, by virtue of
the quadratic constraint (3.60), all mutually local.
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3.4 The Field Equations for AMµ and Bαµν
Let us now discuss the bosonic field equations for the antisymmetric tensor fields and the
vectors. As it follows from (3.177), the variation of the action with respect to Bαµν yields
equations (3.152). By fixing the Ξα-gauge freedom, we can gauge away the ill-defined vec-
tors A˜Mµ = Z
M αAαµ and then solve eqs. (3.152) in Bα as functions of the remaining field
strengths, which are a combination of the F Λˆ only. Substituting this solution in the ac-
tion, the latter will only describe the AΛˆµ vector fields and no longer contain magnetic ones
or antisymmetric tensors. In other words by eliminating Bα through equations (3.152) we
effectively perform the rotation to the electric frame and find the action discussed in Sect.
3.1.1.
Using Eqs. (3.177) and (3.152), we find for AMµ the following field equations:
µνρσ DνGMρσ = 2 eCMN JµN , (3.184)
which are the manifestly G-covariant form of the Maxwell equations. We have introduced,
on the right-hand-side of (3.184), the current:
JµM ≡ e−1
δLmatter
δAMµ
, (3.185)
Lmatter denoting the part of the Lagrangian depending on the matter fields (scalars and
fermions). The current JµM originates from the minimal couplings and has the following
form:
JµM = −ΘMα jµα −
2
e
µνρσψ¯AνγρQM AB ψBσ + i λ¯IγµQM IJ λJ+
+ λ¯IγνγµψBν Ps IB ksM + λ¯IγνγµψB ν PsIB ksM . (3.186)
The first term on the right-hand side contains the Noether current jµα associated with the
σ-model isometries ksα:
jµα ≡ e−1
δLscal
δ∂µφs
ksα = DµφsGsr krα .
The next two terms on the first line originate from the gravitino and spin-1/2 kinetic terms
while the remaining ones come from the scalar-fermion coupling terms. Note that the whole
current JµM is proportional to ΘM
α since ksM = ΘM
αksα and QM = ΘMαQα. We can then
write it as JµM = ΘM
α Jµα. If we contract both sides of (3.184) with ΘM
α we are singling out
the Bianchi identity for the fields strengths F Λˆ of the vectors which actually participate in
the minimal couplings. By using the locality condition on Θ, we find:
µνρσD[νGMρσ] ΘMα = 2 eCMN ΘMαΘNβ Jµβ = 0 , (3.187)
which are nothing but the Bianchi identities for F Λˆ. This is consistent with our earlier
discussion, see Eq. (3.143), in which we showed that the locality condition implies that the
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Bianchi identity for the gauge curvature have no magnetic source term, so that the gauge
connection is well defined62.
Now we can use the Bianchi identity (3.168) to rewrite Eqs. (3.187) as dualization equa-
tions relating the antisymmetric tensor fields to the scalars. To this end we consider only
the upper components of (3.187), corresponding to the field equations for AΛµ:
ZΛα µνρσHανρσ = −12 eZΛαDµφsGsr krα + . . . , (3.188)
where the ellipses refer to the terms containing the fermion fields. Using the explicit expres-
sion (3.166) for Hανρσ we find:
µνρσ
(
ZΛαDνBαρσ + 2X(PQ)Λ (APν ∂ρAQσ +
1
3
XRS
QAPν A
R
ρA
S
σ)
)
= −4 eZΛαDµφsGsr krα + . . . .
(3.189)
As a final remark, expanding Eqs. (3.184) about a vacuum φ0 to first order in the vector-
field fluctuations we can derive a symplectic-covariant formula for the vector squared-mass
matrix, to be discussed later, see Eq. (3.266) .
The gauged theory we have discussed in this section features a number of non-dynamical
extra fields. This is the price we have to pay for a manifest G-covariance of the field equa-
tions and Bianchi identities. The embedding tensor then defines how the physical degrees
of freedom are distributed within this larger set of fields, by fixing the gauge symmetry as-
sociated with the extra fields and solving the corresponding non-dynamical field equations
(3.152), (3.188).
3.5 Back to the Electric Frame: The Rank Factorization of Θ
As mentioned above, we can always go to the electric frame by eliminating the antisymmetric
tensor fields through Eqs. (3.152), after fixing the Ξ-gauge [155]. This amounts to changing
the symplectic frame to the electric one by means of the symplectic matrix EMˆ
N . Here we
shall not explicitly solve Eqs. (3.152) but rather use an equivalent path to the formulation of
the theory in the electric frame. There is a simple, intrinsic way of constructing the matrix
E out of the embedding tensor and at the same time defining those components of AMµ which
contribute to the gauge connection, distinguishing them from those which can be set to zero
by a Ξ-transformation. Let r be the rank of ΘM
α, which coincides with the dimension
of the gauge group Gg. We can always write this rectangular matrix in the following way
(rank-factorization):
ΘM
α =
r∑
I=1
ξM
I ξI
α , (3.190)
where ξM
I can be viewed as a set of r symplectic vectors encoding our freedom in the
choice of the symplectic frame, while the vectors ξI
α encode our freedom in choosing the r
62 In our earlier discussion we showed that DHM ΘMα = DFM ΘMα = 0. This is consistent with Eq.
(3.187) since on-shell HMΘMα = GMΘMα.
99
combinations of isometries to be gauged. Condition (3.60) implies the following orthogonality
relations:
ξM
I CMN ξNJ = 0 , ∀I, J = 1, . . . , r , (3.191)
as a consequence of which r ≤ nv.
The symplectic-invariant connection (3.131) reads:
Ωgµ ≡ AMµ XM = AIµXI , (3.192)
where
AIµ ≡ ξMI AMµ , XI ≡ ξIα tα . (3.193)
We see that AIµ are the only gauge fields, namely the vector fields participating in the minimal
couplings and XI the corresponding gauge generators.
If r < nv we can still define a set of mutually orthogonal nv−r vectors ξMa, a = 1, . . . , nv−r
such that:
ξM
I CMN ξNa = 0 , ξMaCMN ξNb = 0 , ∀I, a, b . (3.194)
We can also define a dual set of vectors ηM I , ηM a such that:
ξM
I CMN ηN J = δIJ , ξMaCMN ηN b = δab , (3.195)
all other symplectic products being zero. Using the vectors ξM
I , ξM
a, ηM I , ηM a we define
the symplectic matrices:
EMˆ
N ≡ CNP (ηP I , ηP a, −ξP I , −ξP a) ; E−1MMˆ =
(
ξM
I , ξM
a, ηM I , ηM a
)
, (3.196)
where we have defined the index Mˆ as follows:
V Mˆ = (V Λˆ, VΛˆ) = (V
I , V a, VI , Va) , (3.197)
being Λˆ = (I, a). The reader can indeed verify that:
EMˆ
N E−1NNˆ = δNˆMˆ ; CMN EMˆ
MENˆ
N = CMˆNˆ , (3.198)
The matrix E defined above maps ΘM
α to the electric frame since:
ΘMˆ
α = EMˆ
M ΘM
α =
(
Θα
Λˆ
0nv
)
; ΘI
α = ξI
α ; Θa
α = 0 . (3.199)
The tensor ZM α can be written in the following way:
ZM α =
1
2
CMNξNI ξIα . (3.200)
we see that the antisymmetric tensor fields only enter the theory through the r independent
combinations BI µν ≡ ξIαBαµν :
ZM αBαµν =
1
2
CMNξNI BI µν .
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Consequently, if we write
AMµ = EMˆ
M AMˆµ = CNP
(
ηP I A
I
µ + ηP aA
a
µ − ξP I AI µ − ξP aAaµ
)
, (3.201)
the field strengths HMµν read (we suppress the Lorentz indices):
HM = EMˆM F Mˆ +
1
2
CMNΘNαBα = EMˆ
M HMˆ =
= CMP
(
ηP I F
I + ηP a F
a − ξP I
(
FI − 1
2
BI
)
− ξP a Fa
)
, (3.202)
where we have used (3.199), the symplectic property of the matrix E and the definition of
HMˆµν :
HMˆµν ≡ F Mˆµν + ZMˆ αBαµν =

F Iµν
F aµν
FI µν − 12 BI µν
Faµν
 . (3.203)
We see that the only vectors which are Stueckelberg-combined with the antisymmetric tensors
are AI µ, which become magnetic in the electric frame. They are the vector fields whose field
strengths fail to satisfy the Bianchi identities.
Subtler is the redefinition of GMµν which contains the information about the Lagrangian.
We can write GMµν = EMˆM GMˆµν , where GMˆµν satisfies the twisted self-duality condition (2.87)
(or (2.203)) with the matrix M written in the electric-frame:
MMˆNˆ(φ) = EMˆM ENˆNMMN(φ) . (3.204)
This follows from the manifest symplectic -covariance of (2.87), and implies that also the
lower-components of GΛˆ µν can be expressed, as in (2.82), in terms of the derivatives of a new
Lagrangian density Lˆ with respect to its upper components GΛˆµν . The vector kinetic terms
of Lˆ are written in terms of the matrices IΛˆΣˆ(φ), RΛˆΣˆ(φ), related to MMˆNˆ(φ) by (2.89).
Consistency then requires that the upper components GIµν be the field strengths F
I
µν of the
gauge fields AIµ, which are the upper components HIµν of HMˆµν . To show this we recall that, by
definition, the upper components HΛµν of HMµν and of GMµν , in our construction, coincide. This
implies the coincidence of the upper components GIµν and HIµν = F Iµν of the corresponding
symplectic vectors in the electric frame, provided Eqs. (3.152) are satisfied. Indeed let us
write HIµν and GIµν in terms of HMµν and GMµν through the matrix E:
HIµν = E−1MIHMµν ; GIµν = E−1MIGMµν . (3.205)
Given the expression of the matrix E−1MI , they coincide provided:
ξM
I(HMµν − GMµν) = 0 . (3.206)
which are nothing but Eqs. (3.152). Therefore, by writing in the original field equations
and Bianchi identities the sympliectic covariant quantities in the hatted frame, through the
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matrix E, one ends up with the corresponding equations in the electric frame, derived from
a Lagrangian Lˆ of the form discussed in Sect. 3.1.
In the electric frame one can show, using the linear constraints (3.55) and the condition
that XMˆNˆ
Pˆ be a symplectic matrix in the last two indices, that the most general form of
this tensor is [156]:
XMˆNˆ
Pˆ =

−fIJK hIJa CIJK CIJa
0 0 CIbJ 0
0 0 fIK
J 0
0 0 −hIKb 0
 , (3.207)
where CIbJ = CIJb and
h(IJ)
a = f(IJ)
K = C(IJ)a = CI[JK] = C(IJK) = fIJ
J = 0 . (3.208)
The closure relation (3.61) further implies:
f[I1I2
J fI3]J
K = f[I1I2
J hI3]J
a = 0 ,
fI1I2
J CJJ1J2 − 4 f(J1[I1J CI2]J2)J + 4h(J1[I1aCI2]J2)a = 0 ,
f[I1I2
J CI3]Ja = 0 . (3.209)
As emphasized in Sect. 3.1.1, the first block XΛˆΣˆ
Γˆ of the tensor in (3.207) is related to the
structure constants of the gauge algebra: XΛˆΣˆ
Γˆ = −fΛˆΣˆ Γˆ . We have distinguished in these
constants two set of components, denoted by fIJ
K and hIJ
a, which characterize the structure
of an algebra with generators XI , Xa closing the following commutation relations:
[XI , XJ ] = fIJ
K XK − hIJaXa ; [Xa, XI ] = [Xa, Xb] = 0 . (3.210)
Notice that the generators Xa, which exist whenever hIJ
a 6= 0, are central charges. Moreover,
being Θa
α = 0 in the electric frame, Xa are not expressed in terms of isometries. If fact Xa
are abstract generators with no action on the physical fields. They generate an Abelian ideal
I of the gauge group Gg, so that the gauge transformations of the physical fields are described
by the quotient Gg/I. This is the group which is actually embedded in G. More precisely,
due to the presence of a non-trivial Abelian ideal in the gauge algebra, when hIJ
a 6= 0, the
adjoint representation of the gauge group is not faithful and we have:
Adj(Gg) = Adj(Gg/I) ↪→ Rv[G] , (3.211)
where last embedding is defined by the gauge-invariant embedding tensor and is the state-
ment that the symplectic duality representation Rv of G, if branched with respect to the
gauge group, contains its adjoint representation. The parameters ζa(x) of Xa only enter the
gauge transformations of the vector fields Aaµ:
δAIµ = ∂µζ
I + ζJ fJK
I AKµ , δA
a
µ = ∂µζ
a − ζJ hJKaAKµ , (3.212)
102
and thus disappear altogether from the corresponding variations of the physical field strengths:
δF Iµν = ζ
J fJK
I FKµν , δF
a
µν = −ζJ hJKa FKµν . (3.213)
This situation is not uncommon in gaugings originating from flux compactifications [63, 64],
see the examples of compactifications in the presence of an H-flux discussed in Sect. 7.1.
The structure constants fJK
I of Gg/I can be expressed, using (3.61), as follows:
fIJ
K = −ξIαtαMN ξNK CMPηP J . (3.214)
3.6 Solving the Dualization Equations in a Special Case
When the gauging involves translational isometries [155], φI → φI + cI , the above equations
can be solved in the fields AΛ contained in the covariant derivative. This is done by first
using the ζ-gauge freedom associated with AΛ to gauge away the scalar fields φ
I acted on
by the translational isometries. Eqs. (3.188) are then solved in the fields AΛ which are
expressed in terms of the remaining scalars, the vectors AΛ and the field strengths of the
antisymmetric tensors. Substituting this solution in the action we obtain a theory in which
no vectors AΛ appear and the scalar fields φ
I have been effectively dualized to corresponding
tensor fields BI µν . The latter become dynamical being described by their own kinetic terms.
These theories were first constructed in the framework of N = 2 supergravity in [206, 207],
generalizing previous results [208].
Let us illustrate this mechanism in the simple case in which the gauged translational
isometries have no duality action, as it is the case for Abelian isometries of the quaternionic
Ka¨hler manifold in an N = 2 theory:
XM = ΘM
α tα = ξM
I ξI
α tα . (3.215)
The gauged isometries are tI ≡ ξIα tα and the condition that they be Abelian amounts to
requiring:
[tI , tJ ] = 0 ⇔ ξIαξJβfαβγ = 0 . (3.216)
The closure constraint (3.61) further requires:
[XM , XN ] = 0 ⇒ XMNP XP = 0 , (3.217)
which is certainly satisfied for gauged quaternionic isometries, being tI M
N = 0. 63 From the
condition (3.60) it follows that:
ξM
I CMN ξNJ = 0 . (3.218)
We can choose a parametrization φs of the scalar manifold so that the gauged translational
isometries tI only act on scalars φ
I and not on the remaining ones φS:
φI → φI + cJ kJ I = φI + cI ; φS → φS + cJ kJS = 0 , (3.219)
63Note that gauging non-Abelian isometries also requires the gauging of isometries with a non-trivial
duality action, being XMN
P 6= 0.
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that is the only non-vanishing components of kI are kI
J = δJI . The presence of these
isometries associated with constant shifts in the scalars φI implies that the scalar metric
does not depend on φI .
In order to economize on indices, we use the form-notation for the fields and the La-
grangian and work with the Lagrangian 4-formL (4) ≡ d4xL . The scalar-tensor Lagrangian
4-form reads:
L (4)scal., tens. =
1
2
Dφr ∧ ∗DφrGrs(φ)− 1
2
ξΛI BI ∧ dAΛ + 1
8
ξΛIξΛ
J BI ∧BJ , (3.220)
where we have used the fact that, in this example, LGCS = 0. The covariant derivatives of
the scalar fields read:
DφI = dφI − AM ξMJ kJ I = dφI − AM ξMI ; DφS = dφS . (3.221)
The dualization equation (3.189) has the simple form:
∗dBI = −2 (GIJ DφI +GIS dφS) ⇒ DφI = −GIJ
(
1
2
∗dBJ +GJS dφS
)
. (3.222)
Note that we can solve this equation in the magnetic vector fields AΛµ ξ
ΛI , after using the
gauge invariance associated with this field to eliminate φI :
dφI − AΛµ ξΛI → −AΛµ ξΛI . (3.223)
The second of Eqs. (3.222) then yields:
AΛµ ξ
ΛI = −AΛµ ξΛI +GIJ
(
1
2
∗dBJ +GJS dφS
)
. (3.224)
We substitute this solution in the scalar-tensor action (3.220) to find, after some algebra:
L (4)scal., tens. =
1
2
DφI ∧ ∗DφJ GIJ(φ) +DφI ∧ ∗DφS GIS(φ) + 1
2
dφS ∧ ∗dφT GST (φ)+
+
1
2
ξΛI dBI ∧ AΛ + 1
8
ξΛIξΛ
J BI ∧BJ =
=
1
8
dBI ∧ ∗dBJ GIJ − 1
2
GIJ GJS dφ
S ∧ dBI + 1
2
dφS ∧ ∗dφT GˆST (φ)+
+
1
2
ξΛ
I BI ∧
(
dAΛ +
1
4
ξΛJ BJ
)
, (3.225)
where we have defined:
GˆST (φ) ≡ GST −GIS GIJ GJT . (3.226)
We recover the bosonic action derived in [206, 207].
A gauging of this kind, involving Abelian subalgebras of a characteristic Heisenberg alge-
bra of quaternionic isometries, was the starting point for the construction of the low-energy
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effective N = 2 description of flux-compactifications of Type II theories on manifolds with
SU(3)× SU(3)-structure, see [107],[109]. We shall discuss this model later on as an example
of gauged N = 2 models, in Sect. 7.4.
A less trivial example of solution to the dualization equation was discussed in [90, 91],
where the low-energy effective supergravity description of D = 11 supergravity on a twisted
torus with fluxes was studied, see end of Sect. 4.6.4. In that case the magnetic components of
the embedding tensor, in the symplectic frame originating from direct dimensional reduction,
coincide with the internal torsion Tαβ
γ.
3.7 Supersymmetric Completion
In this section we discuss the supersymmetric completion of the bosonic Lagrangian con-
structed above, up to quartic terms on the fermionic fields. In Sect. 3.1.3 we discussed in
some detail the supersymmetric completion of the gauged Lagrangian L (0)gauged in the electric
frame. This was effected using the Noether method which consisted in introducing additional
terms ∆L (1)gauged + ∆L
(2)
gauged (fermion mass terms and a scalar potential) in the Lagrangian
and in the supersymmetry transformation laws of the gravitino and spin- 1/2 fields, depend-
ing on the fermion-shift tensors. These latter quantities, by supersymmetry, were identified
with components of the H-covariant T-tensor, depending linearly on the embedding ten-
sor and non-linearly on the scalar fields. These deformations of the original Lagrangian,
as well as the fermion-shifts, were written, using the matrix E, in a form which is mani-
festly G-invariant, provided the embedding tensor is transformed under G together with all
the other fields, in the appropriate representation. For this reason the T-tensor-dependent
deformations ∆L (1)gauged +∆L
(2)
gauged will be the same for the duality-covariant gauging.
We now start from a different L (0)gauged which consists in the bosonic Lagrangian LB in
(3.170), the kinetic terms of the spin- 3/2 and the spin- 1/2 fields (2.244), the scalar-fermion
interaction terms and the Pauli-terms in which the derivatives and the vector field-strengths
are covariantized:
L (0)gauged = LB +Lfermi.,k. +Lscal.−fermi. +LPauli +L4f , (3.227)
Lfermi.,k. = 
µνρσ(ψ¯Aµ γνDρψAσ − ψ¯AµγνDρψAσ )−
i e
2
(λ¯IγµDµλI + λ¯IγµDµλI) .
Lscal.−fermi. = −eλ¯IγµγνψBµ DνφsPs IB − eλ¯IγµγνψBµDνφsPIBs =
= −e
6
χ¯ABCγµγνψDµ DνφsPsABCD − e λ¯IAγµγνψBµ DνφsPs IAB + . . . ,
LPauli =
e
2
H+ΛµνIΛΣ f¯ΣΓOΓ µν + h.c. , (3.228)
where the fermion bilinears OΓ µν were defined in (2.224) and (2.225).
There is a subtlety here regarding the coupling of the fermionic fields to the vector ones,
as well as the supersymmetry transformations connecting the two kinds of fields. In all these
terms the vectors enter through H-covariant tensors HMµν ≡ (HΛµν , HΛµν), which are defined
by dressing the symplectic vector GMµν with scalar fields by means of the coset representative
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in the Rv representation, as in Eq. (2.210):
Hµν(φ, ∂AΛ, Bα) ≡ −Lc(φ)†CGµν =

HABµν
HIµν
Hµν AB
Hµν I
 . (3.229)
All equations (2.211)-(2.219) hold, provided we replace the Abelian GMµν by its non-Abelian
counterpart and F → H, FΛ → HΛ, FΛ → HΛ. Moreover the supersymmetry transfor-
mations in of gauged theory are obtained from those of the ungauged one, (2.233)-(2.238),
besides covariantizing the derivatives, by adding the fermion-shift terms according to Eqs.
(3.93) and replacing the composite field strengths F±µν by the H
±
µν defined above. Note that
HMµν is constructed in terms of the symplectic vector GMµν , which is the truly gauge covariant
quantity, and not of HMµν . The latter, in this construction, enters the gauge curvature:
Fµν = FMµν XM = HMµν XM . (3.230)
As a consequence of this, when computing to first order in coupling constant (i.e. in Θ), the
supersymmetry variation of the gauged Lagrangian, the kinetic terms of the spin- 3/2 and
the spin- 1/2 fields, LRS, Lλ, k respectively, due to (3.230), yield terms of the form (3.74)
and (3.76) in which
F Λˆµν PΛˆ I A → HMµν PM I A ; F Λˆµν QΛˆ AB → HMµν QM AB ,
in other words they produce terms containing the T-tensor contracted with HMµν and not
GMµν , i.e. of the form
HMµν L−1XML ? (f¯γ) ,
where f generically stands either for ψ or for λ. These terms therefore also depend on the
vector fields AΛµ.
Explicit computation shows that Eqs. (3.74) and (3.76) now become:
δLRS = · · ·+ 2i e
(H+M µν −H−M µν) (ψ¯AµγνB + ψ¯Bµ γνA) QM BA , (3.231)
δLλ, k = · · · − e
2
(
λ¯IγµνAH+Mµν PM IA + λ¯IγµνAH−Mµν PMIA
)
. (3.232)
The variation of the Pauli and Yukawa (or mass) terms produce contributions of the same
form as (3.231) and (3.232) but with HMµν replaced with GMµν . Thus, as opposed to the electric
gauging discussed in Sect. 3.1.3, the variation of the spin- 3/2 and the spin- 1/2 fields in
L (0)gauged +∆L
(1)
gauged now produce the following non-vanishing terms:
2i e
(
[(H− G)+M µν − (H− G)−M µν] (ψ¯AµγνB + ψ¯Bµ γνA) QM BA−
− e
2
[
λ¯IγµνA (H− G)+Mµν PM IA + λ¯IγµνA (H− G)−Mµν PMIA
]
=
2i e
[
(H− G)Λ+µν − (H− G)Λ−µν
] (
ψ¯Aµγν
B + ψ¯Bµ γνA
) QΛBA−
− e
2
[
λ¯IγµνA (H− G)Λ+µν PΛ IA + λ¯IγµνA (H− G)Λ−µν PΛ IA
]
, (3.233)
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where we have used the property that (H−G)Mµν ΘMα = (H−G)Λµν ΘΛα. In order to cancel
(3.233), we can use Eq. (3.177) and devise a supersymmetry transformation law for the
antisymmetric tensor fields. In particular the part of Eq. (3.177) depending on δBαµν can
be written in the following form:
δLB = · · ·+ ie
4
[
(H− G)Λ+µν − (H− G)Λ−µν
]
ΘΛαδBαµν . (3.234)
In order for the above variation to cancel the terms (3.233) we need to define:
ΘΛα δBαµν = 2i
(
λ¯IγµνAPΛ IA − λ¯IγµνAPΛIA
)− 8 (ψ¯A [µγν]B + ψ¯B[µγν]A) QΛBA−
− 2XΛPMCMN AP[µ δANν] , (3.235)
where last term originates from the fact that δBαµν enters Eq. (3.177) in the combination:
δBαρσ + 2 tαP
MCMQAPρ δAQσ .
The discussion about identification of the fermion-shift tenors SAB, NIA with components
of the T-tensor, done in Sect. 3.1.3, holds equally well in this more general setting, as well
as the potential Ward identity (3.110) relating the scalar potential V (φ) to SAB, NIA and
their complex conjugates. Thus the G-invariant expression of V (φ, Θ) as a function of the
scalars and the embedding tensor is the same as the one found in our previous treatment.
We recall here that we have not been dealing with terms in the Lagrangian and in the
supersymemtry transformation laws which are of higher order in the fermionic fields. Below
we give the supersymmetry transformation laws of the various fields in the gauged model
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(we restore the coupling constant g, Θ → g Θ):64
δφsPI As = ΣI A , (3.236)
δAMµ = LMc M O
M
µ =
1
2
LMc AB OABµ + LMc I OIµ + h.c. , (3.237)
δVµ
a = i ¯AγaψµA + i ¯Aγ
aψAµ , (3.238)
δψAµ = DµA − 1
8
H−ρσ ABγ
ρσγµ
B + i g SAB γµ B . . . , (3.239)
δχABC = iDµφsPsABCDγµD − 3i
4
H−µν [ABγ
µνC] + gNABCDD . . . , (3.240)
δλI A = iPs I AB Dµφsγµ B − i
4
H−µν Iγ
µνA + gNIAA . . . , (3.241)
ΘΛα δBαµν = 2i
(
λ¯IγµνAPΛ IA − λ¯IγµνAPΛIA
)− 8 (ψ¯A [µγν]B + ψ¯B[µγν]A) QΛBA−
− 2XΛPMCMN AP[µ δANν] , (3.242)
where, as usual, the ellipses refer to terms which are of higher order in the fermion fields.
3.8 Dual Gauged Supergravities
All the deformations of the ungauged model required by the gauging procedure depend
on Θ in a manifestly G-covariant way. This means that, if we transform all the fields Φ
(bosons and fermions) of the model under G (the fermions transforming under corresponding
compensating transformations in H) and at the same time transform Θ, the field equations
and Bianchi identities – which we collectively denote by E (Φ, Θ) = 0 – are left invariant:65
∀g ∈ G : E (Φ, Θ) = 0 ⇔ E (g ? Φ, g ? Θ) = 0 . (3.243)
Since the embedding tensor Θ is a spurionic, namely non-dynamical, object, the above on-
shell invariance should not be regarded as a symmetry of a single theory, but rather as an
64The transformation laws for the fermionic fields which are specific to N = 2, 3, 5, 6 theories read
δλI =
i
2
Ps I AB Dµφsγµ C ABC + +gNIAA . . . ; (N = 3) ,
δχ =
i
24
ABCDE DµφsPsABCDγµE + gNAA . . . ; (N = 5) ,
δχF =
i
24
FABCDE DµφsPsABCDγµE − i
4
H−µν •γ
µνF + gNFAA . . . ; (N = 6) ,
δλα = iPBβu DµquγµAABCαβ + gNαAA . . . ; (N = 2) .
65In the non-duality-covariant formulation discussed in Sect. 3.1, the equations of motion (in particular
the Maxwell ones) still depended on the symplectic matrix E connecting the electric frame to a generic one
and thus the formal on-shell G-invariance discussed here would require G-transforming E together with the
fields and the embedding tensor:
∀g ∈ G : E → E′ = ERv[g]T .
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equivalence (or proper duality) between two different theories, one defined by Θ and the
other by g ? Θ. Gauged supergravities are therefore classified in orbits with respect to the
action of G (or better G(Z)) on Θ.
3.9 Vacua and Dualities
A (Lorentz preserving) vacuum of a supergravity theory is a maximally symmetric solution,
that is it can, depending on the value of the cosmological constant Λ, exhibit Minkowski
(Λ = 0), de Sitter (Λ > 0) or anti-de Sitter (Λ < 0) space-time geometry. Due to the maximal
space-time symmetry, only scalar fields are allowed to have a non-vanishing (uniform) v.e.v.:
〈φs(x)〉 ≡ φs0 ,
the vector and the fermionic fields vanishing on the solution. This v.e.v. defines a point
φ0 ≡ (φs0) in the moduli space which is an extremum of the scalar potential V (φ):
∂V
∂φs
∣∣∣∣
φ0
= 0 , (3.244)
and the value V (φ0) of the scalar potential on the vacuum provides the effective cosmological
constant for the underlying space-time geometry:
Λ = V (φ0) . (3.245)
The Riemann tensor reads (see Appendix A.1 for the relevant conventions):
Rµνρσ = −Λ
3
(gµρgνσ − gµσgνρ) , (3.246)
so that the Ricci tensor is Rµν = Rµρν
ρ = −Λgµν .
In extended supergravity theories the scalar potential is given by Eq. (3.113). Being ex-
pressed as an H-invariant combination of composite fields (the fermion shifts), it is invariant
under the simultaneous action of G on Θ and φs:
∀g ∈ G : V (g ? φ,g ? Θ) = V (φ,Θ) . (3.247)
This means that, if V (φ,Θ) has an extremum in φ0
∂
∂φs
V (φ,Θ)
∣∣∣∣
φ0
= 0 , (3.248)
V (φ,g ?Θ) has an extremum at φ′0 = g ? φ0 with the same properties (value of the potential
at the extremum and its derivatives):
∂
∂φs
V (φ,g ? Θ)
∣∣∣∣
g?φ0
= 0 , ∀g ∈ G . (3.249)
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If the scalar manifold is homogeneous, we can map any point φ0 to the origin O, where all
scalars vanish, by the inverse of the coset representative L(φ0)
−1 ∈ G. We can then map a
generic vacuum φ0 of a given theory (defined by an embedding tensor Θ) to the origin in
a theory defined by Θ′ = L(φ0)−1 ? Θ. As a consequence of this, when looking for vacua
with given properties (residual (super)symmetry, cosmological constant, mass spectrum etc.),
with no loss of generality we can compute all quantities defining the gauged theory – fermion
shifts and mass matrices – at the origin:
N(O, Θ) , S(O, Θ) , M(O, Θ) , (3.250)
and translate the properties of the vacuum in conditions on Θ. In this way, we can search
for the vacua by scanning through all possible gaugings [191, 209, 210].
Let us also note the following useful property. Using the R-symmetry group (S)U(N ), on
a given point φ0 in the moduli space we can always diagonalize SAB(φ0) 66 and bring it to
the form:
SAB(φ0)
U∈HR−→ (USUT )AB = sA δAB , (3.251)
where sA are complex numbers. If the R-symmetry group is U(N ), sA can all be made real,
while if the group is SU(N ), as for the maximal theory, we cannot remove the overall phase
Arg(s1 s2 . . . sN ). The quantities |sA| and, for N = 8, Arg(s1 s2 . . . s8), seen as functions of
the scalar fields and of the embedding tensor, are G-invariant.
3.9.1 Supersymmetric Vacua
A vacuum φ0 can be supersymmetric, namely can preserve an amount of supersymmetry.
In this case there should exist a local supersymmetry parameter A(x) along which the
supersymmetry variation, evaluated on the solution, of the fermionic fields vanish. This
follows from the property that, if |0〉 is the vacuum state, along the direction of the preserved
supersymmetry we have ¯ Q |0〉 = 0, and thus
δf(x) = 〈0|[¯ Q, fˆ(x)]|0〉 = 0 ,
where f(x) denotes a generic fermionic field and fˆ(x) the corresponding field operator. The
right-hand-side of the above equation depends on the v.e.v. φs0 of the scalar fields and the
space-time geometry of the vacuum solution. The analogous condition on the supersymmetry
variations of the bosonic fields would be trivially satisfied since these are expressed in terms
of the fermionic fields which vanish on the background. Explicitly the above conditions read:
δψµA = ∇µA + ig SABγµB = 0 ,
δλI = gNIA A = 0 , (3.252)
where the tensors SAB, NIA are evaluated at φ0. These are the Killing spinor equations for
the vacuum. Notice that, being the gauge-connection trivial and the scalar fields uniform
66This can be proven using the Autonne-Takagi factorization, see point (c) of Corollary 4.4.4 in [211].
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on the solution, we have Qˆµ = 0 and the covariant derivative in the first of (3.252) is the
Levi-Civita one on space-time. The background preserves a number N ′ ≤ N of the N
supersymmetries of the theory if the Killing spinor equations admit N ′ distinct solutions
(Killing spinors). We can work out the integrability condition on the first of (3.252):
0 = ∇[µδψν]A = ∇[µ∇ν]A + i g SABγ[ν∇µ]B =
=
1
8
Rµνρσ γ
ρσA − g2 γµνSABSBC C , (3.253)
Without loss of generality we may assume the N ′ Killing spinors to correspond to the first
N ′ directions of the supersymmetry parameter space. This amounts to splitting the index A
into a and a′ with a = 1, . . . ,N ′ and a′ = N ′+ 1, . . . ,N and to write the N ′ Killing spinors
as: 
(a)
A (x) = ha(x)δ
a
A. The second of Eqs. (3.252) implies
NIa = 0 , a = 1, . . . ,N ′ , (3.254)
while from the integrability condition (3.253) it follows that:
1
8
Rµν
ρσ δba = g
2 SaBSBb δρσµν ; Sa′BSBc = 0 . (3.255)
We see that the Riemann tensor has the form (3.246) with cosmological constant Λ given
by:
Λ δca = −12 g2 SaBSBc ≤ 0 ; Sa′BSBc = 0 , (3.256)
In other words we can write
g2 SS† =
(− 1
12
Λ δba 0
0 Aa′
b′
)
. (3.257)
Being SS† a non-negative matrix, then see that supersymmetric vacua can only be Minkowski
(Λ = 0) or anti-de Sitter (Λ < 0).
Using SU(N −N ′) we can further reduce the block Aa′b′ to a real non-negative diagonal
matrix. By the proof of the aforementioned Autonne – Takagi factorization (see previous
footnote), we can write the first N ′ ×N ′ block Sab of SAB, on the background, in the form
(3.251) with
g Sab = eϕa
√
− Λ
12
δab , (3.258)
where, when Λ < 0, ϕa can all be set to zero except for the case N ′ = N = 8. The Ward
identity (3.110), computed on the solution and restricted to the indices a, c, taking into
account (3.254), reads:
V (φ0)δ
c
a = −12 g2 SabSbc = Λ δca , (3.259)
which yields the identification (3.245). Finally we notice that bosonic backgrounds, on which
the only non-vanishing fields, aside from the metric, are uniform scalar fields, and which
preserve supersymmetry are also vacua of the theory, namely satisfy the field equations. To
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see this we prove that, as a consequence of the Killing spinor equations, the corresponding
point in the moduli space is an extremum for V . This is easily seen by computing the
derivative of the Ward identity, restricted to the a, c indices, on φ0:
g−2 δca ∂sV |φ0 = −12DsSabSbc +DsNIaNIc + c.c = −6Ps I(aNIc) Sbc +DsNIaNIc + c.c = 0 ,
(3.260)
where we have used the gradient flow equation (3.102), as well as (3.258) and (3.254).
3.9.2 Vacua and Mass Matrices
A four-dimensional de Sitter (dS) and anti-de Sitter (AdS) space-time can be described as
connected hyperboloids in R5 defined by the equations:
AdS4 =
O(2, 3)
O(1, 3)
: y20 − y21 − y22 − y23 + y24 = L2
dS4 =
O(1, 4)
O(1, 3)
: y20 − y21 − y22 − y23 − y24 = −L2 , (3.261)
where L is the “radius” of the space-time. The cosmological constant is related to this
length as follows: Λ = 3
L2
for de Sitter and Λ = − 3
L2
for anti-de Sitter. The dynamics of the
scalar modes on a vacuum φ0 is determined by expanding the scalar potential V about the
corresponding extremum:
φs = φs0 + δφ
s ; V = V (φ0) +
1
2
∂r∂sV |φ0 δφrδφs + . . . (3.262)
where we have used (3.244). The squares of the scalar masses on the solution are given by
the eigenvalues of the matrix
Ms
r = G rt ∂t∂sV |φ0 . (3.263)
Minkowski backgrounds (Λ = V (φ0) = 0), as well as de Sitter ones, are stable vacua if the
squared masses of the fluctuations are non-negative (namely there are no tachyonic modes).
This in particular implies that V (φ) must have a local minimum at the critical point φ0.
Anti-de Sitter (AdS) solutions, on the other hand, can be perturbatively stable even if
φ0 is a saddle point or a local maximum, provided the negative eivenvalues of the matrix
Ms
r, i.e. the negative squared scalar masses m2, be not too large in absolute value. More
specifically the stability condition on the scalar spectrum is:
m2 L2 ≥ −9
4
. (3.264)
This is the Breitenlohner-Freedman (BF) bound first found in [212]. It can be shown that
supersymmetric AdS backgrounds are also stable, namely that the BF condition is satisfied.
For example, the maximal supergravity with SO(8)-gauging, constructed in [140], features
a maximally supersymmetric (i.e. preserving all the eight supersymmetries of the model)
AdS vacuum at the origin of the scalar manifold, which is a local maximum of the scalar
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potential. The vacuum is however stable since the squared masses of the scalar fields are
not too negative, i.e. they satisfy the BF bound, being
m2 = − 2
L2
> − 9
4L2
. (3.265)
Being maximally supersymmetric, the spin-1/2 shift-tensor vanishes, NIA = 0, while SAB is
proportional to the identity.
Linearizing the field equations on a given vacuum φ0, one derives the mass matrices for the
various fields, as functions of φ0 and the embedding tensor ΘM
α. In particular, expanding
the duality-covariant Maxwell equations (3.184) about the vacuum in which 〈Aµ〉 = 0, we
can derive for the vector fields the following symplectic-frame-independent for of the squared-
mass matrix:
M (v)M
N(φ0, Θ) = − g2ΘMαΘP β krαksβ GrsMPN
∣∣
φ0
. (3.266)
Note that M (v)(φ0, Θ) is a non-negative 2nv × 2nv matrix (recall that MMN is negative-
definite, its expression being given in (2.197)). However the locality constraint (3.50) on
the embedding tensor guarantees that its rank be less than nv, its non-vanishing eigenvalues
being the vector squared masses.
Let us now discuss the fermion masses. The masses of the gravitini fields signal sponta-
neous supersymmetry breaking: k = N − N ′ of the N supersymmetries of the theory are
broken on a vacuum if and only if the corresponding k gravitini become massive. This occurs
by virtue of the super-Higgs phenomenon: k massless fermion fields (Goldstini) are “eaten”
by the k gravitini thus providing the spin-1/2 component they need to become massive. The
Goldstino fields ηA are associated with the directions in the supersymmetry parameter space
(labeled by a′, b′, · · · = 1, . . . , k earlier) along which the supersymmetry is broken, and can
be written in the form (see also the discussion below):
ηA ∝ NIA λI , (3.267)
the tensor NIA being evaluated on the vacuum. From Eq. (3.267) and (3.254) it indeed
follows that ηa = 0, a = 1, . . . ,N ′, namely the Goldstini have non-vanishing components
only along the broken supersymmetries.
The fermion masses are obtained by linearizing about the vacuum the field equations of
the fermion fields (gravitini and spin-1/2 fields). As emphasized earlier, in extended models
the masses only originate from the gauging and, more specifically, from the O(g)-terms (3.91)
depending on the tensors S, N, M. The fermion masses can be read off the linearized field
equations once they are put in the general forms:
µνρσ γνDρψAσ = M [
3
2 ]
AB γ
µν ψBν ,
iγµDµλI = M [
1
2 ]
IJ λ
J . (3.268)
Due to the interaction term i egNIA λ¯IγµψAµ + h.c., in order to write the fermion equations
in the form (3.268), we need to redefine the gravitino. Consider for instance a Minkowski
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vacuum, V0 = 0, in which all supersymmetries are broken. In this case the matrix S, which
we shall consider to be diagonal in the following, is invertible and the reader can verify that
the λ¯ψ-interaction term can be disposed of by redefining the gravitini as follows:
ψAµ = ψ
′A
µ +
i
12
∑
C
S−1ACNIC γµλI , (3.269)
where, as usual, all the fermion shift-tensors are computed on the vacuum. If the super-
symmetry breaking is only partial, then S is singular and the sum on the right hand side
of (3.269) should be intended over the index c′ of the broken supersymmetries, since the
gravitini ψaµ do not couple to λI by virtue of (3.254). This restriction is automatically
implemented by the contraction with the NIC tensor which is indeed non-vanishing only if
C = c′. The gravitino mass matrix reads:67
M
[ 32 ]
AB = −2 g SAB , (3.270)
where SAB is taken to be diagonal, see (3.251): SAB = δAB sA.
The reader can verify that, upon the redefinition (3.269), the spin-1/2 mass matrix in
(3.268) reads:
M
[ 12 ]
IJ = 2 gMIJ −
g
3
∑
AB
′
S−1AB NI
ANJ B , (3.271)
where
∑′ is the sum over the broken supersymmetries only. As pointed out above, this
restriction is already effected through the contraction with the N-tensors and therefore we
shall omit in what follows the prime on the sum.
If the vacuum is of anti-de Sitter type (V0 < 0) the above expression is modified as follows:
M
[ 12 ]
IJ = 2 gMIJ −
g
3
∑
AB
(
S
|S|2 + V0
12 g2
1
)
AB
NIANJ B . (3.272)
The above expression is consistent since the (diagonal) matrix SS¯ + V0
12 g2
1, if restricted to
the indices a′, b′ of the broken supersymmetries, is invertible. Indeed from our previous
discussion only |Saa|2 = − V012 g2 , while |Sa′a′|2 6= − V012 g2 . The generalization (3.272) of (3.271)
can be derived by the requiring it to have zero eigenvalues along the Goldstini directions (as
it should since the Goldstino fields are massless fermions). To prove this we can contract
the mass matrix with the following combinations of Goldstinos: λ(G)J = NJ AηA:68
g−1M
[ 12 ]
IJ N
J
Aη
A = 2MIJNJ AηA − 1
3
∑
CD
(
S
|S|2 + V0
12 g2
1
)
CD
NICNJDNJ AηA . (3.273)
67In the case of anti-de Sitter vacua, the eigenvalues of the mass matrix along the preserved supersymme-
tries are
√
−V012 . Nevertheless the AdS-mass of the corresponding gravitini is zero.
68Summation over repeated indices in now understood.
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Let us apply to the last term on the right hand side the Ward identity (3.110)
g−1M
[ 12 ]
IJ N
J
Aη
A = 2MIJNJ AηA − V0
3 g2
(
S
|S|2 + V0
12 g2
1
)
CA
NICηA−
− 4
(
S
|S|2 + V0
12 g2
1
)
CD
NICSDE SEAηA =
= (2MIJNJ A − 4NIBSBA) ηA ∝ g−2 ∂V
∂φs
P−1IAs . (3.274)
In the last equality we have used Eq. (3.119).69 The expression (3.274) vanishes, being
proportional to the gradient of the scalar potential on the vacuum φ0.
4 Examples of Gaugings: The N = 8 , D = 4 Super-
gravity
In what follows we illustrate how the general procedure discussed above is applied to four-
dimensional extended supergravities. We shall give particular emphasis on the maximal and
N = 2 theories, starting in this Section from the former.
4.1 The Ungauged Theory
The four-dimensional maximal supergravity is characterized by having N = 8 supersymme-
try (that is 32 supercharges), which is the maximal amount of supersymmetry allowed for a
consistent theory of gravity.
We shall start restricting ourselves to the (ungauged) N = 8 theory with no antisym-
metric tensor field. The theory, first constructed in [32], describes a single massless graviton
supermultiplet in Minkowski space-time, consisting of the graviton gµν , 8 spin-3/2 gravitini
ψAµ (A = 1, . . . , 8) transforming in the fundamental representation of the R–symmetry group
SU(8), 28 vector fields AΛµ (with Λ = 0, . . . , 27), 56 spin-1/2 dilatini χABC in the 56 of SU(8)
and 70 real scalar fields φr:[
1 × gµν︸︷︷︸
j=2
, 8 × ψAµ︸︷︷︸
j= 3
2
, 28 × AΛµ︸︷︷︸
j=1
, 56 × χABC︸ ︷︷ ︸
j= 1
2
, 70 × φr︸︷︷︸
j=0
]
. (4.1)
69Equation (3.119) can indeed also be written in the equivalent form
g−2
∂V
∂φs
P−1IAs ∝ 2MIJNJAηA − 4NIBSBA ,
where we have defined the inverse P−1 of the vielbein matrix P.
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The scalar fields are described by a non-linear σ-model on the Riemannian manifold Mscal
of the form
Mscal =
G
H
=
E7(7)
SU(8)
, (4.2)
the isometry group being G = E7(7), and H = SU(8) being the R–symmetry group.
70 The
bosonic Lagrangian has the usual form (2.1). The global on-shell symmetry group is therefore
G = E7(7) and has 133 generators tα. The (Abelian) vector field strengths F
Λ = dAΛ and
their magnetic duals GΛ together transform in the Rv = 56 fundamental representation of
the E7(7) duality group with generators (tα)M
N , so that
δGMµν =
(
δFΛµν
δGΛµν
)
= −Λα (tα)NM GNµν . (4.3)
This is a symplectic representation which defines an embedding of E7(7) into Sp(56, R). For
a comparison of our notations with those used in the literature on maximal supergravity (for
instance in [156]) see Appendix A.5.
As far as the infinitesimal generators of E7(7) are concerned, they close the Lie algebra
g = e7(7) which splits, according to the Cartan decomposition, into the Lie algebra H = su(8)
and a 70-dimensional space K supporting the representationK = 70 under the adjoint action
of SU(8). Generic elements of the two spaces, in the Rcv-representation, introduced in Sect.
2.3, read
Λ ∈ su(8) −→ Rcv[Λ] =
(
ΛABCD 0
0 ΛAB
CD
)
, (4.4)
Σ ∈ K −→ Rcv[Σ] =
(
0 ΣABCD
ΣABCD 0
)
, (4.5)
where ΛABCD = 4 δ
[A
[CΛ
B]
D] = −ΛCDAB is an SU(8) generator in the 28-representation, and
ΛAB = −ΛBA the corresponding generator in the fundamental one. The tensors ΣABCD and
ΣABCD = (ΣABCD)
∗ transform in the 70 of SU(8) and are related by the reality condition
(2.164):
ΣABCD =
1
24
ABCDEFGH ΣEFGH . (4.6)
Two generators Σ1, Σ2 in K close, under commutation, on an su(8)-element, according to
the property (2.17) of symmetric spaces, by virtue of the relation (3.130).
70More precisely the isotropy group is SU(8)/Z2. This is because the compact subgroup of E7(7) is
defined through its 28 representation, see Eq. (4.4), namely its action on rank-2 antisymmetric tensors
VAB = −VBA, in which a Z2 subgroup is trivially realized. The image of SU(8) through such representation
is then isomorphic to SU(8)/Z2. Similarly, in the maximal D = 5 supergravity, the isotropy group is the
USp(8)/Z2 subgroup of E6(6). We shall be sloppy with this and omit the quotient by Z2 when writing these
isotropy groups.
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Parametrizations of the scalar manifold. As pointed out in Sect. 2.1.1, we can use for
a homogeneous manifold two kinds of parametrizations. One, which we have called solvable,
consists in fixing at each point of the manifold the right action of H so that L(φr) belongs to a
solvable subgroup GS of G, see Eq. (2.14). We shall discuss examples of this parametrization
when dealing with dimensional reductions.
The other parametrization consists in defining the coset representative as follows, see Eq.
(2.15):
L = exp(φABCDKABCD) , (4.7)
where {KABCD} is a basis of K. As pointed out in Sect. 2.1.1, the scalar fields φABCD
transform linearly under the action of H in the representationK . In our case they transform
in the 70 of SU(8) and satisfy the reality condition (4.6):
φABCD =
1
24
ABCDEFGH (φEFGH)∗ . (4.8)
4.2 Symplectic Frames
As discussed in Sect. 2.1.5, different choices of the symplectic frame lead to ungauged
theories which, although on-shell equivalent, may be described by inequivalent Lagrangians.
These Lagrangians are characterized by different global symmetry groups Gel. Inequivalent
symplectic frames typically originate from different dimensional reductions. In general any
compactification is characterized by a group Gint associated with the internal manifold (in
the absence of fluxes).71 As it was mentioned earlier, maximal supergravities originate from
the dimensional reduction of the maximal eleven and ten -dimensional theories on tori. We
shall be dealing with toroidal compactifications in some detail later in Sect. 7.1. Here we
just recall some general facts. For a compactification on an n-torus, Gint = GL(n,R), acting
transitively on the internal metric moduli gαβ, α, β = 1, . . . , n. These are n(n + 1)/2 and
parametrize the manifold:
gαβ ∈ GL(n,R)
SO(n)
. (4.9)
The SO(1, 1) factor in GL(n,R) acts as a rescaling of the internal metric: gαβ → e2λ gαβ.
Starting from a theory in D-dimensions featuring a global symmetry group GD of the action,
dimensional reduction on T n to four dimensions (D = 4+n) yields a formulation of the four-
dimensional supergravity in which the global symmetry group of the Lagrangian contains
GD ×Gint:
GD ×Gint ⊂ Gel . (4.10)
For instance the global symmetry group of five-dimensional maximal supergravity (which is
a symmetry of the action since there is no electric-magnetic duality in five dimensions) is
G5 = E6(6) and, upon dimensional reduction of the theory on a circle we find a formulation of
the N = 8, D = 4 theory with E6(6)× SO(1, 1) ⊂ Gel manifest symmetry of the Lagrangian,
71Here and throughout this paper, we are not considering quantum corrections, so that the global symmetry
groups are all continuous Lie groups.
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where the factor SO(1, 1) acts as a rescaling of the radius of the fifth compact dimension. Let
us summarize some of the main symplectic frames of the maximal four-dimensional theory.
• The SL(8,R)-frame. It originates from dimensional reduction of eleven dimensional
supergravity on a seven-torus, once all forms are dualized to lower-order ones [32] (see
Sect. 8 for a discussion on the issue of dualization). The electric group isGel = SL(8,R)
with respect to which the vector fields transform in the 28′. It contains the GL(7,R)
group of the internal torus;
• The E6(6)-frame. The block-diagonal component of the electric duality group Gel in
this case is SO(1, 1) × E6(6). As mentioned above, this is the symplectic frame which
one obtains upon Kaluza-Klein reduction on a circle of the five-dimensional maximal
supergravity;
• The SU∗(8)-frame. Another basis considered in the literature [190], is the one in which
Ge = SU
?(8), the group of 8× 8 matrices that are real up to a symplectic matrix. The
electric vector fields transform in the 28′ (real) representation of this group.
These three frames are related by symplectic matrices which are not in E7(7) and are given
in [152].
In Sect. 4.3 we shall deal in some detail with the frames originating from toroidal reduction
of Type IIA, IIB and M-theory.
The SL(8,R)-frame. The duality representation Rv = 56 of E7(7) and its adjoint repre-
sentation 133 branch with respect to SL(8,R) as follows:
56→ 28 + 28′ ,
133→ 63 + 70 . (4.11)
Although the above branchings are the same as those with respect to SU(8), the 28′ de-
scribing the electric vector fields AΛµ and the 28 describing their magnetic duals AΛµ, are
real. Denoting, only in this section, by a, b, c, d, · · · = 1, . . . , 8 the indices labeling the fun-
damental representation of SL(8,R), the index Λ of the 28 is written as the antisymmetric
couple Λ = ab and an E7(7)-generator in this basis has the general form:
Π ∈ e7(7) −→ R(SL(8))v [Π] =
(
Λabcd Σ
abef
Σghcd Λgh
ef
)
, (4.12)
Π ∈ sl(8) ≡ 28 −→ R(SL(8))v [Π] =
(
Λaccd 0
0 Λgh
ef
)
,
Π ∈ 70 −→ R(SL(8))v [Π] =
(
0 Σabef
Σghcd 0
)
, (4.13)
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where Λabcd = 4 δ
[a
[cΛ
b]
d] = −Λcdab is an SL(8,R)-generator in the 28-representation, and
Λab = −Λba the corresponding generator in the fundamental one. The tensor Σabcd trans-
forms in the 70 of SL(8,R) and it is related to Σabcd by a duality condition analogous to
(4.6):
Σabcd =
1
24
abcdefghΣefgh . (4.14)
In order to define the relation between this basis and the SU(8) one, associated with
the complex-representation Rcv, it is useful to branch the representations of SU(8) and of
SL(8,R) with respect to the common subgroup SO(8). The adjoint representation of SL(8,R)
branches with respect to SO(8) as follows:
63→ 28 + 35v , (4.15)
where the 28 is the adjoint representation of SO(8), described by antisymmetric 8×8 matrices
(Λ[28])ab = −(Λ[28])ba, while 35v is spanned by symmetric 8×8 traceless matrices (Λ[35v ])ab =
(Λ[35v ])ba, so that, the Λ-block in (4.12) splits accordingly: Λ = (Λ
ab
cd) = Λ
[28] + Λ[35v ].
The representation 70 of Σabcd branches as follows:
70→ 35s + 35c , (4.16)
where 35s and 35c describe the anti-self-dual Σ
(−) abcd and the self-dual Σ(+) abcd components
of Σabcd, respectively:
Σ(±)abcd = ± 1
24
abcdefghΣ(±)efgh = ±Σ(±)abcd ,
Σabcd = Σ(+) abcd +Σ(−) abcd , Σabcd = Σ(+) abcd +Σ(−) abcd = Σ(+) abcd −Σ(−) abcd .
(4.17)
The block-representation (4.12) now reads:
R(SL(8))v [Π] =
(
Λ[28] +Λ[35v ] Σ(+) +Σ(−)
Σ(+) −Σ(−) Λ[28] −Λ[35v ]
)
, (4.18)
where Σ ≡ (Σabcd). Since the SU(8)-generators are described by antisymmetric symplectic
matrices, being the Σ’s symmetric, the su(8) subalgebra of e7(7) is defined by the blocks
Λ[28] and Σ(−) only, corresponding to the branching of the SU(8)-adjoint representation
with respect to SO(8):
63(SU(8))→ 28 + 35s , (4.19)
The coset space K of symmetric symplectic matrices, on the contrary, is spanned by the
remaining blocks Λ[35v ], Σ(+), consistently with the decomposition:
70(SU(8))→ 35v + 35c . (4.20)
The relation between the (SUSY) indices A, B, . . . and a, b, . . . follows from the identi-
fication of the former with the indices of the spinorial representation 8s of SO(8) and the
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latter with those of the fundamental one 8v. Denoting by
1
2
(Γ ab)A
B the SO(8)-generators
in the spinorial 8s representation, this tensor can be viewed as a 28× 28 orthogonal matrix
Γ ≡ (1
2
Γ abAB) in the two antisymmetric couples of indices (ab) and (AB). The relation
between Rcv and R
(SL(8))
v is:
∀Π ∈ E7(7) ; Rcv[Π] = S†R(SL(8))v [Π]S , (4.21)
where:
S ≡
(
Γ 0
0 Γ
)
A† , (4.22)
A being the Cayley matrix defined earlier. The above relation implies that two vectors
V M = (V AB, VAB) and V
M = (V ab, Vab), in the bases of the two representations, respectively,
are connected as follows:
VAB =
1
4
√
2
(V ab − i Vab)(Γ ab)AB , V AB = (VAB)∗ . (4.23)
The E6(6)-frame. With respect to E6(6)×SO(1, 1) the 56 and the adjoint of E7(7) decompose
as:
56 → 1−3 + 27′−1 + 1+3 + 27+1 , (4.24)
133 → 27−2 + 10 + 780 + 27′+2 . (4.25)
where the 28 vector fields AΛµ naturally split into the Kaluza-Klein vector A
0
µ in the 1−3,
originating from the five-dimensional metric, and the 27 vector fields Aλµ, λ = 1, . . . , 27, of
maximal five-dimensional theory, in the 27′−1 of the electric group. The 780 in (4.25) defines
E6(6)-generators among the generators of E7(7), while the 27
′
+2 are commuting isometries
acting as translations on the 27 axionic scalars originating from the five-dimensional vector
fields through the Kaluza-Klein reduction. These are the remnant in four dimensions of the
vector gauge transformations in one dimension higher. Writing a covariant vector in the 56
as VM = (V0, Vλ, V
0, V λ), the Rv∗-representation of the generators of E7(7) in this basis is:
D ∈ 10 , (DMN) =

3 0 0 0
0 1 0 0
0 0 −3 0
0 0 0 −1
 ,
E ∈ 780 , (EMN) =

1 0 0 0
0 E 0 0
0 0 1 0
0 0 0 −ET
 ,
aλ tλ ∈ 27′+2 , (aλ (tλ)MN) =

0 a 0 0
0 0 0 d
0 0 0 0
0 0 −aT 0
 ,
aλ t
λ ∈ 27−2 , aλRv∗[tλ] = aλRv∗[tλ]T , (4.26)
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where E = (Eλ
σ) is the E6(6)-generator in the 27 representation, a = (a
λ) and the dimension
of each block is understood as following from the structure of the vector VM given above. In
particular the 27× 27 matrix d = (dλσ) is defined as follows: dλσ ≡ dλσγ aγ, dλσγ being the
characteristic totally symmetric E6(6)-invariant tensor defining in the D = 5 parent action
the Chern-Simons term: dλσγF
λ ∧ F σ ∧ Aγ. From (4.26) the reader can easily verify that:
[D, tλ] = 2 tλ , [tλ, tσ] = 0 .
The five-dimensional origin of the scalar fields can be made manifest by choosing the
parametrization corresponding to the following definition of the coset representative:
L(φ) = ea
λ tλ L5(φˆ) e
σD = L(aΛ, φˆ, σ) , (4.27)
where φˆ collectively denote the five-dimensional scalar fields spanning the symmetric coset
space
E6(6)
USp(8)
, and L5(φˆ) the corresponding coset representative
72. The scalar σ is related to
the radius of the internal fifth dimension (R = eσ) and aλ are the scalars originating from
the components of the 27 five-dimensional vector fields along the compact internal direction
aλ ≡ Aλ4 . The choice (4.27) corresponds to describing the scalar manifold of the theory as
isometric to the following manifold (in the sense defined at the end of Sect. 2.1.1):
Mscal ∼
[
O(1, 1)× E6(6)
USp(8)
]
n exp(N[27′+2]) , (4.28)
where n denotes the semi-direct product and N[27′+2] is the 27-dimensional space spanned
by tλ. If we choose for L5(φˆ) the solvable parametrization, then (4.27) defines the solvable
parametrization of Mscal, with solvable Lie algebra S . Constructing the vielbein P out of
L(φ) in (4.27), and using the property that the tλ are commuting, one immediately verifies
that the scalars aλ only enter the metric “covered” by a derivative. As a consequence of
this the constant shifts aλ → aλ + cλ are isometries. They are implemented by the E7(7)-
transformation g = ec
λ tλ :
gL(aΛ, φˆ, σ) = L(aΛ + cλ, φˆ, σ) . (4.29)
These shifts are examples of Peccei-Quinn transformations and the scalars aλ are dubbed
Peccei-Quinn scalars. The Abelian nilpotent space N[27
′
+2] is a maximal Abelian subalgebra
of e7(7) of maximal dimension, and is also a maximal Abelian ideal of the solvable subalgebra
S , see final paragraph of Sect. 2.1.1.
As mentioned earlier, the shift symmetries aλ → aλ + cλ originate from the gauge invari-
ance of the vector fields in five dimensions: Aλµˆ → Aλµˆ + ∂µˆζλ, µˆ = 0, . . . , 4. It corresponds
to choosing the gauge parameter ζλ = cλ y, where y = x4 is the fifth compact coordinate.
72L5(φˆ), being an element of E6(6) is also an element of E7(7).
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The SU∗(8)-frame. Recall that the SU∗(2n) group is defined as the group of 2n × 2n
complex matrices U satisfying the condition:
UJ = JU∗ , (4.30)
where U∗ is the complex conjugate of U and J is an antisymmetric matrix such that
J2 = −12n. The maximal compact subgroup consists of unitary matrices in SU∗(2n). Using
the unitarity condition U−1 = U †, Eq. (4.30) becomes UJUT = J , namely a compact matrix
U in SU∗(2n) is unitary and symplectic, that is the maximal compact subgroup of SU∗(2n)
is USp(2n). The group SO∗(2n) on the other hand, is defined as the subgroup of orthog-
onal matrices in SU∗(2n): SO∗(2n) = SU∗(2n)
⋂
SO(2n,C). The orthogonality condition
U−1 = UT allows to rewrite Eq. (4.30) in the form: UJU † = J . The maximal compact
subgroup of SO∗(2n) is U(n). Let a′, b′ = 1, . . . , 2n label the fundamental representation
of SU∗(2n). Using the matrix J = (Ja
′b′) one can define a consistent reality condition on
rank-2 antisymmetric tensors in the 2n ∧ 2n representation:
T a
′b′ ≡ (Ta′b′)∗ = Ja′c′Jb′d′Tc′d′ .
The generators of so∗(2n) can be characterized as the so(2n,C) generators Λa′b′ = −Λb′a′
satisfying the above reality condition. The representation 28′ = 8′ ∧ 8′ and its conjugate
28 of SU∗(8) are therefore real and thus can consistently describe the electric and magnetic
vector fields Aa
′b′
µ , Aa′b′ µ.
4.2.1 Parity
In the SL(8,R)-frame one easily verifies that the 56× 56 anti-symplectic matrix
P =
(
1 0
0 −1
)
,
is an automorphism of e7(7). Its effect on a generic E7(7) generator Π is:
P−1R(SL(8))v [Π]P =
(
Λ[28] +Λ[35v ] −Σ(+) −Σ(−)
−Σ(+) +Σ(−) Λ[28] −Λ[35v ]
)
, (4.31)
namely it switches the sign of the blocks Σ(+), Σ(−), the latter being associated with SU(8)
generators. We can adopt the SU(8)-covariant parametrization of the scalar manifold (4.7)
and write, in light of our previous discussion, and in particular of Eq. (4.20),
L(φ) = exp(φabv K
(v)
ab + φ
abcd
c K
(+)
abcd) , (4.32)
where (K
(v)
ab ) is a basis of 35v, while (K
(+)
abcd) is a basis of 35c, so that φ
ab
v K
(v)
ab only contains
the Λ[35v ] blocks and φabcdc K
(+)
abcd the Σ
(+) ones. Eq. (4.31) shows that the action of P
induces the following transformation on the scalar fields:
p :
{
φabcdc → −φabcdc
φabv → φabv
. (4.33)
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This transformation is an isometry of the target-space metric. Being P anti-symplectic,
by our discussion at the end of Sect. 2.1.4, it describes a parity transformation, since it
can be promoted to a global symmetry of the theory provided it is combined with a parity
transformation on the spatial coordinates. In this respect φabv are proper scalars while φ
abcd
c
are pseudo-scalars.
In the E6(6)-frame the parity transformation P has the following form:
P =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1
 , (4.34)
where, as usual, the splitting of rows and columns is (1, 27, 1, 27). The reader can easily
verify that
PDP−1 = D ; PEP−1 = E ; PtλP−1 = −tλ ; PtλP−1 = −tλ , (4.35)
so that the five-dimensional scalars φˆ and the modulus σ are proper scalars, while aλ are
pseudo-scalars : p : aλ → −aλ. Notice that in this frame the vector A0µ has a different
intrinsic parity than the other 27: η0P = −1 = −ηλP .
In all the cases P is an automorphism of e7(7):
P−1e7(7)P = e7(7) . (4.36)
In fact P is an outer-automorphism of e7(7), since if there existed an element g of E7(7) whose
adjoint action of e7(7) had the same effect as P, PRv[g]
−1 would commute with all e7(7)-
generators in the Rv-representation. By Shur’s lemma, being Rv irreducible, Rv[g] and P
would be proportional, which cannot be since P is anti-symplectic while Rv[g] is symplectic.
Triality. Let us mention that there is a Z2-subgroup of E7(7) which is also contained in the
triality symmetry group of the so(8)-subalgebra of e7(7).
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4.3 M-theory, Type IIA and IIB Descriptions.
Let us briefly recall the field contents of D = 11 supergravity and of Type IIA/IIB theories.
The former describes a gravitational multiplet whose bosonic content consists of the D = 11
graviton field gµˆνˆ , µˆ, νˆ = 0, . . . , 10, and an antisymmetric rank-3 field Aµˆνˆρˆ (128 on-shell
bosonic degrees of freedom).74 The fermionic sector consists of a single gravitino field (128
on-shell fermionic degrees of freedom).
The bosonic sector of Type IIA supergravity, low-energy limit of the corresponding ten-
dimensional superstring theory, consists of the graviton gµˆνˆ , µˆ, νˆ = 0, . . . , 9, a scalar dilaton
73In fact this triality symmetry defines the outer automorphisms of so(8) which are inner with respect to
e7 over the complex numbers [213]. Only a Z2-subgroup of it however survives within the real form e7(7).
74For the sake of simplicity, we shall refer to antisymmetric rank-p tensors ωµˆ1...µˆp also as p-forms ω
(p) ≡
1
p!ωµˆ1...µˆp dx
µˆ1 ∧ · · · ∧ dxµˆp .
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field φ and a rank-2 antisymmetric tensor field Bµˆνˆ (the Kalb-Ramond B-field) which define
the Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector, together with a vector field Cµˆ and an
antisymmetric rank-3 tensor field Cµˆνˆρˆ which make up the Ramond-Ramond (RR) sector.
The fermionic sector consists of two Majorana-Weyl gravitinos with opposite chiralities and
two dilatinos (also having opposite chiralities). As mentioned in the Introduction, the Type
IIA supergravity is obtained from the eleven-dimensional one upon compactification on a
circle. The radius of the circle being related to the dilaton field φ.
The bosonic sector of Type IIB supergravity, on the other hand, differs from the Type
IIA one only in the RR-fields which consist of an axionic scalar field ρ, a rank-2 and a rank-4
antisymmetric tensor fields Cµˆνˆ , Cµˆνˆρˆσˆ. The field strength of the latter is a self-dual five-form
F (5): F (5) = ∗F (5). The fermionic sector of Type IIB theory consists of two gravitinos with
equal chirality and two dilatinos with the same property. This classical theory features a non-
perturbative global SL(2,R) symmetry, to be denoted by SL(2,R)IIB. Its restriction to the
integers, SL(2,Z)IIB, is a symmetry of the whole string theory and is known as S-duality. The
two scalar fields φ, ρ span the manifold SL(2,R)IIB/SO(2), while the two 2-forms Bµˆνˆ , Cµˆνˆ
transform under its action as a doublet. The RR 4-form Cµˆνˆρˆσˆ is an SL(2,R)IIB-singlet. In
what follows, in dealing with the dimensional reduction on a torus to four dimensions of the
above theories, we shall split the D = 11 and D = 10 coordinates as follows:
D = 11 : (xµˆ) = (xµ, xα) , µ = 0, 1, 2, 3 , α = 4, . . . , 10 ,
D = 10 : (xµˆ) = (xµ, xu) , µ = 0, 1, 2, 3 , u = 4, . . . , 9 ,
xα and xu being the compact coordinates on T 7 and T 6, respectively. We now introduce
few notions about toroidal reductions just for the sake of making contact with our present
discussion of the maximal theory. We refer the reader to Sect. 7.1 for a more detailed
discussion.
When considering toroidal compactifications of string theory, Gint is enlarged to O(n, n)
which acts transitively on the fields originating from the ten-dimensional metric and the B-
field and contains the T-duality group O(n, n; Z) [214, 215]. With an abuse of terminology
we shall refer to the continuous group O(n, n) as the T-duality group, bearing in mind that
the actual T-duality group is defined over the integers. As mentioned in the Introduction,
this group O(n, n) does not leave the RR-sectors of (dimensionally reduced) Type IIA or
Type IIB theories invariant, but only SO(n, n) does. Transformations in O(n, n)/SO(n, n)
will map dimensionally reduced Type IIA RR-fields into the Type IIB ones. This is reflected
in the fact that in the four-dimensional maximal model, only the SO(6, 6) part of the T-
duality group is contained in E7(7). In fact the full four-dimensional model is chiral with
respect to SO(6, 6) in the sense that, depending on wether it originates from Type IIA or
Type IIB theories, the relevant E7(7) representations branch with respect to the maximal
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SL(2,R)× SO(6, 6) subgroup of E7(7) as follows:
Type IIA :
133−→ (3,1) + (1,66) + (2,32c) ,
56−→ (2,12) + (1,32s) ,
Type IIB :
133−→ (3,1) + (1,66) + (2,32s) ,
56−→ (2,12) + (1,32c) , (4.37)
where 32s and 32c are the two chiral spinorial representations of Spin(6, 6), which describe
the fields originating from the RR-forms in ten dimensions. They are are mapped into one
another by the outer automorphisms of the so(6, 6) algebra, in O(6, 6)/SO(6, 6), describing
the action of T-duality along an odd number of internal directions [216]. The fields originat-
ing from the NS-NS sector, on the other hand, are associated with tensor representations of
O(6, 6) and are the same in the Type IIA and IIB pictures.
From the branching of the adjoint representation 133 one can then infer the ten-dimensional
origin of the scalars, as deriving from RR or NS-NS fields. This is done by decomposing
the solvable Lie algebra S associated with Mscal with respect to the solvable Lie algebra
S ′ = SSL(2) ⊕SSO(6,6) associated with the submanifold [168]:
SL(2,R)
SO(2)
× SO(6, 6)
SO(6)× SO(6) ⊂
E7(7)
SU(8)/Z2
, (4.38)
where we define the following solvable parametrizations
SL(2,R)
SO(2)
∼ exp(SSL(2)) ; SO(6, 6)
SO(6)× SO(6) ∼ exp(SSO(6,6)) . (4.39)
The former manifold is parametrized by the four-dimensional dilaton φ4, which is a T -duality
invariant combination of the ten dimensional dilaton and the volume of the internal manifold
in the string frame (see for instance [24]):
φ4 ≡ φ− 1
2
log(Vol[Mint]) ,
and the scalar B˜ dual to the 2-form Bµν . The latter is parametrized by the moduli guv, Buv,
u, v = 4, . . . , 9 describing the internal components of metric and of the B-field. The solvable
Lie algebra decomposition reads:
S = (SSL(2) ⊕SSO(6,6))⊕s N[32] , (4.40)
where⊕s denotes the semidirect sum and the 32-dimensional nilpotent space N[32] is parametrized
by the scalar fields φsRR originating from the RR-sector (32 = 32c and 32 = 32s in the Type
IIA and IIB pictures, respectively). The above decomposition corresponds to writing the
following isometric mapping
Mscal ∼
[
SL(2,R)
SO(2)
× SO(6, 6)
SO(6)× SO(6)
]
n exp(N[32]) , (4.41)
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that is choosing the coset representative L(φs) of the following form:
L(φs) = L(φsRR)L(φ
s
NS) , (4.42)
where L(φsRR) ∈ exp(N[32]) and L(φsNS) describes the submanifold (4.38) spanned by the
NS-NS scalars.
A more detailed characterization of the ten-dimensional origin of the four-dimensional
fields is effected by further decomposing the SO(6, 6)-representations in (4.37) with respect
to the GL(6,R) group of the six-dimensional internal torus. There are two inequivalent
sl(6,R) algebras within e7(7). To understand the corresponding embeddings inside the global
symmetry algebra, let us recall few general facts about the algebra e7 over the complex
numbers (a basic knowledge of Lie algebras is required at this point, see for instance [166]).
Simple complex Lie algebras are totally characterized by a Dynkin diagram.
Figure 1: The Dynkin diagram of the complex Lie algebra e7.
The diagram of e7, see Fig. 1, can be obtained from that of so(12,C) (also denoted by D6
and describing, once projected to the real numbers, the algebra of the SO(6, 6)-subgroup)
by attaching to one of the two symmetric legs the weight W32 corresponding to the chiral
spinorial representation 32. We can either attach W32c to one leg or W32s to the other, the
two possibilities corresponding to the Type IIA or Type IIB pictures and being related by
the outer automorphism of the D6 subalgebra, see Fig. 2.
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Figure 2: Dynkin diagram of e7: The diagram in the upper-left corner corresponds to the Type
IIA picture, that in the upper-right corner to the Type IIB one. The empty circles define the
D6 subalgebra, while the continuous lines enclose the subdiagrams of the two inequivalent sl(6)
subalgebras. The two pictures are related by an outer automorphism of D6 subalgebra (lower
figure).
The embeddings of the two inequivalent sl(6) subalgebras is illustrated in the same Figure,
where they are represented as a same algebra within two different constructions of the e7-one.
We see that in the Type IIB picture the sl(6) algebra, associated with the internal torus,
commutes with the sl(2) subalgebra defined by the root W32s . The latter generates the
global symmetry group SL(2,R)IIB of Type IIB supergravity at the classical level. In fact,
in the Type IIB picture, the SL(6,R) subgroup of the torus commutes inside E7(7) with a
larger group: SL(3,R). On the other hand, in the type IIA picture, the SL(6,R) subgroup
of the torus only commutes with a GL(2,R) group. Its diagram, however, can be extended
to an sl(7) one by including the W32c-root. The corresponding SL(7,R) is associated with
the internal seven-torus in the description of the four-dimensional theory as deriving from
eleven dimensions. We shall return on this issue later in Sect. 7.1 when dealing with toroidal
reductions.
If we view the four-dimensional theory as originating from the Type IIB theory com-
pactified on a six-torus, the ten-dimensional origin of the fields is then derived by branch-
ing the relevant E7(7)-representations with respect to the characteristic subgroup (4.10)
127
SL(6,R)× SL(2,R)IIB× SO(1, 1) contained in the maximal subgroup SL(6,R)× SL(3,R) of
E7(7):
56→(6′,1)−2 + (6,2)−1 + (20,1)0 + (6′,2)+1 + (6,1)+2 . (4.43)
133→(1,2)−3 + (15,1)−2 + (15′,2)−1 + (1 + 35,1)0 + (1,3)0+
+ (15,2)+1 + (15
′,1)+2 + (1,2)+3 (4.44)
The gradings are referred to the SO(1, 1)-factor acting as a rescaling of the internal metric,
guv → e2λ guv. A generic field Φ is associated with a grading k such that the transformation
Φ → e2kλ Φ, combined with the corresponding transformation of guv, is a symmetry of the
action. In (4.43) (6′,1)−2 describes the six Kaluza-Klein vectors Guµ, u = 4, . . . , 9, originating
from the ten-dimensional metric, (6,2)−1 the couple of vectors (Cuµ, Buµ) from the NS-NS
B-field and the RR 2-form, respectively, and (20,1)0 describes the vectors Cµ uvw originating
from the 4-form RR field. Of the latter, only half are electric vector fields, and are defined
by the field strengths which are self-dual with respect to the Hodge-duality operation in the
six internal directions.
The identification of the scalar fields proceeds through the solvable Lie algebra decompo-
sition:
S = SGL(6) ⊕SSL(2)IIB ⊕ N[(15,2)+1] ⊕ N[(15
′,1)+2] ⊕ N[(1,2)+3] , (4.45)
whereSGL(6) andSSL(2)IIB define the solvable parametrization of the submanifolds GL(6,R)/SO(6)
and SL(2,R)IIB/SO(2), respectively. The algebra SSL(2)IIB is parametrized by the ten-
dimensional dilaton φ and the axion ρ, SGL(6) by the moduli guv of the internal metric,
see Eq. (4.9), N[(15,2)+1] by the internal components Buv, Cuv of the B-field and the RR
2-form, respectively, N[(15
′,1)+2] by the internal components Cuvwt of the 4-form RR field and
N[(1,2)+3] by the two scalar fields dual to the NS-NS and RR 2-forms Bµν , Cµν . The nilpo-
tent isometries generated by N[(15,2)+1], N[(15
′,1)+2], N[(1,2)+3] are all associated with the scalar
fields originating from higher-rank antisymmetric tensor fields in ten dimensions. In fact the
corresponding global symmetries in of the four-dimensional theory are the remnant of the
gauge symmetries related to these fields.
In the Type IIA picture, the branchings are effected with respect to the subgroup (4.10)
which has the form SO(1, 1)×GL(6,R), since in this case the global symmetry group of the
ten-dimensional theory is just SO(1, 1) and not SL(2,R) as in the Type IIB case. Let us give
these branchings only specifying the grading with respect to the SO(1, 1)-factor acting as a
rescaling of the internal metric:
56→6′−2 + 1− 3
2
+ 6−1 + 15− 1
2
+ 15′
+ 1
2
+ 6′+1 + 1+ 3
2
+ 6+2 . (4.46)
133→1−3 + 6− 5
2
+ 20− 3
2
+ 15′−1 + 6
′
− 1
2
+ (35 + 1 + 1)0+
+ 6+ 1
2
+ 15+1 + 20+ 3
2
+ 6′
+ 5
2
+ 1+3 . (4.47)
The representation 6′−2 in (4.46) describes the Kaluza-Klein vectors G
u
µ, 1− 3
2
the vector Cµ
originating from the RR 1-form in ten dimensions, 6−1 and 15− 1
2
the vectors Buµ and Cµ uv
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from the NS-NS B-field and the RR 3-form, respectively. Just as in the previous cases, the
identification of the scalar fields proceeds through the solvable Lie algebra decomposition
deduced from Eq. (4.47):
S = SGL(6) ⊕SSO(1,1) ⊕ N[6+1/2] ⊕ N[15+1] ⊕ N[20+3/2] ⊕ N[6
′
+5/2] ⊕ N[1+3] , (4.48)
where, as usual, SGL(6) is parametrized by the moduli guv of the internal metric, SSO(1,1)
by the ten-dimensional dilaton field, N[6+1/2] by the six scalar fields originating form the RR
1-form, N[20+3/2] by the scalars Cuvw from the RR 3-form, N
[15+1] by the scalars Buv from
the B-field and N[6
′
+5/2], N[1+3] by the scalars C˜u and B˜ dual to the 2-forms Cuµν and Bµν ,
respectively.
Let us elaborate on the difference between the branchings (4.43), (4.44) and (4.46), (4.47)
in light of our previous discussion about T -duality. We have learned that the difference
between the Type IIA and the Type IIB descriptions of the maximal four-dimensional su-
pergravity is limited to the fields originating from the RR-sector, which belong to chiral
spinorial representations of Spin(6, 6). This holds non only for the bosonic fields (scalars
and vectors), but also, as we shall see, for the different kinds of fluxes, which belong to the
912 representation of the embedding tensor. In particular the different branchings in the
two pictures originate from the different branchings of the two chiral representations 32s
and 32c of Spin(6, 6) with respect to the SL(6,R) subgroup of O(6, 6):
32s → 1 + 15 + 15′ + 1 , (4.49)
32c → 6 + 20 + 6′ . (4.50)
We see that 32c decomposes in SL(6,R)-representations describing rank-k antisymmetric
tensors with k odd (rank-1, rank-3 and rank-5), as it is the case for the scalar fields in the
Type IIA description or the vector fields in the Type IIB one. On the other hand the 32s
decomposes in antisymmetric tensor-representations with even-rank (rank-0, rank-2, rank-4
and rank-6), as it is the case for the scalar fields in the Type IIB description or the vector
fields in the Type IIA one.
Finally let us consider the description of the maximal theory as originating from the
toroidal compactification of M-theory, that is D = 11 supergravity. Since the eleven-
dimensional action has no global invariance, the group with respect to which to branch
the relevant E7(7)- representations is Gint = GL(7,R). We find:
56→7′−3 + 21−1 + 7+3 + 21′+1 , (4.51)
133→7−4 + 35′−2 + 1 + 48′0 + 35+2 + 7′+4 . (4.52)
In Eq. (4.51) the representations 7′−3 + 21−1 describe the Kaluza-Klein vectors G
α
µ, α,β =
4, . . . , 10 and the vectors Aµαβ from the 3-form field, respectively. To identify the scalar
fields we need to proceed through the solvable Lie algebra decomposition
S = SGL(7) ⊕ N[35+2] ⊕ N[7+4] , (4.53)
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SGL(7) being parametrized by the moduli of the internal metric gαβ, N
[35+2], N[7+4] by the
scalars Aαβγ and the scalars A˜
α dual to Aαµν . Once all forms are dualized to lower-order ones,
the on-shell symmetry group E7(7) becomes manifest and the off-shell symmetry GL(7,R) is
enhanced to SL(8,R). The resulting symplectic frame is the SL(8,R)-one discussed above.
In the Type II or M-theory descriptions of maximal four-dimensional supergravity, there
is a precise characterization of the dimensionally reduced fields and geometric quantities
associated with the global symmetry algebra g = e7(7): The dilatonic scalars, which comprise
the ten-dimensional dilaton in the Type II picture and the moduli associated with the radii of
the internal torus, are parameters of the Cartan-subalgebra C, while the axionic scalar fields,
deriving from the higher-dimensional antisymmetric tensor fields, parametrize the nilpotent
generators of S (in N) and thus correspond to positive roots of e7(7) (see final paragraph of
Sect. 2.1.1). The vector fields on the other hand are in one-to-one correspondence withe
the e7(7)-weights of the 56-representation. As we shall see, the internal fluxes are associated
with weights of the 912 representation of the embedding tensor. The precise correspondence,
together with a detailed discussion of the action of dualities, is given in Appendix A.6.
4.4 The Gauging
According to our general discussion of Sect. (3.1.1), the most general gauge group Gg which
can be introduced in this theory is defined by an embedding tensor ΘM
α (M= 1, . . . , 56
and α = 1, . . . , 133), which expresses the gauge generators XM as linear combinations of
the global symmetry group ones tα (3.46). The embedding tensor encodes all parame-
ters (couplings and mass deformations) of the gauged theory. This object is solution to
the G-covariant constraints (3.59),(3.60), (3.61), which we can be expressed as pure group
theoretical constraints on the representation of Θ and its orbit under the action of E7(7),
respectively.
4.4.1 A Group Theoretical Analysis
The embedding tensor formally belongs to the product
ΘM
α ∈ Rv∗ × adj(G) = 56 × 133 = 56 + 912 + 6480 . (4.54)
The linear constraint (3.59) sets to zero all the representations in the above decomposition
which are contained in the 3-fold symmetric product of the 56 representation:
X(MNP ) ∈ (56× 56× 56)sym. → 56 + 6480 + 24320 . (4.55)
The representation constraint therefore selects the 912 as the representation RΘ of the
embedding tensor75. The quadratic constraints pose further restrictions on the E7(7)-orbits
75 We can relax this constraint by extending the representation to include the 56 in (4.54). Consistency
would require the gauging of the scaling symmetry of the theory (which is never an off-shell symmetry), also
called trombone symmetry [217–219]. This however leads to gauged theories which do not have an action.
We shall not discuss these gaugings here.
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of the 912 representation which ΘM
α should belong to. As we have seen, since all isometries
have a non-trivial symplectic duality action, if the linear constraint holds, the quadratic
constraint (3.61) implies (3.60). In particular, by virtue of the latter, the embedding tensor
can be rotated to an electric frame through a suitable symplectic matrix E, see Eq. (3.48)
and Sect. 3.5. As we shall show below, the two quadratic constraints, provided the linear
one holds, are equivalent. This is a feature of maximal supergravity.
From a group theoretical point of view, the product of two embedding tensors transforms
in the symmetric product of two RΘ = 912, which decomposes under E7(7) as follows:
(912× 912)sym. = 133 + 8645 + 1463 + 152152 + 253935 . (4.56)
The locality condition formally transforms in the antisymmetric product of two adjoint
representations of E7(7), whose decomposition is: 133∧133 = 133 + 8645. It thus amounts
to setting to zero the representation 133 + 8645 on the right hand side of (4.56). We
can prove that, if the linear constraint holds, the closure condition (3.61) poses no further
restriction on Θ [156]. To show this it is useful to use the explicit form of the projector
PΘ in (3.63) implementing the linear constraint as given in Appendix A.4. In particular by
the second of Eqs. (A.104) (in our case D1 = 912), with the coefficients a1, a2, a3 given in
Table 10. Once the 56 is projected out through the condition tαM
N ΘN
α = 0, the action of
PΘ simplifies and the representation constraint reads [156]:
(tβt
α)M
N ΘN
β = −1
2
ΘM
α . (4.57)
This constraint has strong implications on the form of the tensor XMN
P in the electric frame
[156], discussed at the end of Sect. 3.5.
The quadratic condition (3.61) can be expressed in the following form:
CMN
α = 0 , (4.58)
where the tensor CMN
α is defined as follows:
CMN
α ≡ ΘMβ ΘNδ fβδα +ΘMβ tβNP ΘP α . (4.59)
Using the linear constraint on Θ, namely tαM
N ΘN
α = 0, and Eq. (4.57), one can show after
some algebra that [156]:
tαM
N CPN
α = 0 , (tβt
α)M
N CPN
β = −1
2
CPM
α , tαM
P CPN
α = tαN
P CPM
α . (4.60)
The above properties imply that CPN
α, once the linear constraint is implemented on Θ,
belongs to the product 56× 912 which decomposes as follows:
56× 912→ 133 + 8645 + 1539 + 40755 , (4.61)
The only representations on the right hand side which occur also in the decomposition (4.56)
are the 133 + 8645.
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This proves that the quadratic constraints (3.60) and (3.61), if the representation con-
straint holds, are equivalent and amount to setting to zero the representation RΘΘ = 133 +
8645 on the right hand side of (4.56).
We shall denote by RΘΘ this representation.
From Eq. (4.57) we can also deduce that the gauge group cannot have U(1) or SO(1, 1)-
factors, namely be of the form: Gg = U(1)× Gˆg, or Gg = SO(1, 1)× Gˆg. Indeed Eq. (4.57)
can be recast in the form:
XNM
PXLP
N = −1
2
Tr(XM XL) . (4.62)
Suppose the generator of the U(1)-factor corresponds, in the above equation, to L = 1. Since
X1 commutes with all the other generators, [X1, XM ] = 0, from the quadratic constraints
we have X1P
N XN = 0 and thus, from (4.57) we find
Tr(X1XM) = 0 . (4.63)
We conclude that Tr(X1X1) = 0, which excludes the presence of a U(1) or SO(1, 1)-factor.
Steps 1,2 and 3 of Sect. 3 allow to construct the bosonic gauged Lagrangian in the electric
frame, while their generalization discussed in Sect. 3.2 allow a frame-independent formulation
of the gauging procedure and thus a manifestly G-covariant form of the field equations and
Bianchi identities.
4.4.2 Fermion-Shift Tensors, T-Tensor and the Scalar Potential.
The complete supersymmetric gauged Lagrangian is then obtained by adding fermion mass
terms, a scalar potential and additional terms in the fermion supersymmetry transformation
rules, according to the prescription given in Step 4. All these deformations depend on the
fermion shift matrices SAB, NIA. In the maximal theory I = [ABC] labels the spin-1/2
fields χABC and the two fermion shift-matrices are conventionally denoted by the symbols
A1 = (AAB), A2 = (A
D
ABC). The precise correspondence is:
SAB = − 1√
2
AAB ; NABCD = −
√
2ADABC . (4.64)
where
AAB = ABA ; AABC
D = A[ABC]
D ; ADBC
D = 0 . (4.65)
The above properties identify the SU(8) representations of the two tensors:
AAB ∈ 36 ; AABCD ∈ 420 . (4.66)
The T-tensor, defined in (3.79), as an E7(7)-object transforms in RΘ = 912, while as an
SU(8)-tensor it belongs to the following sum of representations:
T ∈ 912 SU(8)−→ 36 ⊕ 36 ⊕ 420 ⊕ 420 , (4.67)
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which are precisely the representations of the fermion shift-matrices and their conjugates
AAB, A
AB, AABCD, AA
BCD. We can thus view the properties (4.65) as following from the
linear constraint on T. This in particular guarantees that the O(g)-terms in the super-
symemtry variation of L (0)gauge, which depend on the T-tensor, only contain SU(8)-structures
which can be canceled by the new terms containing the fermion shift-matrices. This shows
that the linear condition Θ ∈ RΘ is also required by supersymmetry. The same holds for
the quadratic constraints (3.61) which imply the T-identities (3.87) and, in particular, the
Ward identity (3.110) for the potential [141, 156]:
V (φ) δBA =
g2
6
NCDEANCDEB−12 g2 SACSBC = g
2
3
ABCDEAA
CDE−6 g2AAC ABC , (4.68)
from which we derive:
V (φ) = g2
(
1
24
|ABCDE|2 − 3
4
|AAB|2
)
, (4.69)
The scalar potential can also be given a manifestly G-invariant form [156] :
V (φ) = − g
2
672
(
XMN
RXPQ
SMMPMNQMRS + 7XMNQXPQNMMP
)
, (4.70)
where MMN is the inverse of the (negative definite) matrix MMN defined in (2.89) and,
as usual, XMN
R describe the symplectic duality action of the generators XM in the Rv∗-
representation: XMN
R ≡ Rv∗[XM ]NP .
Properties of the fermion-shift tensors. Let us write the fermion-shift tensors as com-
ponents of the T-tensor, using Eqs. (3.114)
(TAB)CDEF = 4 δ[C[ETF ]
D]AB ; (TAB)CDEF = −4 δ[C[ETD]F ]AB ,
TC
DAB = LM ABc QMDC = −
1
2
NDABC − 2SD[AδB]C =
1√
2
AC
DAB +
√
2AD[Aδ
B]
C ,
(TAB)CDEF = −4 δ[C[ANDEF ]B] = 4
√
2 δ
[C
[AAB]
DEF ] .
The quadratic constraints (3.87), expressed in terms of the T-tensor, imply the following
conditions on the fermion-shift tensors:
0 = ACDAB AF
EAB − ADCAB AEFAB − 4A(CDFAAE)A − 4A(FECAAD)A
− 2 δED AFAACA + 2 δCF ADAAEA , (4.71)
0 = AABC[E A
C
FGH] + ABCδ
A
[EA
C
FGH] − AB[EAAFGH] (4.72)
+
1
24
εEFGHA1A2A3A4
(
AB
ACA1 AC
A2A3A4 + AACδA1B AC
A2A3A4 − AAA1ABA2A3A4
)
,
0 = AA1ABC AA1
EFG − 9A[EA1[AB AC]FG]A1 − 9 δ[A[E AF |A1A2|B AC]G]A1A2
− 9 δ[AB [EF A|A3|C]A1A2 AA3G]A1A2 + δABCEFGAA3A1A2A4 AA3A1A2A4 . (4.73)
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By suitably contracting the indices of Eqs. (4.71) and (4.73), one finds after some algebra
the following relation:
1
24
AACDE AB
CDE − 3
4
AAC ABC =
1
8
δAB
(
1
24
AFCDE AF
CDE − 3
4
AFC AFC
)
, (4.74)
which is the potential Ward identity (3.110) for the maximal supergravity, the potential
being given by (4.69).
Using the coset geometry and Eq. (3.127) we derive the “gradient flow” equations (3.128)
which, in terms of A1, A2, read:
DsAAB = −1
6
A(A
CDEPs|B)CDE ,
DsA
F
ABD = −AFE PsEABD − 3
2
A[A
FEGPs|BD]EG + 1
2
δF[AA
EGH
B Ps|D]EGH . (4.75)
Using the above relations and the expression (4.69) of the scalar potential, one can write the
gradient of the potential in the following form:
∂
∂φs
V = −g
2
12
PBEFGs CBEFG + c.c. =
= −g
2
12
PBEFGs
(
CBEFG + 1
24
BEFGA1A2A3A4CA1A2A3A4
)
(4.76)
where the tensor CBEFG reads:
CBEFG ≡ AA[BEF AG]A + 3
4
AAD[BE A
D
FG]A , (4.77)
and we have used the reality condition (2.164) on PBEFGs . Equation (4.76), which expresses
Eq. (3.119) in the maximal model, implies that extremal points φ0 of the scalar potential
correspond to values of the scalar fields for which the tensor CBEFG is anti-selfdual:
∂
∂φs
V = 0 ⇔ CBEFG + 1
24
BEFGA1A2A3A4CA1A2A3A4 = 0 . (4.78)
Recall that CBEFG is a quadratic function of Θ and a non-linear function of the scalar fields.
As mentioned in Sect. 3.9, when looking for vacua of gauged maximal supergravities with
certain features, like residual symmetry, one can, with no loss of generality, restrict oneself
to the origin of the manifold (in which all scalar fields are zero) and solve Eqs. (4.78) as
quadratic conditions on the embedding tensor [191, 209, 210]. This allows to search for the
vacua through all gauged models at once.
General arguments based on the quadratic constraints (4.71), (4.72) and (4.73), exclude
the existence of AdS vacua preserving 4 < N ′ < 8 supersymmetries [220] (and thus N ′ = 6
AdS vacua, consistently with the results of [221]).76
76The only known instances of N ′ = 3 and N ′ = 4 AdS vacua were recently found in [220]. They occur in
models with dyonic gaugings to be dealt with in Sect. 4.6.5.
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Mass matrices. Let us give the mass matrices for the various fields [219].
Scalar masses. Using the SU(8)-covariant parametrization (4.7) of the scalar manifold
and linearizing the scalar field equations by expanding the scalar fields about a vacuum
solution φ0 = (φ
ABCD
0 ):
φABCD = φABCD0 + δφ
ABCD , (4.79)
one finds:
2 δφABCD = MABCD
EFGH δφEFGH +O(δφ2) , (4.80)
where we have used the property PABCDµ = ∂µδφABCD +O(δφ2) and the scalar squared-mass
matrix MABCD
EFGH is given by
MABCD
EFGH δφABCDδφEFGH = 6g
2
(
AE
ABCADABF− 14AABCDAABEF
)
δφEFGHδφCDGH
+ g2
(
5
24
AA
BCDAABCD − 12AABAAB
)
δφEFGHδφEFGH
− 2
3
g2AA
BCDAEFGH δφ
AFGHδφBCDE
= 48V (2)(δφ) , (4.81)
where we have denoted by V (2)(δφ) the terms of the scalar potential (4.69) which are of
second order in δφ upon expansion around the vacuum φ0:
V (φ) = V0 + V
(2)(δφ) +O(δφ3) . (4.82)
Vector masses. Besides the general expression (3.266) for the vector squared-mass matrix
we can derive formulas for it which are specific to the maximal model. In the SU(8)-basis,
the matrix reads
Mv =
(
MABCD M
ABCD
MABCD MAB
CD
)
, (4.83)
with
MABCD = −16g2A[AEGHδB][CAD]EGH + 12g2A[AGH[CAD]B]GH ,
MABCD = 1
36
g2A[AA1A2A3
B]A1A2A3B1B2B3[CAD]B1B2B3 . (4.84)
We can also give this matrix a manifestly symplectic covariant form
MvM
N = − 1
24
g2
[
Tr(XM XP ) + Tr(M−1XMM (XP )T )
]MPN . (4.85)
Fermion masses. Finally, the gravitino and spin-1/2 mass matrices were discussed in a
general theory in Sect. 3.9.2. They are given, in an AdS vacuum, by Eqs. (3.270) and
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(3.272). Specializing these general formulas to the maximal theory we find [220, 222]
M [
3
2 ]AB =
√
2 g AAB ,
M [
1
2 ]ABC,EFG =
1
3
(
MABC,EFG +
√
2
3
∑
G,H
′
(
A
|A|2 + V0
6 g2
1
)
GH
AGABCA
H
EFD
)
=
=
√
2
12
(
ABCA1A2A3[EFAG]
A1A2A3 +
4
3
∑
G,H
′
(
A
|A|2 + V0
6 g2
1
)
GH
AGABCA
H
EFD
)
,
(4.86)
where the normalization of the dilatino mass matrix is fixed by writing the corresponding
linearized field equation in the form
iγµDµχABC = M [ 12 ]ABC,EFG χEFG . (4.87)
The Minkowski vacua correspond to the case V0 = 0.
4.5 The Gauged Action and Supersymmetry Transformations
We give, for the sake of completeness, the gauged Lagrangian of the maximal theory, in the
duality covariant formalism:77
LB = −e
2
R+
e
48
PˆABCDµ PˆµABCD +
e
4
IΛΣ HµνΛHµν Σ + 1
8
RΛΣ εµνρσHµνΛHρσΣ+
− 1
8
εµνρσ ΘΛαBµν α
(
2 ∂ρAσ Λ +XMN ΛAρ
MAσ
N − 1
4
ΘΛ
βBρσ β
)
− 1
3
εµνρσXMN ΛAµ
MAν
N
(
∂ρAσ
Λ +
1
4
XPQ
ΛAρ
PAσ
Q
)
− 1
6
εµνρσXMN
ΛAµ
MAν
N
(
∂ρAσΛ +
1
4
XPQΛAρ
PAσ
Q
)
+ µνρσ(ψ¯Aµ γνDρψAσ − ψ¯AµγνDρψAσ )−
i e
12
(χ¯ABCγµDµχABC + χ¯ABCγµDµχABC)
− e
6
χ¯ABCγµγνψDµ DνφsPsABCD −
e
6
χ¯ABCγ
µγνψDµDνφsPABCDs
+
e
4
H+ΛµνIΛΣ f¯ΣABOAB µν + e
4
H−ΛµνIΛΣfΣABOABµν
− g e
(√
2ψ¯Aµ γ
µν ψBν AAB +
√
2
6
i χ¯BCD γµ ψµA A
A
BCD − 1
36
χ¯ABC χEFG MABC,EFG
)
+ h.c.
− e V (φ) +L4f , (4.88)
where:
OAB µν = 2 ψ¯Aργ[ργµνγσ]ψB σ + i ψ¯Cρ γµνγρχABC +
1
72
ABCDEFGH χ¯
CDEγµνχ
FGH , (4.89)
77We refer the reader to [156] for the complete Lagrangian which includes higher order terms in the fermion
fields.
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and the tensor MABC,EFG was given in (3.129)
MABC,DEF =
1
2
√
2
ABC,A′B′C′[DE AF ]
A′B′C′ . (4.90)
The supersymmetry variations of the fields, see Eqs. (3.236)-(3.242), read
δφsPABCDs = ΣABCD , (4.91)
δAMµ = LMc M O
M
µ =
1
2
LMc AB OABµ + h.c. , (4.92)
δVµ
a = i ¯AγaψµA + i ¯Aγ
aψAµ , (4.93)
δψAµ = DµA − 1
8
H−ρσ ABγ
ρσγµ
B + i g SAB γµ B . . . , (4.94)
δχABC = iDµφs PsABCDγµD − 3i
4
H−µν [ABγ
µνC] + gNABCDD . . . , (4.95)
ΘΛα δBαµν =
i
3
(
χ¯ABCγµνD PΛABCD − χ¯ABCγµνD PΛABCD
)−
− 8
(
ψ¯A [µγν]
B + ψ¯B[µγν]A
)
QΛBA − 2XΛPMCMN AP[µ δANν] , (4.96)
where
ΣABCD = −4
(
¯[AχBCD] +
1
24
ABCDEFGH ¯[AχBCD]
)
,
OABµ ≡ i ¯CγµχABC − 4 ¯[AψB]µ , (4.97)
and we have used Eq. (3.235).
4.6 Old and New Gaugings
As mentioned in Sect. 3.1.1, different symplectic frames (i.e. different ungauged Lagrangians)
correspond to different choices for the viable gauge groups and may originate from different
compactifications.
4.6.1 The SL(8,R)-Frame.
In the SL(8,R)-frame the possible gaugings are conveniently discussed by branching the 912
with respect to Gel:
912
SL(8,R)−→ 36 + 36′ + 420 + 420′ , (4.98)
the branchings of the 133 and the 56 representations were given in Eqs. (4.11). It is useful
to arrange the representations in Eq. (4.98) in the following table [152, 156]
28 28′
63 36 + 420 36′ + 420′
70 420′ 420
(4.99)
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where the left column describes the E7(7) generators (in the 133), grouped in SL(8,R)-
representations, while the top row contains the same description of the electric and magnetic
vector fields (in the 56). The table illustrates which (electric or magnetic) vector field is
associated by the embedding tensor with which generator, if we choose to switch on any
of the representations in the branching of the 912 separately. If we are interested in the
gaugings within the SL(8,R)-frame, only the electric vectors AΛµ = Aabµ in the 28′ can be
involved. This mounts to considering an embedding tensor in which the only non-vanishing
block is Θab
α, namely the index M labels the 28. Table 4.99 tells us then that the index α
can only run in the 63 (namely the SL(8,R)-generators) since otherwise the representation
420′ would be switched on, which also involves the magnetic vector fields. By the same token
we single out in the branching of the 912 only the representation 36, excluding the 420.
Any element in the 36 defines a viable gauging, since the locality constraint (3.60) is satisfied
by construction. A closer analysis [150, 152] shows that, modulo an SL(8,R)-conjugation,
the general form of Θ ∈ 36 is given by
ΘM
α = Θ[ab] d
c = δc[a θb]d , θab = diag{1, . . . , 1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
q
, 0, . . . , 0︸ ︷︷ ︸
r
} , (4.100)
with a, b = 1, . . . , 8, and correspond to gauge groups of the form CSO(p, q, r), p + q + r =
8 [150, 183–185]. 78 Such groups are in general non-semisimple and are defined as the
subgroups of SL(8,R) preserving the metric θab. They have the following structure:
CSO(p, q, r) = SO(p, q)n exp(N(p+q,r)) = SO(p, q)n T r(p+q) , (4.101)
where N(p+q,r) is a r(p+ q)-dimensional Abelian, nilpotent subspace of sl(8,R) transforming
under (the adjoint action of) the SO(p, q)-subgroup in r-copies of its fundamental representa-
tion p + q. It generates a subgroup of r(p+ q) translations T r(p+q). The group CSO(p, q, 1),
p+ q = 7, is also denoted by ISO(p, q).
A special case is CSO(8, 0, 0), which coincides with SO(8) and corresponds to the first
gauging of the maximal theory by de Wit and Nicolai [140, 141]. The vacua of these models,
which have not been completely classified yet, have been the subject to a long investigation
which started in the eighties, see for instance [223–227]. The SO(8)-gauged theory, for
instance, besides the maximally supersymmetric AdS vacuum at the origin, corresponding
to the compactification of the eleven dimensional theory on a seven-sphere, features a number
of other vacua which can be systematically studied in terms of their residual symmetry. Only
some of them were put in correspondence with variants of the seven-sphere compactification.
As an example, the G2-invariant vacua are illustrated in Fig. 3.
79 The other CSO(p, q, r)-
models do not feature particularly interesting vacua: There are unstable de Sitter vacua for
78In [150], introducing the embedding tensor representation, it was proven that the CSO(p, q, r) groups
represent the most general gauging in the SL(8,R)-frame. In [150, 183–185] it is also discussed how these
groups can be obtained though a singular SL(8,C)-transformation (implying an Ino¨nu¨-Wigner contraction)
on the XΛˆΣˆ
Γˆ tensor of the SO(8) gauge group.
79Under the action of the G2 subgroup of SO(8), all the representations 8s,c,v branch as 8s,c,v → 1 + 7.
Similarly we have: 35s,c,v → 1+ 7+ 27. Therefore, parametrizing the scalar manifold in terms of φabv , φabcdc
in the 35v and 35c, respectively, there are only two scalars which are G2-singlets: φ1 in the 35v (proper
scalar) and φ2 in the 35c (pseudo-scalar), see Eq. (4.33).
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Gg = SO(5, 3) and SO(4, 4), and a Minkowski vacuum for Gg = CSO(2, 0, 6), which is an
example of flat group, see below. Just as the SO(8)-model originates from a reduction on a
seven-sphere of eleven-dimensional supergravity, CSO(p, q, r)-models can be interpreted as
consistent truncations of the same theory on backgrounds which are warped products of an
Einstein space-time and a non-compact internal space of the form
Mint = H(p,q) × Rr ,
where, for q > 0, H(p,q) is a hyperboloid80 [226]. This statement, for generic p, q, r, has
been recently put on rigorous grounds within the framework of exceptional field theory [136].
Certain CSO(p, q, r)-models, featuring a runaway potential (and thus no vacua), have been
considered in the context of domain-wall solutions [228, 229].
4.6.2 The E6(6)-Frame.
In order to discuss the gaugings in the E6(6)-frame we start by decomposing the 912 with
respect to the block-diagonal group E6(6) × SO(1, 1):
912 → 78−3 + 27′−1 + 351′−1 + 351+1 + 27+1 + 78+3 , (4.102)
the decompositions of the 133 and 56 being given in (4.25) and (4.24). Just as we did for
the SL(8,R)-frame, we arrange the representations in the above branching in the following
table [152, 156]
1−3 27′−1 27+1 1+3
27−2 78−3 351′−1 + 27
′
−1 27+1
780 78−3 351′−1 + 27
′
−1 351+1 + 27+1 78+3
10 27
′
−1 27+1
27′+2 27
′
−1 351+1 + 27+1 78+3
(4.103)
which summarizes the couplings between the vector fields and the generators induced by the
various components of the embedding tensor. Recall that the electric vector fields (AΛµ) =
(A0µ, A
λ
µ) transform in the 1−3 + 27
′
−1. Therefore the most general gauging involving only
these vectors must be defined by an embedding tensor of the form (ΘΛ
α) = (Θ0
α, Θλ
α),
whose first index labels the 1+3 + 27+1. Inspection of the above table shows that such
gauging can only live in the 78+3 representation. Vice versa, every such embedding tensor
automatically satisfies the quadratic constraint (3.60) and thus defines a viable gauging.
These are the theories originating from five dimensions by Scherk-Schwarz reduction on a
circle [79, 189, 230, 231].81 This kind of dimensional reduction was originally devised in
[79, 230] as a possible mechanism for producing an effective four-dimensional supergravity
80The space H(p,q) is defined as the surface (X1)2 + · · ·+ (Xp)2 − (Xp+1)2 − · · · − (Xp+q)2 = L2 in Rp,q.
81This reduction was first considered in [230] and should be more appropriately named Cremmer-Scherk-
Schwarz or generalized Scherk-Schwarz reduction, to distinguish it from the original Scherk-Schwarz mech-
anism introduced in [79] as a generalization of toroidal dimensional reduction for a generic model describing
Einstein’s gravity coupled to matter.
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featuring spontaneous supersymmetry breaking at various scales. It represents a generalized
type of compactification in which the ansatz for the five-dimensional fields, on a space-time
of the form R1,3×S1, contains a dependence on the internal S1 coordinate y through a global
symmetry transformation of the five-dimensional Lagrangian, called Scherk–Schwarz “twist”
Φ(xµ, y) = eM y · Φ(xµ) , (4.104)
where eM y is the twist matrix and M is a global symmetry generator of the five-dimensional
theory which has a non-trivial action on the field Φ. This property of M guarantees that
the dependence on y ultimately disappears in the four-dimensional theory. However since y
has the dimension of an inverse-mass, M has the dimension of a mass and will induce mass
deformations in the lower-dimensional theory. They originate from terms, in the D = 5
Lagrangian, containing derivatives with respect to y: ∂2yΦ(x, y) = M
2 · Φ(x, y). If we start
from the five-dimensional maximal (ungauged) supergravity, whose Lagrangian has an E6(6)
global symmetry group, we can perform a Scherk–Schwarz reduction by taking as M any
generator of E6(6). The resulting four-dimensional supergravity is a gauged supergravity,
as was first shown in [189]. This model is an instance of a “no–scale” supergravity as it
features a non–negative scalar potential. The only possible vacua are of Minkowski type
and are defined by the points in the scalar manifold in which the potential vanishes. These
points exist only if MT = −M , namely if M is a generator of the maximal compact subgroup
USp(8) of E6(6), see footnote 82 below, in which case the gauge group is called “flat” group.
The embedding tensor description for this theory, in terms of the 78+3 component, was first
given in [152]. The gauge generators have the following form:
XΛ =
{
X0 = θ0
α′ tα′
Xλ = θλ
δ tδ
; X0λ
δ = (X0)λ
δ = −θλδ = −Mλδ ∈ E6(6) . (4.105)
where Mλ
δ is the twist-matrix depending in general on 78 parameters, tα′ , α
′ = 1, . . . , 78,
are the E6(6) generators, and tλ are E7(7) generators in the 27
′
+2, defined in (4.26). The
non-vanishing components of XMN
P are:
X0λ
δ = −Xλ0δ = −X0δλ = Xλδ0 = −Mλδ ; Xλδγ = Mλλ′ dλ′δγ , (4.106)
where dλδγ denotes the rank-3, symmetric, invariant tensor of E6(6), introduced earlier. To
obtain Eqs. (4.106) we have used the property (tλ)δγ = dλδγ. The gauge algebra has the
following structure:
[X0, Xλ] = Mλ
δXδ , (4.107)
all other commutators vanishing. The linear constraint X(MNP ) = 0 is satisfied since X(λσδ) =
M(λ
pi dσδ)pi = 0, which in turn follows from the fact that M is a generator of E6(6) and dσδpi
is an E6(6)-invariant tensor.
If M is non–compact the corresponding theory effectively depends only on six parameters
and the potential is of run–away type, namely there is no vacuum solution. If, on the other
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hand, M is compact, the theory has Minkowski vacua and depends effectively on four mass
parameters m1, m2, m3, m4, since M can always be reduced to an element of the maximal
torus of USp(8). 82 These mass parameters fix the scale of spontaneous supersymmetry
breaking, which can yield an N ′ = 6, 4, 2 or N ′ = 0 effective theory.
4.6.3 The SU∗(8)-Frame.
These gaugings were first explored in [190]. The gauge group is contained in Ge = SU
∗(8).
The branchings of the E7(7)-representations with respect to this group are formally the same
as for the SL(8,R)-case. In particular we can write a table of the same form as Table 4.99.
Just as in the SL(8,R)-case, the gaugings involving only the electric vector fields Aa′b′µ , are
defined by Θ in the 36 representation. This component of the embedding tensor, by means
of an SU∗(8)-transformation, can be cast in the form:
θa′b′ = diag{1, . . . , 1︸ ︷︷ ︸
2p
, 0, . . . , 0︸ ︷︷ ︸
2q
} , (4.109)
The corresponding gauge group CSO∗(2p, 2q) is defined as the subgroup of SU∗(8) preserving
θa′b′ and contains the group SO
∗(2p) as well as commuting translations generated by nilpotent
generators. The case p = 4 and q = 0 corresponds to Gg = SO
∗(8) ∼ SO(2, 6). The theory
with gauge group CSO∗(6, 2) has a Minkowski vacuum preserving N ′ = 2 supersymmetries
and originating from a corresponding vacuum of the SO∗(6)-gauged five-dimensional maximal
supergravity, upon dimensional reduction on a circle [190]. In fact all the CSO∗(2p, 2q)
models feature Minkowski vacua preserving N ′ = 2q supersymmetries [232].
82 The scalar potential is obtained from Eq. (4.70) and the explicit from of the XMN
P tensor. It is
conveniently computed using the parametrization of the scalar manifold defined in (4.27). We can easily
convince ourselves that the T-tensor does not depend on the Peccei-Quinn scalars aλ. Indeed, when dressing
the embedding tensor Θ in the 78+3 by means of the coset representative L(φ), the leftmost factor e
aλ tλ
acts as an E7(7)-transformation on Θ generated by the shift-generators tλ in the 27
′
+2. The result would be
Θ plus terms, containing aλ, with O(1, 1)-grading +5, which are however absent in the branching (4.102) of
the 912 and thus do not occur in the T-tensor. Thus the action of eaλ tλ on Θ leaves it unaltered so that
the T-tensor only depends on σ and the five-dimensional scalar fields φˆ. The scalar potential is computed,
using (4.70) to have the general form:
V (φ) = V (σ, φˆ) ∝ e−6σTr(Mˆ(Mˆ + MˆT )) = e
−6σ
2
Tr
(
(Mˆ + MˆT )2
)
≥ 0 , (4.108)
where Mˆ = L−15 ML5 depends on the five-dimensional scalar fields, being L5 = L5(φˆ) the coset representative
in five dimensions in the 27 representation. The derivative of V with respect to σ vanishes if and only if
Mˆ = −MˆT , namely Mˆ is the Lie algebra usp(8), maximal compact subalgebra of e6(6). The reader can easily
verify that this condition also implies the vanishing of the derivatives of V with respect to the five-dimensional
scalar fields. With no loss of generality we can therefore fix M to be in usp(8) and the condition Mˆ = −MˆT
fixes all five-dimensional scalar fields except those parametrizing E6(6) generators which commute with M .
The latter are flat directions of the potential. The potential therefore features a locus of extremal points
parametrized by the flat directions. At these points the potential vanishes, so that they define Minkowski
vacua, and being V ≥ 0, these vacua are minima of V .
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4.6.4 Gaugings from Flux Compactifications
As we shall discuss in more detail in Sect. 7.1, besides the dimensionally reduced fields, also
all possible fluxes, namely the background quantities which can be switched on in a toroidal
compactification, naturally fit representations of the characteristic group Gint = GL(n,R) of
the internal torus T n. These comprise the form-fluxes, namely the fluxes of field-strengths
of ten-dimensional antisymmetric tensor fields. Clearly the back-reaction of such quantities
on the background metric will alter the geometry of the internal manifold which in general
will be different from a torus. Such interactions are captured, in a manifestly Gint-covariant
way, by the lower-dimensional gauged theory, in which the gauge group and all the cou-
plings, encoded in a single embedding tensor, are induced by the fluxes. As anticipated in
the Introduction, the embedding tensor provides the precise relation between the (general-
ized) background fluxes and the gauging of the lower-dimensional theory: The former are
characteristic components of the embedding tensor [61, 63, 66]. This identification can be
made precise by associating all possible background quantities with representations of Gint
and identifying such representations in the branching of the embedding tensor representation
912 with respect to the same group. The effect of any such generalized fluxes in the com-
pactification is reproduced by simply switching on the corresponding components of Θ. The
gauging procedure does the rest, leading, in a unique way, to the construction of the gauged
model. Since G encodes the conjectured string-duality group G(Z), by virtue of property
(3.243), the duality covariant formulation of gauged supergravities provides a suitable frame-
work where to systematically study the effect of string dualities on flux compactifications.
As discussed in Sect. 4.3, when deriving the maximal four-dimensional theory from Type
II superstring theory, the resulting description, with respect to the T -duality group (or bet-
ter Spin(6, 6)), is chiral: The RR fields are grouped in spinorial representations of Spin(6, 6)
whose chiralities depend on wether the higher dimensional theory is Type IIA or Type IIB.
This also holds for the background quantities which can be switched on in the compactifi-
cation (generalized fluxes), and which are encoded in the embedding tensor. The branching
of the embedding tensor representation with respect to SL(2,R)× SO(6, 6) is:
Type IIA : 912→ (3,32s) + (2,220 + 12) + (1,352c) , (4.110)
Type IIB : 912→ (3,32c) + (2,220 + 12) + (1,352s) . (4.111)
Each SO(6, 6)-representation above represents a subset of components of the embedding
tensor which is invariant under the action of proper T-duality transformations, while trans-
formations in O(6, 6)/SO(6, 6), which comprise T-dualities along an odd-number of internal
directions, will alter the chirality of the spinorial representations 32 and 352 and map
the two pictures into one another. From dimensional reduction one can deduce the Gint-
representation of the form-fluxes and pinpoint them in the branching of the 912 represen-
tation. For instance the fluxes of the RR field-strength k-forms across k-dimensional cycles
Σu1...uk of the torus transform in the following SL(6,R)-representations:
Fu1...uk ≡ 〈
∫
Σu1...uk
Fˆ (k)〉 ∈
∧
k6 . (4.112)
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where Fˆ (k) are field-strengths of RR (k− 1)-form fields C(k−1), which are present in the two
theories in the democratic formulation of [233]:83 even-k tensors in Type IIA theory and
odd-k in the Type IIB one.
These occur in the decomposition of one of the three 32 representations in (4.110) and
(4.111). According to (4.49) and consistently with the interpretation of their ten-dimensional
origin, in the Type IIA picture there are only even-rank fluxes, since only the representation
32s is present, while in the Type IIB picture the embedding tensor only contains odd-rank
fluxes:
Type IIA :
32s → {Fˆ (0), Fˆ (2), Fˆ (4), Fˆ (6)}
∣∣∣
T 6
,
Type IIB :
32c → {Fˆ (1), Fˆ (3), Fˆ (5)}
∣∣∣
T 6
. (4.113)
In Type IIA theory the 0-form flux m = Fˆ (0) is also known as the Romans’ mass, in the
presence of which the ten-dimensional theory is the so-called massive Type IIA and was
constructed in [234].
The rank-3 flux-tensor Huvw of the field-strength H
(3) = dB(2) of the B-field, belongs to
the SL(6,R)-representation 20 which appears in the decomposition of one of the 220 in
both (4.110) and (4.111). The same T -duality representation also contains other GL(6,R)-
components describing tensors with different index structures:
220→ 20[Huvw] + (84 + 6)[Tuvw] + (84′ + 6′)[Quvw] + 20′[Ruvw] , (4.114)
where the tensor Tuv
w can be obtained from Huvw through a T-duality T
(w) along the direction
w = 4, . . . , 9 of the internal torus. As mentioned in the Introduction, it is an instance of
geometric flux and defines the geometry of a twisted-torus, which we shall further deal with
in Sect. 7.1. It can also be viewed as an internal torsion [84]. If we only switch on this
component, the quadratic constraint implies
T[u1u2
u Tu3]u
v = 0 ,
which is the Jacobi identity on Tuv
w, seen as the structure constants of the six-dimensional
Lie group locally describing the internal manifold. By further applying T-dualities along the
v and the u directions one obtains the other two structures Qu
vw, Ruvw:
Huvw
T (w)−→ Tuvw T
(v)−→ Quvw T
(u)−→ Ruvw ,
(IIA/B) (IIB/A) (IIA/B) (IIB/A)
(4.115)
83In this formulation the R-R sector consists of C(p)-forms with p = 1, 3, 5, 7, 9 in the Type IIA theory
and p = 0, 2, 4, 6, 8 in the Type IIB one. This is a redundant description since p and (8− p)-forms are dual
to one another, so duality relations have to be imposed to ensure the correct counting of degrees of freedom.
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which are the instances of the non-geometric fluxes mentioned in the Introduction. What
the branching (4.114) implies is that geometric as well as non-geometric fluxes are required
to define a minimal set of background quantities, which includes the NS-NS 3-form flux H,
and is closed under T-duality.
The effect of a T -duality transformation along one direction xu of the internal manifold
changes the rank of the RR fluxes by one unit:
Fuu1...uk
T (u)←→ Fu1...uk , (4.116)
thus interchanging the 32s with the 32c, according to (4.113). Consider the maximal theory
in the Type IIB picture discussed in Sect. 4.3. The branching of the 56 and of the 133 with
respect to the relevant symmetry group GL(6,R)×SL(2,R)IIB were given in Eqs. (4.43) and
(4.44), while the branching of the 912 with respect to the same group, capturing the most
general gauging in this picture, is summarized in the following table [156]
(6′,1)−2 (6,2)−1 (20,1)0 (6′,2)+1 (6,1)+2
(1,2)−3 (6,1)−4 (20,2)−3 (6′,3 + 1)−2 (6,2)−1
(15,1)−2 (6,1)−4 (20,2)−3 (6′+84′,1)−2 (6+84,2)−1 (70+20,1)0
(15′,2)−1 (20,2)−3 (6′+84′,1)−2 + (6′,3)−2 (6+84,2)−1 (20,3+1)0 + (70′,1)0 (6′+84′,2)+1
(1,1)0 (6′,1)−2 (6,2)−1 (20,1)0 (6′,2)+1 (6,1)+2
(35,1)0 (6′+84′,1)−2 (6+84,2)−1 (70+70′+20,1)0 (6′+84′,2)+1 (6+84,1)+2
(1,3)0 (6′,3)−2 (6,2)−1 (20,3)0 (6′,2)+1 (6,3)+2
(15,2)+1 (6+84,2)−1 (20,3+1)0 + (70,1)0 (6′+84′,2)+1 (6+84,1)+2 + (6,3)+2 (20,2)+3
(15′,1)+2 (70′+20,1)0 (6′+84′,2)+1 (6+84,1)+2 (20,2)+3 (6′,1)+4
(1,2)+3 (6′,2)+1 (6,3+1)+2 (20,2)+3 (6′,1)+4
Only a restricted number of entries in the above Table can be interpreted in terms of fluxes
of field-strengths of Type IIB form-fields, or of T -duals thereof. Within the 912 all the
components in the above table appear with multiplicity 1 apart from the (6,2)−1 and (6′,2)+1
which appear with multiplicity 2. It follows from the table that an embedding tensor in the
(6′,1)+4 defines a purely electric gauging which thus automatically satisfies the quadratic
constraint. This corresponds to the theory induced by a five-form flux. The (20,2)+3
representation describes the RR and NS-NS 3-form fluxes (θuvw
τ ) = (Fuvw, Huvw), which
belong to a doublet, labeled by τ = 1, 2, with respect to the Type IIB S-duality group
SL(2,R)IIB. From the above table we see that switching only this component on, the gauging
will involve the electric and magnetic vectors in the (20,1)0. The quadratic constraint (3.60)
then implies the following condition [63, 66]:
τσ
u1u2u3v1v2v3θu1u2u3
τθv1v2v3
σ = 0 ⇔
∫
T 6
Fˆ (3) ∧ Hˆ(3) = 0 , (4.117)
which is nothing but the tadpole cancelation condition [71], in the absence of localized
objects.84 Condition (4.117) prevents the existence of vacua in the corresponding gauged
supergravity [66], whose scalar potential is positive (no-scale model) but has no stationary
points.
84In general the presence of D-branes or O-planes is incompatible with an effective description within
four-dimensional maximal supergravity.
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This gauged model has however a consistent N = 4 truncation, see end of Sect. 7.2,
which no-longer contains the vectors in the (20,1)0 originating from the 4-form field. This
smaller model describes the flux-compactification of Type IIB theory on a T 6/Z2-orientifold
[52, 54, 58, 61] and the fields Aµuvw, together with other fields, are projected out by the
orientifold projection. This feature has the desired implication of relaxing the quadratic
constraint (4.117), thus allowing for the existence of Minkowski vacua with spontaneous
supersymmetry breaking to N ′ = 0, 1, 2, 3 at different scales. From the ten-dimensional
point of view, the quadratic condition on the internal fluxes is relaxed by the presence of the
space-filling O3-planes, which are not directly seen in the effective four-dimensional theory
[71]:
NO3 =
4
(2pi)4(α′)2
∫
T 6
Hˆ(3) ∧ Fˆ (3) . (4.118)
In [61] a duality was found between this N = 4 model and a truncation of the maximal
supergravity with Scherk-Schwarz gauging discussed above. This truncation is obtained
as follows. Recall that the Scherk-Schwarz gauging is defined, in the E6(6)-frame, by an
embedding tensor in the 78+3. We can interpret the maximal five-dimensional theory as
originating from the compactification of M–theory on a six–torus, by branching the relevant
E6(6)–representations with respect to the SL(2,R)×SL(6,R) subgroup of E6(6). In particular
the representation 78+3 of Θ branches as follows
78 −→ (35,1) + (1,3) + (20,2) (4.119)
In [61] it was observed that if the embedding tensor is restricted to the representation (20,2)
in (4.119), upon an N = 4 truncation, the resulting theory coincides with the N = 4 gauged
supergravity mentioned above, describing Type IIB superstring compactified on a T 6/Z2–
orientifold in the presence of RR and NS-NS 3–form fluxes Fˆ (3), H(3).
One can apply a similar analysis to the study of M-theory flux-compactifications [88–91],
see also [95, 96]. In the toroidal compactification of eleven-dimensional supergravity to four-
dimensions the relevant group with respect to which to branch the E7(7)-representations is
Gint = GL(7,R), see end of Sect. 4.3.
The most general gauging is described in this frame by arranging the irreducible GL(7,R)-
components of the embedding tensor in the following table
7′−3 21−1 21
′
+1 7+3
7−4 1−7 35−5 (140′ + 7′)−3 (28 + 21)−1
35′−2 35−5 140
′
−3 (21 + 224)−1 (21
′ + 224′)+1
480 (140
′ + 7′)−3 (21 + 28 + 224)−1 (21′ + 28′ + 224′)+1 (140 + 7)+3
10 7
′
−3 21−1 21
′
+1 7+3
35+2 (21 + 224)−1 (21′ + 224′)+1 140+3 35′+5
7′+4 (28
′ + 21′)+1 (140 + 7)+3 35′+5 1+7
From this table we can infer that purely electric gaugings, which automatically satisfy the
quadratic constraint, can only involve an embedding tensor in the 1+7 and in the 35
′
+5.
These components reproduce the effect, in the dimensional reduction, of a seven-form g7
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[235] and a four-form flux gαβγδ, respectively. The 140+3 representation, on the other hand,
corresponds to a geometric-flux (or internal torsion) Tαβ
γ, which also involves the magnetic
vector fields Aαβµ in the 21
′
+1. In the presence of g7, gαβγδ and Tαβ
γ, the gauge algebra closes
provided the following conditions are satisfied:
T[α1α2
β Tα3]β
γ = 0 , (4.120)
T[α1α2
β gα3α4α5]β = 0 . (4.121)
The former is the Jacobi identity for the gauge algebra which describes the local geometry
of the internal manifold. Both conditions, which in the four-dimensional theory are implied
by the quadratic constraints, follow from the Bianchi identity of the eleven-dimensional
four-form field-strength on the chosen background [90, 91].
4.6.5 New Dyonic Gaugings
Exploiting the freedom in the initial choice of the sympectic frame it was recently possible
to discover a new class of gaugings generalizing the original CSO(p, q, r) ones [191–194]. In
[191] gaugings defined by an embedding tensor with non-vanishing components in both the
36 and of the 36′ representations of SL(8,R) were considered (see the previous paragraph
on the gaugings in the SL(8,R)-frame). Such embedding tensor features both electric and
magnetic components (dyonic embedding tensor) and thus the quadratic constraint (3.60)
poses non-trivial restrictions on its entries. Moreover the electric frame is different from the
SL(8,R)-one. The 36 and 36′ components are described by two symmetric matrices θab, ξab,
respectively, so that the embedding tensor reads:
ΘM
α =
(
Θ[ab] d
c
Θ[ab]d
c
)
=
(
δc[a θb]d
δ
[a
d ξ
b]c
)
, (4.122)
where the index α only labels the sl(8,R)-generators, which are involved in the gauging.
The quadratic constraint implies [191]
(θξ)a
cδdb − (θξ)bdδca = 0 , (4.123)
from which one derives
(θξ)a
c =
1
8
Tr(θξ) δca . (4.124)
Following the same reference, we distinguish between two cases: θab non-singular and θab
singular matrix. In the former case the quadratic constraint is satisfied by setting ξ = c θ−1.
For the sake of notational simplicity, we shall denote by θab the components of the matrix
θ−1, so that ξab = c θab. The matrix θab, by means of an SL(8,R)-transformation, can be
brought in the form (4.100), where now the number r of vanishing eigenvalues is zero and
p+ q = 8. It therefore defines SO(p, q)-gauging and so does ξab. The reader can easily verify
that Xab = −θaeθbfXef. The difference with respect to the previous case in which c = 0 is
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that the same SO(p, q)-generators Xab, in the SL(8,R)-frame, are gauged by a combination
of electric and magnetic vector fields:
Ωg µ = g A
M
µ XM =
g
2
(Aabµ Xab + AabµX
ab) =
g
2
(Aabµ − c θaeθbfAefµ)Xab = g AΛˆµ XΛˆ ,
(4.125)
where the true85 electric vector fields are now AΛˆµ ≡ Aabµ − c θaeθbfAefµ and correspond to a
different symplectic frame. We shall come back to these gaugings below and describe them
as resulting from a symplectic transformation of the XMN
P tensor.
As far as the singular case det(θ) = 0 is concerned, using SL(8,R) we can bring θ in the
form (4.100), and Eqs. (4.123), (4.124) imply that ξ has non-vanishing entries only in the
r-dimensional kernel of θ. Acting then on ξ by means of GL(r,R) (SL(r,R) being the little
group of θ) and suitably rescaling the coupling constant g, we can further reduce ξ to the
form
ξab = diag{0, . . . , 0︸ ︷︷ ︸
8−p′−q′
,+1, . . . ,+1︸ ︷︷ ︸
p′
,−1, . . . ,−1︸ ︷︷ ︸
q′
} , (4.126)
where now the multiplicities of the +1 and −1 diagonal entries are p′, q′, respectively, with
p′+q′ ≤ r. We see that the electric vector fieldsAabµ in the SL(8,R)-frame gauge a CSO(p, q, r)
group defined by the θ-matrix, while the magnetic ones Aabµ a CSO(p
′, q′, r′) group. This
is to be contrasted to the non-singular (i.e. r = 0) case, in which the electric and magnetic
vectors in the original frame gauge the same SO(p, q)-group. Indeed in the singular case the
two gauge algebras, CSO(p, q, r) and CSO(p′, q′, r′), only overlap in a subset of (p+q)(p′+q′)
commuting nilpotent generators, which are gauged by a linear combination of the electric
and magnetic vectors. We have:
Gg = [SO(p, q)e × SO(p′, q′)m]n exp(N) ,
N = N(p+q)(r−p
′−q′)
e ⊕ N(p+q)(p
′+q′)
e+m ⊕ N(p′+q′)(r−p′−q′)m , (4.127)
where the subscript e or m means that the corresponding generators are gauged by the
electric or magnetic vectors in the original frame while the subscript e+m signifies that the
generators are gauged by a linear combination of the two. For instance if p = 7, q = 0, r = 1
and p′ = 1, q′ = 0 the corresponding gauge group is called dyonic CSO(7, 0, 1), or simply
dyonic ISO(7): The electric vector fields Aabµ gauge the SO(7) subgroup, while the seven
Abelian nilpotent generators are gauged by a linear combination of the Aabµ and the Aabµ.
The latter thus gauge the CSO(1, 0, 7) subgroup consisting of the seven translations only.
This model has recently attracted considerable interest since it was shown to describe a
consistent truncation of the massive Type IIA theory on a background with topology of the
form AdS4 × S6 [236–238]:86 The only non-vanishing component m = ξ88 of ξab is identified
85Here we denote by AΛˆµ the true electric vectors, since they refer to the electric frame defined by the
matrix E, to distinguish them from the electric and magnetic vector fields Aabµ , Aabµ in the SL(8,R)-frame.
86This is not a maximally supersymmetric backgorund, as opposed to the only maximally supersymmetric
Freund-Rubin solutions in D = 11 and D = 10: AdS4 × S7, AdS7 × S4 [239], AdS5 × S5, which are the
near-horizon geometries of the M2, M5 and D3-branes, respectively.
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with the Romans’ mass. The actual value of m has no physical relevance since it can be
changed by field-redefinitions and symmetries of the theory. This is consistent with the
corresponding property of the dyonic ISO(7) gauging in which ξ88, if non-vanishing, can
always be set to 1 using an SL(8,R)-transformation and parity.
As far as the models with non-singular θ are concerned, as mentioned above, they are
obtained by gauging the same SO(p, q) group, though in a different frame. Consider then
two inequivalent frames admitting Gg = SO(p, q) as gauge group, namely for each of which
SO(p, q) ⊂ Gel. Let Rˆv and Rv be the corresponding symplectic duality representations of
G. We can safely consider one of them (Rˆv) as electric. The duality action of the gauge
generators in Rˆv∗ and Rv∗ are described by two tensors XMˆNˆ
Pˆ and XMN
P , respectively,
related by a suitable matrix E (3.53):
XMˆNˆ
Pˆ = EMˆ
M ENˆ
N (E−1)P Pˆ XMNP . (4.128)
The matricesM(φ) in the two frames are then related by (2.102). The two embedding tensors
describe the same gauge group provided that {XM} and {EXM E−1} define different bases
of the same gauge algebra gg = so(p, q) in e7(7). In other words E should belong to the
normalizer of so(p, q) in Sp(2nv,R). At the same time the effect of E should not be offset
by a vector redefinition or a G-transformation, see (2.103). The duality action of Gg in both
Rˆv∗ and Rv∗ is block-diagonal:
Rˆv∗[Gg] = Rv∗[Gg] =
(
Gg 0
0 G−Tg
)
. (4.129)
In [194] it was shown that the most general E belongs to an SL(2,R)-subgroup of Sp(56,R)
and has the general form:87
E =
(
a1 b κ
c κ d1
)
∈ Sp(56,R) ; ad− bc = 1 , (4.130)
where κ = (κΛΣ) is the so(p, q)-Cartan Killing metric, normalized so that κ
2 = 1. The most
general SL(2,R)-matrix can be written, using the Iwasawa decomposition, as follows:(
a b
c d
)
=
(
λ 0
0 1
λ
)(
1 ϑ
0 1
)(
cos(ω) sin(ω)
− sin(ω) cos(ω)
)
. (4.131)
The leftmost block corresponds in E to an unphysical rescaling of the vectors (in GL(28,R)).
The middle block realizes, in going from the unhatted frame to the hatted one, a constant
shift in the generalized θ-angle matrix R: RΛΣ → RΛΣ + ϑκΛΣ. This can only have effects
at the quantum level but does not affect the field equations [194]. The rightmost block has,
on the other hand, an important bearing on the physics of the classical theory. Let E(ω) be
the symplectic image (4.130) of this block only and let Rv be the SL(8,R)-frame, where the
SO(p, q) gaugings were originally constructed [32, 141] and discussed earlier. For ω 6= 0 this
87See [240] for a generalization of this analysis to N < 8 theories.
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frame is no-longer electric, but is related to the electric one by E(ω). Using (3.48) we can
write:
XΛˆ = cos(ω)XΛ + sin(ω)κΛΣ X
Σ ; 0 = − sin(ω)κΛΣ XΣ + cos(ω)XΛ , (4.132)
where (κΛΣ) ≡ κ−1 = κ. The above relation is easily inverted:
XΛ = cos (ω)XΛˆ , X
Λ = sin (ω)κΛΣXΣˆ . (4.133)
We can then write the symplectic-invariant connection (3.43) in the following way:
Ωg µ = A
M
µ XM = A
Λ
µ XΛ + AΛµX
Λ = (cos (ω)AΛµ + sin(ω)κ
ΛΣ AΣ µ)XΛˆ = A
Λˆ
µ XΛˆ , (4.134)
which is Eq. (4.125), the parameter ω being related to c. In other words, as pointed
out above, the gauging defined by XM amounts to gauge, in the SL(8,R)-frame, the same
SO(p, q)-generators by a linear combination of the electric AΛµ and magnetic AΛµ vector
fields. The true electric vectors are all and only those entering the gauge connection, that
is AΛˆµ , and define the electric frame. We shall denote by Θ[ω] the corresponding embedding
tensor.
The gauged model can be constructed either directly in the SL(8,R)-frame, using the
covariant formulation discussed in Sect. 3.2, or in the electric frame, along the lines described
in Sect. 3. The range of values of ω is restricted by the discrete symmetries of the theory.
One of these is parity, see Sections 2.1.4 and 4.2.1, whose duality representation P in the
SL(8,R)-frame has the form (2.116) [177]. The reader can verify that its effect on the
T-tensor (3.79) is:
T(Θ[ω], φ)M = P ? T(Θ[−ω], φp) , (4.135)
by using the properties
PMˆ
Nˆ P−1XNˆP = XMˆ ; P
−1E(ω)P = E(−ω) ; P−1L(φ)P = L(φp) ,
where φp denote the parity-transformed scalar fields (4.33). Eq. (4.135) shows that parity
maps φ into φp and ω in −ω. In other words ω is a parity-odd parameter. The overall P
transformation on T in (4.135) is ineffective since it will cancel everywhere in the Lagrangian,
being P an O(2nv)-transformation. Similarly we can use other discrete global symmetries
of the ungauged theory, which include the SO(8)-triality transformations in E7(7) for the
SO(8)-gauging, to further restrict the range of values of ω. One finds that [192, 194]
ω ∈
[
0,
pi
8
]
, SO(8) and SO(4, 4)-gaugings ,
ω ∈
[
0,
pi
4
]
, all other non-compact SO(p, q)-gaugings . (4.136)
These are called “ω-rotated” SO(p, q)-models or simply SO(p, q)ω-models. The SO(8)ω ones
in particular came as a surprise since they contradicted the common belief that the original
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de Wit-Nicolai SO(8)-gauged model were unique. The ω-parameter can be viewed as a de
Roo-Wagemans’ angle [187] in maximal supergravity.
Even more surprisingly the new class of gauged models discussed in this Section, both
in the cases of singular and non-singular θab-matrix, feature a broader range of vacua than
their purely electric counterparts, defined by ξab = 0. Indeed, in the case of the SO(p, q)ω-
gaugings, the ω → 0 limit can be regarded as a singular one in which some of the vacua move
to the boundary of the moduli space at infinity and thus disappear. Consider for instance
the SO(8)ω-models. They all feature an AdS4, N = 8 vacuum at the origin with the same
cosmological constant and mass spectrum as the original SO(8) theory. The parameter ω
manifests itself in the higher-order interactions of the effective theory.
The SO(8)ω models also feature new vacua which do not have counterparts in the ω = 0
model. Fig. 3 illustrates some of the vacua of the de Wit-Nicolai model (ω = 0), namely
those which have a residual symmetry group G2 ⊂ SO(8), see also Appendix A.7.
Figure 3: The G2-invariant anti-de Sitter bosonic backgrounds of the de Wit-Nicolai model,
with their interpretation in terms of compactifications of the eleven-dimensional theory. The non-
supersymmetric ones are unstable.
Fig. 4 shows the G2-invariant vacua of a particular SO(8)ω model and the disappearance
of one of the vacua in the ω → 0 limit [192]. The two scalars φ1, φ2 which are G2-singlets
were defined in footnote 79.
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Figure 4: On the left the G2-invariant AdS-backgrounds of the SO(8)ω model, with ω = pi8 . The
dashed black lines represent identifications of vacua due to a discrete symmetry of the theory which
is a combination of triality and parity: ω → pi4−ω, φ1 ↔ φ2. All of them have an ω = 0 counterpart,
except the lowest one, marked by a circle, which disappears in the ω → 0 limit. This vacuum is
stable, non-supersymmetric.
One may wonder if, just as in the SO(p, 8 − p)-case, the gaugings with det(θ) = 0
discussed earlier could be obtained by a symplectic deformation of the form (4.128) from
some CSO(p, q, r)-embedding tensor. The answer is positive only for the ISO(p, 7 − p) ≡
CSO(p, 7−p, 1) group and for the real forms of SO(4,C)2nT 16. In the former case the defor-
mation matrix only depends on a discrete ω-parameter and, up to E7(7)×Z2 (Z2 representing
the parity transformations), there are just two inequivalent cases: ξ = 0 and ξ 6= 0. The
latter models, on the other hand, admit a continuous deformation parameter ω: Inequivalent
theories are found for ω ∈ (0, pi/4] if the gauge group features the same real form of the two
SO(4,C)-factors, while ω ∈ (0, pi/2) if the real forms are different.
The Cremmer-Scherk-Schwarz gaugings discussed earlier in Sect. 4.6.2 (defined by the
embedding tensor in the 78+3), as opposed to the above cases, do not admit any symplectic
deformation [194].
The dyonic counterparts of the CSO∗(2p, 2q)-gaugings in the SU∗(8)-frame were also stud-
ied in [232], combining a CSO∗(2p, 2q) gauged by electric vector fields with a CSO∗(2p′, 2q′)
gauged by magnetic ones. These models feature new Minkowski vacua with spontaneous
supersymmetry breaking.
The vacua of the dyonic models discussed in this Section have been extensively studied
[220, 241–243] also in the context of renormalization group flows interpolating between (or
simply originating from) AdS-vacua [244–246] and AdS-black holes [247, 248].
Determining a string or M-theory origin of the ω-rotated models is, to date, an open
problem [249, 250]. They seem to provide examples of what we named intrinsically non-
geometric models in the Introduction. The only exceptions so far are the dyonic non-
semisimple gaugings CSO(p, q, r). Indeed, as mentioned earlier, the ISO(p, 7− p) gaugings
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were shown to be related to compactifications of massive Type IIA theory [236–238, 251]. The
p = 7 theory features N ′ = 2 [236] and N ′ = 3 [220, 252, 253] AdS-vacua, all corresponding
to backgrounds with topology AdS4 × S6. The uplift of the generic CSO(p, q, r)-model to
Type IIA or Type IIB theory was eventually achieved in [254].
5 The N = 2 , D = 4 Supergravities
N = 2 four-dimensional supergravities are characterized by eight conserved supercharges
and the field content consists in the following supermultiplets:
gravitational multiplet :
[
1 × gµν︸︷︷︸
j=2
, 2 × ψAµ︸︷︷︸
j= 3
2
, 1 × A0µ︸︷︷︸
j=1
]
,
n vector multiplets :
[
1 × AIµ︸︷︷︸
j=1
, 2 × λIA︸︷︷︸
j= 1
2
, 1 × zi︸︷︷︸
j=0
]
,
nH hyper-multiplets :
[
1 × λα︸︷︷︸
j= 1
2
, 1 × qu︸︷︷︸
j=0
]
, (5.1)
where I, i = 1, . . . , n, α = 1, . . . , 2nH and u = 1, . . . , 4nH . There are nv = n+ 1 vector fields
AΛ = (A0µ, A
I
µ). As mentioned in Sect. 2.1.1 the scalar manifold of an N = 2 model has the
following factorized form:
Mscal = MSK ×MQK , (5.2)
where the special Ka¨hler submanifold MSK is parametrized by the n complex scalar fields
zi in the vector multiplets (the number of real scalar fields is therefore ns = 2n) while
quaternionic Ka¨hler one by the 4nH real scalars q
u, u = 1, . . . , 4nH in the hypermultimplets
(hyper-scalars).
The holonomy group H of the scalar manifold, as in all extended theories, splits according
to (2.8) into HR = U(2) and Hmatt, the latter acting on the fields in the vector and hyper-
multiplets. At the same time H is the product of the holonomy groups H(SK), H(QK) of
MSK, MQK, respectively:
H = H(SK) ×H(QK) , (5.3)
where HR and Hmatt are split between these two groups as follows:
H(SK) = U(1)×H(SK)matt ; H(QK) = SU(2)×H(QK)matt , (5.4)
where Hmatt = H
(SK)
matt ×H(QK)matt .
Consistently with the notations adopted in the literature on N = 2 models we redefine
the gaugini λIA and the hyperini λα as follows:
λiA ≡ e−1 IiBA λIB ; ζα ≡ 1√
2
λα . (5.5)
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where eiI is the complex vielbein matrix introduced above Eq. (2.168) of Section 2.3. For
the same reasons we redefine the metric and vielbein of the quaternionic Ka¨hler manifold as
follows:
Guv → huv = 1
2
Guv ; PAα → UAα = 1√
2
PAα . (5.6)
Below we shall first review the general structure of the ungauged theory, recalling the main
facts about the special Ka¨hler and quaternionic Ka¨hler manifolds. The construction of
the duality-covariant gauged theory will proceed along the same lines discussed earlier in
Sect. 3. The general electric gauging of an N = 2 model is discussed in [161] using a
coordinate-independent, manifestly symplectic-covariant description of the special-Ka¨hler
manifold. More general gaugings were constructed in [255]. The duality-covariant gaugings
have been constructed, in the framework of superconformal calculus, in [256]. A generic
gauged N = 2 Poincare´ supergravity can then be obtained from this analysis by suitably
fixing the superconformal symmetry. The direct construction of the duality-covariant gauged
N = 2 Poincare´ supergravities was discussed in [257].
Let us start recalling the definitions and main properties of special and quaternionic
Ka¨hler manifolds.
5.1 Special Ka¨hler Manifolds
A special Ka¨hler manifold [161, 171, 186, 258, 259] MSK is a Hodge- Ka¨hler manifold en-
dowed with a flat, symplectic, holomorphic bundle satisfying certain defining properties.
Let us recall the main definitions. Consider a complex n-dimensional manifold with hermi-
tian metric which, in a local patch parametrized by complex coordinates z ≡ (zi), has the
following form:
ds2scal = 2 gi¯(z, z¯) dz
i dz¯ ¯ , (5.7)
where gi¯ = g¯i = (gı¯j)
∗ = ei I e¯¯I .
Definition: The manifold is Ka¨hler if the 2-form:
K ≡ i gi¯ dzi ∧ dz¯ ¯ , (5.8)
is closed :
dK = 0 . (5.9)
This property implies that locally the metric can be written in terms of a Ka¨hler potential
K(z, z¯):
gi¯ = ∂i∂¯K , (5.10)
From the above metric one derives the Levi-Civita connection with the following non-
vanishing entries:
Γ ijk = g
i¯`∂ig¯`k ; Γ
ı¯
¯k¯ = g
ı¯`∂ı¯g`k¯ , (5.11)
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so that Γ iki = ∂k log(det(gi¯)).
88
The Ka¨hler potential is defined modulo a Ka¨hler transformation: if U(m), U(n) are two over-
lapping patches on the manifold in which the Ka¨hler potential is described by the functions
K(m) and K(n), respectively, in the intersection U(m) ∩ U(n) we have
K(m) = K(n) − f(m,n)(z)− f¯(m,n)(z¯) . (5.12)
where f(m,n) = f(m,n)(z) is a holomorphic transition function. The defining condition (5.9)
also implies that, in a given patch, we can write K in terms of a 1-form Q:
K = dQ ; Q = − i
2
[
∂iK dzi − ∂ı¯K dz¯ ı¯
]
. (5.13)
Under a Ka¨hler transformation Q transforms as a connection
Q(m) = Q(n) + i
2
(
df(m,n) − df¯(m,n)
)
= Q(n) − d
(
Im(f(m,n))
)
, (5.14)
and was introduced earlier in Eq. (2.170).
Ka¨hler manifolds describe complex scalar fields in N = 1 and 2 rigid supersymmetric
models [165]. The description of scalar fields in N = 1 supergravity requires an additional
structure: The fermionic fields (gravitino and spin-1/2 fields) are minimally coupled to
the composite connection Q and thus transform under Ka¨hler transformations by means of
corresponding U(1) transformations with given weights. The same holds for the gravitini
and the gaugini in N = 2 supergravities. As K → K− f − f¯ , f = f(z), we have:
ψAµ → e i2 Im(f) ψAµ ,
λiA → e− i2 Im(f) λiA . (5.15)
In other words the gravitini and gaugini transform as sections of a U(1)-bundle U defined on
the Ka¨hler manifold, the U(1)-connection being Q.
In general a field Φ(z, z¯) on the Ka¨hler manifold is a section of the U(1)-bundle U of weight
p if it transforms under a Ka¨hler transformation K → K− f − f¯ as follows:
Φ(z, z¯)→ ei p Im(f) Φ(z, z¯) . (5.16)
Correspondingly we define a covariant derivative on the bundle as follows:
D [U(1)]Φ ≡ dΦ+ i pQΦ =
(
dziD (U(1))i + dz¯
ı¯D [U(1)]ı¯
)
Φ :
{
D [U(1)]i Φ ≡
(
∂i +
p
2
∂iK
)
Φ
D [U(1)]ı¯ Φ ≡
(
∂ı¯ − p2 ∂ı¯K
)
Φ
.
(5.17)
88 In terms of the Levi-Civita connection one computes the Riemann tensor whose non-vanishing compo-
nents have the characteristic expression:
Ri¯k ¯` = gp¯ ∂¯`Γ
p
ik ,
while the Ricci tensor reads: Ri¯ ≡ Ri ¯`¯kgk ¯` = −∂i∂¯ log(det(gk ¯`)).
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From Eqs. (5.15) we conclude that p = 1/2 for ψAµ and −1/2 for λiA. The corresponding co-
variant derivatives in (2.163) are consistent with the above definition of the U(1)-connection
(5.17). Together with the U(1)-bundle, we define a holomorphic line-bundle L , whose sec-
tions Φ˜(z) are holomorphic functions transforming under Ka¨hler transformations as follows:
Φ˜(z)→ ep f(z) Φ˜(z) . (5.18)
We can map sections of the two bundles into one another as follows:
Φ(z, z¯) = e
p
2
K Φ˜(z) . (5.19)
The covariant derivative on L is then easily derived:
D [L]Φ˜ ≡ dΦ˜+ p ∂iK dzi Φ˜ . (5.20)
An example of a section of L is the holomorphic superpotential W (z) with weight p = 1. A
section Φ of the U(1)-bundle, with weight p, is said to be covariantly holomorphic if
D [U(1)]ı¯ Φ =
(
∂ı¯ − p
2
∂ı¯K
)
Φ = 0 . (5.21)
The U(1)-bundle (or, equivalently, the holomorphic line-bundle) is thus an additional struc-
ture defined on the Ka¨hler manifold which is implied by local supersymmetry and which
fixes the new couplings occurring in supergravity between the scalars and the fermion fields.
Consistency of the theory then requires the first Chern class c1 of L to coincide, modulo an
appropriate factor, with the de Rham cohomology class [K] of the Ka¨hler form.89 A Ka¨hler
manifold endowed with a holomorphic line-bundle (and thus a U(1)-bundle) satisfying this
condition is called Hodge-Ka¨hler. The scalar manifolds of N = 1 and N = 2 supergravities
are of this kind.
In N = 2 theories the larger amount of supersymmetry implies an additional structure on
the part of the scalar manifold spanned by zi, which fixes their non-minimal couplings to the
vector fields strengths through the matrices IΛΣ(z, z¯), RΛΣ(z, z¯), aside from an initial choice
of the symplectic frame. This structure is a flat symplectic bundle SV , with structure group
Sp(2 + 2n,R), which has to satisfy certain properties. There are more than one equivalent
definitions of a special Ka¨hler manifold MSK of local type, see [161, 260, 261].90 We shall
give only one characterization of this kind of manifolds, referring to the above works for a
detailed discussion on this topic.
We can consider the tensor product of the U(1)-bundle and the symplectic one: U× SV .
Let V (z, z¯) be a section of it, in some local patch of MSK , of U(1)-weight p = 1. It is
described as a (2n+ 2)-component vector of complex functions V (z, z¯) = (V M(z, z¯)):
V (z, z¯) =
(
LΛ(z, z¯)
MΛ(z, z¯)
)
, Λ = 0, . . . , n , (5.22)
89The precise relation is c1 =
1
4pi [K] ∈ Z. This is the quantization condition on the “magnetic charge”
associated with the composite connection Qµ analogous to the Dirac quantization condition in electrody-
namics.
90From now on by special Ka¨hler manifold we shall always refer to special Ka¨hler manifold of local type.
Special Ka¨hler manifold of rigid type are relevant to globally supersymmetric N = 2 theories [161] and will
not be dealt with here.
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The transition functions connecting overlapping coordinate patches U(m), U(n) on MSK , act
on V (z, z¯) as follows:
V(m) = e
i Im(f(m,n))R(m,n)v V(n) , (5.23)
where f(m,n) = f(m,n)(z) is the holomorphic function describing a Ka¨hler transformation and
R(m,n)v is a constant Sp(2(n + 1),R) matrix. Consistency requires the transition functions
eIm(f(m,n)) and R(m,n)v should satisfy the cocycle condition on a triple overlap. The flat sym-
plectic structure, in particular, defines a homomorphic correspondence between isometries
g : z → z′ on MSK and constant symplectic matrices:
g ∈ G(SK) −→ Rv[g] ∈ Sp(2 + 2n,R) , (5.24)
whereRv[g] = (Rv[g]MN) is defined in (5.23) and G(SK) denotes the isometry group ofMSK .
This mapping Rv is a symplectic representation of G(SK) on contravariant vectors. As usual
we shall denote by Rv∗ the corresponding representation on covariant vectors.
Let us denote by Ui = (U
M
i ) the U(1)-covariant derivative of V (we omit the superscript
U(1)):
UMi =
(
fΛi
hΛ i
)
≡ DiV M =
(
∂i +
1
2
∂iK
)
V M . (5.25)
Since Ui has a coordinate index, its covariant derivative should also contain the Levi-Civita
connection on the base Ka¨hler manifold:
DiUj ≡ ∂iUj + 1
2
∂iKUj − Γ kij Uk . (5.26)
Definition. We define a special Ka¨hler manifold of local type to be a Hodge-Ka¨hler manifold
endowed with a flat symplectic bundle SV such that a section V of U⊗SV exists that satisfies
the following properties:91
Dı¯ V
M = 0 , (5.27)
V TCV = i , (5.28)
DiUj = i Cijk g
kk¯ U k¯ , (5.29)
DiU ¯ = gi¯ V , (5.30)
V TCUi = 0 , (5.31)
where C = (CMN) is the usual Sp(2(n+ 1),R)-invariant matrix;
C ≡
(
0 1
−1 0
)
, (5.32)
The first condition (5.27) is the requirement that V be covariantly holomorphic. The quantity
Cijk is a totally symmetric rank-3 tensor which is a covariantly-holomorphic section of the
91Not all these conditions are independent. For a discussion of the different definitions of special Ka¨hler
manifolds in terms of minimal sets of conditions, and their equivalence, see for instance [261], and [262].
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U(1)-bundle with weight p = 2: D¯`Cijk = 0. It is a characteristic quantity of the special
Ka¨hler manifold entering its Riemann tensor and the Pauli terms in the Lagrangian involving
the gauginos, thus determining their anomalous magnetic moments. From (5.27) and (5.28)
it follows that:
V TCU k¯ = 0 . (5.33)
Given the section V M , using (5.19), we can construct a holomorphic section Ω(z) = (ΩM(z))
of the bundle L⊗ SV as follows
Ω(z) =
(
XΛ(z)
FΛ(z)
)
≡ e−K2 V M . (5.34)
Property 1. Equation (5.28) then allows to express the Ka¨hler potential in terms of Ω(z) as
follows:
K(z, z¯) = − log[i Ω(z¯)TCΩ(z)] = − log[i (XΛFΛ −XΛFΛ)] . (5.35)
Definition. Using V and its covariant derivatives, we can construct the following matrix:
Lc(z, z¯)MN ≡ (V M AB, U IM , V M AB, U I M) , (5.36)
N being the holonomy group index and
U I
M ≡ e¯−1I ı¯UMı¯ ; U I M ≡ e−1 IiUMi , (5.37)
Property 2. Eqs. (5.27)-(5.31) imply the first of properties (2.177) of Lc, from which the
second follows as well:
L†cCLc = $ ; Lc$L†c = C , (5.38)
where $ was defined in (2.178). The matrix Lc provides a description of the geometry of
the scalar manifold, as mentioned in Sect. 2.3. In particular one defines the left-invariant
one-form92 Ωc ≡ L−1c dLc, as in (2.187), and decomposes it in a vielbein and a connection
matrices Pc, Qc. These latter matrices contain all the characteristic geometric quantities of
the special Ka¨hler manifold. To evaluate them we first compute the inverse matrix L−1c :
L−1c = −$L†cC =

i ABV
TC
i U IC
−i V TCAB
−i U IC
 . (5.39)
Using properties (5.27) - (5.31) we find for the components of Pc, Qc the expressions given
in (2.168) and (2.169). Vice versa, from the characteristic geometric data (i.e. metric, Cijk,
connection) encoded in Pc, Qc one can derive Lc as a solution to (2.187), that is to the
differential equations (2.189), (2.190). When the N = 2 theory is interpreted as originating
from the compactification of Type II supergravity on a Calabi-Yau three-fold, the matrix Lc
92Note that the quantity Ωc, although containing the same symbol, should not be mistaken for the
holomorphic section Ω(z).
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describes the periods of the internal manifold and Eqs. (2.189), (2.190) are the Picard-Fuchs
equations satisfied by them [162, 263]. The integrability condition of these equations is just
dΩc +Ωc ∧Ωc = 0 , (5.40)
which, in the case of homogeneous manifolds G(SK)/H(SK), is the Maurer-Cartan equation
(2.19) for G(SK), and in general expresses the existence of a flat symplectic structure on the
manifold. From (5.40) one derives the HR and Hmatt-curvatures of the manifold, see Eqs.
(2.191) and (2.192). In a coordinate basis, the non-vanishing components of the curvature
tensor for a special Ka¨hler manifold have the characteristic form:
Ri¯k ¯` = gi¯ gk ¯` + gk¯ gi¯`− CijpC ¯ ¯`¯q gpq¯ . (5.41)
Using Eq. (2.197), we construct the symplectic, negative-defined, symmetric matrixMMN(z, z¯)
which encodes the non-minimal scalar-vector couplings. This matrix defines the embedding
of MSK in the symmetric manifold Sp(2 + 2n,R)/U(n+ 1):
MSK ↪→ Sp(2 + 2n,R)
U(n+ 1)
. (5.42)
In light of this, the matrix Lc, although in general not itself derived from a coset repre-
sentative, since MSK may not be homogeneous, can be related to the restriction to MSK
of a coset representative in Sp(2 + 2n,R)/U(n + 1). This feature allows us to describe the
geometry of MSK in terms Lc by means of the same formulas that we derived for homoge-
neous manifolds using the corresponding coset representative. Similarly the dependence of
the T-tensor (and thus of the fermion-shifts) on the special Ka¨hler coordinates is obtained
by dressing the XMN
P tensor by means of Lc(z, z¯) as if it were an Sp(2 + 2n,R)-tensor.
Property 3. Denoting as usual by MMN the inverse of MMN , equation (2.198), which is
derived from (5.38), implies the following identity:
UMN ≡ gi¯ UMi UN¯ = −
1
2
MMN − i
2
CMN − V MV N , (5.43)
One can find a symplectic frame in which n out of the n+1 upper components XΛ(z) of Ω(z)
are functionally independent. The XΛ can then be interpreted as projective coordinates for
the manifold since under a Ka¨hler transformation XΛ(z) → ef(z) XΛ(z). In particular, in a
patch in which X0 6= 0, one can define special coordinates τ I , I = 1, . . . , n, as follows:
τ I ≡ X
I
X0
= τ I(z) , (5.44)
provided the Jacobian ∂iτ
J is non-singular: det(∂iτ
J) 6= 0. In this symplectic frame, named
special coordinate frame, we can write the lower part of the holomorphic section as a function
of the upper one, FΛ(z) = FΛ(X
Σ(z)) and, in particular, as the gradient with respect to XΛ
of a holomophic function F (XΛ), called prepotential [161]:
FΛ(X) =
∂
∂XΛ
F (X) . (5.45)
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To see this last feature we consider the property V TCUi = 0 from which it follows that
ΩTC∂iΩ = XΣ∂iFΣ − FΣ∂iXΣ = 0 . (5.46)
Expressing the components of Ω as functions of XΛ, the above equation implies
0 = XΣ
∂
∂XΛ
FΣ − FΣ ∂
∂XΛ
XΣ = XΣ
∂
∂XΛ
FΣ − FΛ ↔ FΛ = 1
2
∂
∂XΛ
(XΣFΣ) , (5.47)
which is Eq. (5.45) if we identify
F (X) ≡ 1
2
XΣFΣ . (5.48)
From (5.47) and the above definition we also find:
XΛ
∂
∂XΛ
F (X) = 2F (X) , (5.49)
which, by Euler’s theorem, implies that F (X) is a homogeneous function of degree 2 of XΛ:
F (λXΣ) = λ2 F (XΣ).
This function is the generalization to local N = 2 theories of the holomorphic function
F (X) which, in rigid N = 2 models, defines the Lagrangian describing n chiral superfields
ΦI :
∫
d4x
∫
d4θF (ΦI). Using the homogeneity property of F and (5.44), we can define the
holomorphic function F (τ I) of the special coordinates:
F (X) = (X0)2F (t) , (5.50)
in terms of which the lower components FΛ of the holomorphic section read
F0 = X
0
(
2F (t)− τ I ∂IF (t)
)
; FI = X
0 ∂IF (t) , (5.51)
where ∂IF ≡ ∂∂τIF . Using Eq. (5.35), modulo a Ka¨hler transformation, we can rewrite the
Ka¨hler potential in the following form:
K(t, t¯) = −log
[
2i
(
F −F)+ i (τ¯ I¯ − τ I) (∂IF + ∂I¯F)] . (5.52)
From (5.29) we also find CIJK = e
K∂I∂J∂KF and the following expression for the matrix
NΛΣ:
NΛΣ = FΛΣ + 2i
Im(FΛΓ )Im(FΣΠ)L
Γ LΠ
Im(FΠΓ )LΠLΓ
, (5.53)
where FΛΣ ≡ ∂2∂XΛ∂XΣ F . This matrix, being a homogeneous function of XΛ of weight
zero, has also Ka¨hler weight zero, and thus so does NΛΣ. We therefore see that, in the
special coordinate frame, the whole N = 2 Lagrangian can be written in terms of a single
holomorphic prepotential F (X) and its derivatives.
It is important to emphasize that there are symplectic frames in which a prepotential
F (X) does not exist. These were used to evade no-go theorems [264, 265] according to
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which spontaneous N = 2 → N = 1 supersymmetry breaking with vanishing cosmological
constant cannot occur within gauged models constructed in frames admitting a prepotential
function. The first gauged N = 2 supergravity models [266–269] featuring spontaneous
partial supersymmetry breaking on Minkowski space-time were indeed devised in frames with
no F (X). This requirement on the symplectic frame can be avoided in the context of duality-
covariant gaugings. It was indeed shown in [270] that partial supersymmetry breaking can
be achieved in any symplectic frame (and in particular in one in which the prepotential
does exist), using an embedding tensor with both electric and magnetic components. This
is not in contradiction with the aforementioned no-go theorems since in the electric frame
associated with such embedding tensor, see Sect. 3.5, a prepotential does not exist. We shall
be dealing with gaugings of N = 2 models in some detail later in Sect. 5.3 and subsequent
Sections.
5.1.1 Isometries
The isometries of a Ka¨hler metric, under some general assumptions which hold for the
Ka¨hler manifolds we consider, 93 can either be holomorphic (i.e. zi → f i(zj)) or anti-
holomorphic (i.e. zi → f i(z¯ ¯), as it is the case for the parity transformation z → −z¯ in
the example discussed in Sect. 2.1.4). The identity sector of the isometry group can only
consists of holomorphic isometries and thus its infinitesimal transformations are described
by holomorphic Killing vectors kia(z
j):
zi → zi + akia(z) . (5.54)
Clearly the infinitesimal variation of z¯ ı¯ is defined by kı¯a(z¯) = (k
i
a(z))
∗, so that the Killing
vector ka on the tangent space is
ka = k
i
a(z)∂i + k
ı¯
a(z¯)∂ı¯ .
As isometry generators, ka satisfy conditions (2.47)
Dika j +Djka i = 0 ; Dika ¯ +D¯ka i = 0 , (5.55)
where ka i = gi¯ k
¯
a, ka ¯ = gi¯ k
i
a.
Let us focus on the holomorphic isometries, in the identity sector G
(SK)
0 of G
(SK). By
Eqs. (5.12) and (5.23), associated with each element g ∈ G(SK)0 there is a symplectic matrix
Rv[g] and a holomorphic function fg(z) describing the Ka¨hler compensating transformation:
g : zi → z′i(zj) ;

K(z′, z¯′) = K(z, z¯)− fg(z)− f¯g(z¯) ,
ΩM(z′) = efg(z)Rv[g]MN ΩN(z) ,
V M(z′, z¯′) = ei Im(fg)Rv[g]MN V N(z, z¯) .
(5.56)
93This statement applies to Ka¨hler manifolds which are non Ricci-flat and in which the action of the
holonomy group on the tangent space is irreducible.
160
In Ka¨hler manifolds invariance of the metric also implies invariance of the Ka¨hler form K
(5.8). Denoting by `a the Lie derivative with respect to the Killing vector ka and by ιa
the contraction of a form with ka, invariance of K under infinitesimal isometries, `aK = 0,
implies:
`aK = d(ιaK) = 0 ⇒ ιaK = −dPa , (5.57)
where last equation holds locally.
Definition. Equation (5.57) defines the momentum maps Pa(z, z¯) and can be written in
components as follows:
kia = i g
i¯ ∂¯Pa , k
ı¯
a = −i g ı¯i ∂iPa , (5.58)
Note that the momentum maps are defined by the above relations modulo an additive con-
stant. Let ta be the abstract generators of the isometry group G
(SK) of MSK and ka the
corresponding Killing vectors.94 The structure of the isometry algebra is described by Eqs.
(2.44) and (2.51):
[ta, tb] = fab
c tc , [ka, kb] = −fabc kc . (5.59)
According to Eqs. (5.56) with each isometry generator ta we associate, aside from the
Killing vector ka, a holomorphic function fa(z) and a symplectic matrix (taM
N) ≡ Rv∗[ta]:
taM
PCNP = taNPCMP
ta ∈ gSK −→ (ka, fa(z), taMN) . (5.60)
Equations (5.56), in terms of infinitesimal isometry generators, are equivalent to
`aK = kia∂iK + kı¯a∂ı¯K = −(fa + f¯a) (5.61)
`aΩ
M = kia∂iΩ
M = −taNM ΩN + fa(z)ΩM , (5.62)
`aV
M = (kia∂i + k
ı¯
a∂ı¯)V
M = −taNM V N + (fa − f¯a)
2
V M , (5.63)
Property 4. The Killing vectors satisfy the Poisson-bracket relation [258]:
{Pa, Pb} ≡ K (ka, kb) = 2 igi¯ ki[a k¯b] = 2 igk¯∂¯P[a∂kPb] = −fabcPc . (5.64)
Proof. This property can be proven by computing the covariant derivative of the left hand
side and using (5.55), the second of Eqs. (5.59), and (5.58). One finds:
DkK (ka, kb) = −fabc∂kPc , (5.65)
which implies
K (ka, kb) = − (fabcPc + Cab) , (5.66)
where the constants Cab satisfy the cocycle condition f[ab
dCc]d = 0. Under general assump-
tions on the G(SK),95 Cab can be written as Cab = fab
cCc and the constant vector Ca be
94 Due to a shortage of indices we use throughout Section 5 a, b, c, . . . to label special Ka¨hler isometries.
Elsewhere we also use them as rigid four-dimensional space-time indices. Their meaning should be clear
from the context.
95The condition is that the isometry algebra have a trivial second cohomology group H(2)(gSK) [271].
This certainly holds for semi-simple Lie algebras.
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reabsorbed in a redefinition of Pa, so that Eq. (5.64) follows.
Property 5. Eqs. (5.58) imply:
Pa = − i
2
(
kia∂iK − kı¯a∂ı¯K
)
+ Im(fa) = i k
ı¯
a∂ı¯K + i f¯a = −i kia∂iK − i fa , (5.67)
Proof. To prove this property, let us invert the metric in one of Eq.s (5.58):
gi¯ k
i
a = i ∂¯Pa , (5.68)
and use (5.10). Recalling the general condition on Ka¨hler-manifold isometries ∂¯ k
i
a(z) = 0,
we find:
∂¯(k
i
a ∂iK) = i ∂¯Pa , (5.69)
which implies
kia ∂iK = iPa − fˆa(z) . (5.70)
This would reproduce (5.67) if fˆa(z) = fa(z). To fix the holomorphic functions fˆa(z), it is
sufficient to consider the holomorphic derivative of (5.61), which implies:
gj¯k
¯
a + ∂j(k
i
a∂iK) = −∂jfa , (5.71)
that is, using (5.58):
− i ∂jPa + ∂j(kia∂iK) = −∂jfa . (5.72)
By inserting now (5.70) in (5.72), one finally finds fˆa(z) = fa(z), modulo an additive constant
that, as discussed above, can be absorbed in the definition of Pa.
Let us recall some more properties of the Killing vectors and their description in terms of
momentum maps.
Property 6. Using (5.63) and (5.67) we find:
kia U
M
i = −taNM V N + iPa V M . (5.73)
Property 7. Contracting the above equation with CV and using the special geometry relations
V TCV = i, V TCUi = 0, we find:
Pa = −V N taNMV M = −V N taNM V M , (5.74)
where we have defined, as usual, taNM ≡ taNPCPM = taMN .
Property 8. Let us now prove the general property [256, 272]:
taMNΩ
MΩN = 0 , ∀ta . (5.75)
Proof. This property is readily derived by contracting (5.73) with CΩ and using (5.31), i.e.
V TCUi = 0, which implies
ΩTC∂iΩ = 0 . (5.76)
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5.2 Quaternionic Ka¨hler Manifolds
Here we briefly recall the definition of a quaternionic Ka¨hler manifold96 MQK [163, 172,
271, 273] and fix the notations. A quaternionic-Ka¨hler manifold MQK of real dimension
4nH is defined as a Riemannian manifold whose holonomy group is contained inside SU(2)×
USp(2nH). The manifolds of this kind which occur in supergravity have holonomy group of
the form:
H(QK) = SU(2)×H(QK)matt , H(QK)matt ⊂ USp(2nH) , (5.77)
where SU(2), together with the group U(1) of the Ka¨hler transformations in the holonomy
group of MSK , define the U(2) R-symmetry group of the supersymmetry algebra, see Eq.
(5.4).
The positive definite metric is denoted by huv(q), where q
u are the coordinates describing
the scalar fields of the hypermultiplets. Let us review the main properties of these spaces.
The action of the SU(2) generators on the tangent space defines three complex structures
Jxuv, x = 1, 2, 3, satisfying the quaternionic algebra:
JxJy = −δxy + xyz Jz . (5.78)
The metric huv is required to be hermitian with respect to all the J
x:
huw J
xw
v = −hvw Jxwu , x = 1, 2, 3 . (5.79)
From the definition it follows that one can define a Levi-Civita connection, which comprises
SU(2)-connection 1-forms ωx = ωxu dq
u, such that
DuJ
xw
v ≡ ∂uJxwv + Γ˜wuu′ Jxu
′
v − Γ˜ u′uv Jxwu′ + xyz ωyu Jzwv = 0 . (5.80)
where Γ˜ is the Christoffel symbol. In terms of this quaternionic structure, a triplet of
2-forms, named hyper-Ka¨hler form, are defined:
Kx = Kxuv dq
u ∧ dqv , Kxuv = huw Jxwv . (5.81)
The above definition and Eq. (5.78) imply the following relation:
Kxuwh
wsKysv = −δxy huv + xyzKzuv , (5.82)
where, as usual, huv are the components of the inverse metric.
From the SU(2)-connection 1-forms ωx we construct the SU(2)-curvature 2-form
Rx ≡ dωx + 1
2
xyz ωy ∧ ωz = 1
2
Rxuv dq
u ∧ dqv . (5.83)
Property (5.80) implies that also Kxuv are parallel:
DuK
x
vw = 0 , (5.84)
96We shall be interested in non-compact quaternionic Ka¨hler manifolds with negative curvature as only
these are relevant to supergravity.
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and thus that the 2-forms Kx are covariantly closed with respect to the SU(2)-connection
DKx = dKx + xyz ωy ∧Kz = 0 . (5.85)
A quaternionic Ka¨hler manifold MQK is further characterized by the property that the
SU(2)-curvature components Rx are proportional to the triplet of covariantly constant 2-
forms Kx:
Rx = λKx , (5.86)
where λ is a real coefficient depending on the normalization of the metric. This follows from
the fact that quaternionic Ka¨hler manifolds are Einstein spaces. Choosing the standard
normalization of the kinetic term for the hyper-scalars qu amounts to fixing λ = −1. The
above equation is consistent with (5.85) in virtue of the Bianchi identity for Rx:
DRx = dRx + xyz ωy ∧Rz = 0 . (5.87)
Property (5.77) implies that we can define the vielbein 1-forms as follows:
UAα = UAαu dqu , (5.88)
where A = 1, 2 is the SU(2)-doublet index labeling the supersymmetries and α = 1, . . . , 2nH
labels the fundamental representation of USp(2nH). In this basis the rigid tangent space
index u is a composite one u = (A,α) and the rigid metric is ηuv = ABCαβ, where Cαβ is
the USp(2nH)-invariant matrix, so that:
UAαu UBβu AB Cαβ = huv , (5.89)
where UAα satisfy the following reality condition:
UAα ≡ (UAα)∗ = ABCαβ UBβ .
These 1-forms in fact satisfy a condition which is stronger than (5.89) [172]:(UAαu UBβv − UAαv UBβu )Cαβ = huv AB . (5.90)
and they are related to the hyper-Ka¨hler 2-form as follows:
UAαu UBαv =
1
2
huv δ
B
A −
i
2
Kxuv (σ
x)A
B , (5.91)
where the relative sign between the two terms on the right hand side is fixed by (5.82).
By definition of the Levi-Civita connection, the vielbein 1-forms are also covariantly
constant:
DUAα ≡ dUAα + i
2
(σx)B
A ωx ∧ UBα +∆αγ ∧ UAβCγβ = 0 , (5.92)
where ∆αβ = ∆βα denote the H
(QK)
matt ⊂ USp(2nH)-connection 1-forms.
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Consistently with the defining property that the holonomy group is contained inside
SU(2)×USp(2nH), the Riemann tensor of a quaternionic manifold has the following general
expression:
Ruv
Aα,Bβ ≡ Ruv,u′v′ UAαu′ UBβ v′ = RABuv Cαβ + Rαβuv AB , (5.93)
where UAαu is the inverse vielbein matrix used to convert the last two indices of the Rimeann
tensor into rigid ones, RABuv is the SU(2)-curvature
RABuv = R
BA
uv = −
i
2
Rxuv
AC(σx)C
B = 2λCαβUAα[u UBβv] , (5.94)
and Rαβ denotes instead the H(QK)matt ⊂ USp(2nH)-curvature, defined in terms of the connec-
tion one-form ∆αβ as follows
Rαβ = Rβα ≡ d∆αβ + Cγδ∆αγ ∧∆δβ . (5.95)
This tensor has the following general form [172]:
Ruv
αβ = λ AB
(UAαu UBβv − UAαv UBβu )+ 2 AB CαρCβσUAγu UBδv Ωρσγδ , (5.96)
where the tensor Ωρσγδ is totally symmetric in its four indices. All these quaternionic Ka¨hler
manifolds are Einstein spaces with negative scalar curvature R = 8λnH(nH +2), see deriva-
tion below.
The Ricci tensor. Let us evaluate the Ricci tensor of the manifold using Eqs. (5.93),(5.94),(5.96).
The Riemann tensor in curved indices reads:
Ruv,p
q = Ruv,Aα
Bβ UAαp U qBβ . (5.97)
Tracing over the indices v and q we find:
Rup =
(−i λKxuv (σx)ABδβα +Ruv,αβδBA) UAαp U qBβ =
= 3λhup + λ(2nH + 1)hup = 2λ (nH + 2)hup . (5.98)
The manifold is therefore of Einstein type. The Ricci scalar being
R = Ruu = 8λnH (nH + 2) . (5.99)
5.2.1 Isometries
Consider now infinitesimal isometries generated by tm, whose action on the scalar fields is
described by Killing vectors km = k
u
m ∂u. They close the isometry algebra:
[tm, tn] = fmn
p tp , [km, kn] = −fmnp kp , (5.100)
and leave the 4-form
∑3
x=1K
x ∧Kx invariant [258]. This condition amounts to requiring:
`nK
x = xyzKyW zn , (5.101)
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where W zn is an SU(2)-compensator. Equation (5.101) is solved by writing the Killing vectors
kn in terms of tri-holomorphic momentum maps Pxn as follows [258]:
ιnK
x = −DPxn = −(dPxn + xyzωyPzn) , (5.102)
provided
Pxn = λ
−1(ιnωx −W xn ) = W xn − ιnωx , (5.103)
where we have used λ = −1. The above equation was derived in [271], see also [258]. We shall
derive it below in the homogeneous case. For those isometries with vanishing compensator,
W xn = 0, the momentum maps have the simple expression: P
x
n = −kun ωxu.
Just as for the special Ka¨hler manifolds, (see equation (5.64)), the momentum maps
satisfy the following Poisson-bracket relations:
{PmPn}x ≡ Kx(km, kn)− λ xyzPynPzm = −fmnpPxp , (5.104)
which amount to the equivariance condition:
2Kxuv k
u
n k
v
m − λ xyzPynPzm = −fmnpPxp . (5.105)
For homogeneous manifolds kn and Pxn can be given a simple geometric characterization
[257]. Indeed if MQK has the general form:
MQK =
G(QK)
H(QK)′
, (5.106)
where G(QK) is the isometry group and H(QK)′ the isotropy group, locally contained in the
holonomy group H(QK) . Denoting by gQK and HQK the Lie algebras of G
(QK) and H(QK)′,
respectively, we can write the general decomposition (2.12):
gQK = HQK ⊕ KQK , (5.107)
where HQK and KQK , satisfy the general commutation relations (2.13). Let {Ku} be a basis
of generators for the coset space KQK . The generators of H
(QK) split into those of SU(2) (Jx)
and those of H
(QK)
matt (Jαβ = Jβα), according to the decomposition (5.77). These comprise the
generators in the isotropy algebra HQK and are the generators of HQK only in the symmetric
case. In the chosen basis, the last of (2.13) reads
[Ku, Kv] = fuv
x Jx +
1
2
fuv
αβ Jαβ + fuv
w Kw . (5.108)
For symmetric manifolds fuv
w = 0. We can normalize the generators so that the Cartan-
Killing form ( , ) of gQK is
(Ku, Kv) = δuv , (J
x, Jy) = −δxy , (Jαβ, Jγδ) = −2Cα(γCδ)β . (5.109)
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The vielbein and H(QK)′-connections are, as usual, defined by decomposing the left-invariant
one-form in components along KQK and HQK :
Ω = L−1dL = PuKu + 1
2
ωx Jx +
1
2
∆αβ Jαβ , (5.110)
where L is the coset representative in some representation of G(QK), so that
Pu = (Ku, Ω) , ωx = −2 (Jx, Ω) , ∆αβ = (Jαβ, Ω) . (5.111)
From the Maurer-Cartan equations dΩ + Ω ∧ Ω = 0 we can read off the expression for the
curvature and the 2-forms Kx:
Rx = dωx +
1
2
xyz ωy ∧ ωz = −fuvxPu ∧ Pv = −Kx , (5.112)
where we have used (5.108) and (5.86) with λ = −1. From this we derive the holonomic
components of Kx:
Kxuv = fuv
xPuuPvv . (5.113)
We can give the following useful characterization [257] of the Killing vector kn and the
momentum map Pxn associated with the isometry generator tn ∈ gQK , see Eq. (2.52):
L−1tnL = kun PuuKu −
1
2
Pxn J
x − 1
2
Pαβn Jαβ , (5.114)
which implies:
Pxn = 2 (L
−1tnL, Jx) . (5.115)
We prove below that kn and Pxn defined in (5.114) do satisfy (5.102). From (5.113) and
(5.110) we find:
2kunK
x
uv = 2 fuv
x kun PuuPvv = −2 ([L−1tnL, L−1∂vL], Jx) + xyzPynωzv . (5.116)
Now let us evaluate DPxn :
DvP
x
n = ∂vP
x
n + 
xyzωyvP
z
n = 2 (∂vL
−1tnL+ L−1tn∂vL, Jx) + xyzωyvP
z
n =
= 2 ([L−1tnL, L−1∂vL], Jx) + xyzωyvP
z
n = −2kunKxuv , (5.117)
where in the last equality we have used (5.116).
Let us now prove (5.103). We shall repeat here the derivation of the corresponding general
equation (2.53). From basic coset geometry, see Section 2.1.1, we know that the left action
of an isometry on the coset representative L yields L computed in the transformed point,
multiplied to the right by a compensator in H. For an infinitesimal isometry this is expressed
by the property (see Eq. (2.48):
tn L = k
u
n ∂uL+ LWn . (5.118)
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where Wn ∈ HQK is the infinitesimal generator of the compensating transformation, which
can be expanded as follows
Wn = −1
2
W xnJ
x +
1
2
Wαβn Jαβ . (5.119)
Multiplying (5.118) to the left by L−1 we find:
L−1tnL = kunΩu+Wn = k
u
n PuuKu+
1
2
kun ω
x
u J
x+
1
2
kun ω
αβ
u Jαβ−
1
2
W xnJ
x+
1
2
Wαβn Jαβ . (5.120)
Comparing the above expansion with (5.114) we find:
Pxn = W
x
n − kun ωxu , (5.121)
which is (5.103). Equations (5.103) and (5.102) then imply (5.101).
Consider now a solvable parametrization of the coset for which we describe the quater-
nionic Ka¨hler manifold as globally isometric to a solvable Lie group generated by a solvable
Lie algebra SQK :
MQK ∼ exp (SQK) . (5.122)
The coset representative is then an element of exp (SQK):
L(q) = eq
u Tu ∈ exp (SQK) , (5.123)
where Tu are the generators of SQK . Being L(q) an element of a group, the action on it of
any other element of the same group has no compensating transformation:
∀g ∈ exp (SQK) : gL(q) = L(q′) . (5.124)
Therefore for any tn ∈ SQK we have Wn = 0, i.e.
Pxn = −kun ωxu . (5.125)
Transformations in exp(SQK) comprise translational isometries. Note that the above prop-
erties of Pxn hold for the analogous quantities defined in a general extended supergravity by
Eq. (5.114), or equivalently (2.52), where Jx are the HR-generators.
Homogeneous special and quaternionic Ka¨hler manifolds with negative curvature have
been classified in [173, 174]. They are all normal, see final paragraph of Sect. 2.1.1, namely
they feature a solvable group of isometries GS = exp(S ) whose action is free and transitive.
Some more properties. Let us derive some more general relations involving the momen-
tum maps and the Killing vectors (see for instance [163]). From the general properties of
the Levi-Civita connection and the corresponding curvature on the manifold, we find:
DuDv k
q
n −DvDu kqn = −Ruv,pq kpn . (5.126)
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Tracing over q and v and using the expression (5.98) for the Ricci tensor we find:
DuDv k
v
n −DvDu kvn = −Rup kpn = −2λ (nH + 2) knu . (5.127)
Next use the general property (2.47) of the Killing vectors Dukvn = −Dvknu to rewrite the
above equation as follows:
DuD
u knu = −Rup kpn = −2λ (nH + 2) knu . (5.128)
Let us now evaluate the antisymmetrized double covariant derivative on Pxn :
(DuDv −DvDu)Pxn = xyz RyuvPzn = 2λ xyzKyuvPzn . (5.129)
Using now the property KxuvK
y uv = 4nH δ
xy, one finds:
Ky uvDuDvP
x
n = 4nH λ 
xyzPzn . (5.130)
Finally let us apply Eq. (5.102) on the left-hand-side of the above equation to write
4nH λ 
xyzPzn = 2Du(k
p
nK
x
vp)K
y uv = 2 (Duk
p
n)K
x
vpK
y uv = 2 xyz Duk
p
nK
z
p
u , (5.131)
where we have used the property that Kxuv are parallel tensors and Eq. (5.82). We therefore
obtain the following useful formula for deriving the momentum maps from the Killing vectors:
Pxn =
1
2nHλ
Duk
p
nK
x
p
u . (5.132)
5.3 The Gauging
Let us now consider the gauging of a subgroup Gg of the isometry group of the scalar
manifold. The gauge generators XM are expanded in the generators {ta, tm} of the isometry
groups of MSK and MQK through the embedding tensor:
XM = ΘM
a ta +ΘM
m tm . (5.133)
The symplectic electric-magnetic duality action of XM is, as usual, described by the sym-
plectic matrices: XMN
P = ΘM
a taN
P . The linear and quadratic constraints (3.55), (3.60),
(3.61) on the embedding tensor read:
X(MNP ) ≡ X(MNQCQ|P ) = 0 , (5.134)
ΘM
aΘN
bfab
c +XMN
P ΘP
c = 0 , (5.135)
ΘM
mΘN
nfmn
p +XMN
P ΘP
p = 0 , (5.136)
ΘM
aCMNΘNb = ΘMaCMNΘNn = ΘMmCMNΘNn = 0 . (5.137)
Conditions (5.135), (5.136) express the closure condition (3.61). The first two equalities
in (5.137) follow from (5.134) and (5.135), (5.136) while the last one has to be imposed
independently. We can define gauge Killing vectors and momentum maps as follows:
kiM ≡ ΘMa kia , kuM ≡ ΘMm kum , PM ≡ ΘMaPa , PxM ≡ ΘMmPxm . (5.138)
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From the quadratic constraints and Eqs. (5.64) and (5.105) we find the equivariance condi-
tions 97:
igi¯ k
i
[M k
¯
N ] =
1
2
XMN
P PP , (5.139)
2Kxuv k
u
M k
v
N + 
xyzPyMP
z
N = XMN
P PxP , (5.140)
Using the linear constraint (5.134) on the embedding tensor we can prove the following
identities:
PMΩ
M = 0 , kiM Ω
M = 0 . (5.141)
To prove the first one we write (5.74) for the gauge-momentum maps:
PM = −eKXMNPΩNΩP . (5.142)
Contracting both sides with ΩM we find:
ΩMPM = −eKΩMXMNPΩNΩP = e
K
2
Ω
N
XNMPΩ
MΩP = 0 , (5.143)
where we have used the linear constraint (5.134) and the symplectic property of the matrices
XMN
P :
2X(MP )N = −XNMP , (5.144)
being XMNP ≡ XMNQCQP . Last equality in (5.143) then follows from (5.75).
The second of (5.141) is derived in the following way
ΩM kiM = i g
i¯ΩM ∂¯PM = i g
i¯ ∂¯(Ω
MPM) = 0 , (5.145)
where we have used the first of (5.141).
Let us now prove an other important property which follows from the constraints on the
embedding tensor. Using Eq. (5.73), for a generic gauge generator we can write:
kiM Ui
N = −XMPN V P + iPM V N . (5.146)
Contracting with V
M
and using (5.141) we find:
V
M
kiM Ui
N = −XMPN V M V P . (5.147)
If both sides of this equations are further contracted with ΘN
α, we can use the antisymmetry
of XMP
N ΘN
α in its first two indices, XMP
N ΘN
α = −XPMN ΘNα, and write:
V
M
kiM Ui
NΘN
α = −XMPN V M V PΘNα = XMPN V M V PΘNα = −(V MkiM UiNΘNα)∗ ,
(5.148)
namely we find that the expression on the left-hand-side is imaginary. This in particular
implies the first of conditions (3.120) for N = 2 theories, using the expressions of the
fermion-shift tensors to be given below.
97By setting the parameter λ of the quaternionic geometry to λ = −1.
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5.4 Minimal Couplings, Fermion-Shift Tensors and the Scalar Po-
tential
After the gauge group has been chosen within the global symmetry group, the construction
of the gauged theory proceeds along the lines illustrated in Sect. 3: Ordinary derivatives
are replaced by covariant ones, vector field strengths are covariantized, O(g)-terms, defined
by the fermion-shift tensors, are added to the fermion supersymmetry transformation rules
and to the Lagrangian and an O(g2) scalar potential is introduced. We shall perform here
the duality-covariant gauging discussed in Sect. 3.2 which requires the introduction of extra
fields: the magnetic vector fields AΛµ and antisymmetric tensor fields Bαµν = (Baµν , Bnµν)
in the adjoint representation of the isometry group G = G(SK)×G(QK). Following the general
procedure we define the vector field field strengths HMµν as in (3.145), obtained by combining
the (non-Abelian) field strengths (3.135) with the antisymmetric tensors Bαµν through the
embedding tensor. We also define the symplectic covariant vector of field strengths GM as
in (3.151) and its composite counterpart HMµν obtained by dressing it with the scalar fields,
see Eq. (3.229). Consistency of the construction requires the introduction of the topological
terms (3.171), (3.172) in the Lagrangian. We refer to Sect. 3.2 for the details and the
definitions which we shall not repeat here.
Let W i AC , NαB, SAB denote the shift-tensors of the chiral gaugini λiA, hyperini ζα and
gravitini ψA respectively,
98
δλi A = · · ·+ gW i ABB, (5.150)
δψA µ = · · ·+ g iSAB γµB, (5.151)
δζα = · · ·+ g NαA A, (5.152)
where99
SAB =
i
2
(σx)A
CBCP
x
M V
M , (5.153)
W i AB = −AB kiM V M + i (σx)CBCAPxM gi¯UM¯ , (5.154)
Nα
A = −2UAu α kuM V M , NαA ≡ (NαA)∗ = 2 UuAα kuM V M , (5.155)
having defined UuAα ≡ AB UuBα and UAu α = BA UuBα = −(UuAα)∗. Using the explicit form
(2.171) of the HR-generators J0, Jx:
(J0)A
B = i δBA , (J
x)A
B = −i (σx)AB ,
98Due to the redefinitions (5.5), the shifts NIAB and NαB are related to W i AB and NAα as follows:
NIAB = ei I ACW i CB ; NαB =
√
2NAα . (5.149)
99Note the different sign used here for the gauge connection in the gauge-covariant derivatives with respect
to [163] or [161]. Since the fermion mass terms have the same form, all formulas here are obtained from
those in these references by inverting the sign of g and of the fermion shift-tensors and mass matrices at the
same time.
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integrating the first term on the right-hand-side of (5.154) by parts and using (5.143), NIAB
can be written in the following compact form:
NIAB = ei I ACW i CB = −e−1I ¯ U ¯MPaM Ja = 2 e−1I ¯ U ¯M QM AB , (5.156)
where we have defined P0M ≡ PM and used the definition of QM AB in (2.171). This is
consistent with the relation between the gaugino shift-tensor and the T-tensor given in the
fourth and fifth lines of (3.114). Similarly one can show that the definition of the gravitino
and hyperino shift-tensor are consistent with the identifications in (3.114).
The scalar potential. The scalar potential has the following general form:
V (z, z¯, q) = g2
(
(kiMk
¯
Ngi¯ + 4huvk
u
Mk
v
N)V
M
V N + (UMN − 3V MV N)PxNPxM
)
, (5.157)
which can be derived from the potential Ward identity (3.110) which now reads:
gi¯W
i ACW ¯BC + 2Nα
ANαB − 12SACSBC = δAB V (z, z¯, q) g−2 , (5.158)
where W ı¯AB ≡ (W i AB)∗.
Proof of the potential Ward identity. Following [257], we shall evaluate each term in the
left-hand-side of (5.158) separately. From the above definitions we find:
W i ACW ¯BCgi¯ = δ
A
B k
i
Mk
¯
Ngi¯V
M
V N − i (σx)BA
(
k¯M V
M U
N
¯ − kiM V M UNi
)
PxN +
+(σxσy)B
APxMP
y
NU
MN , (5.159)
where UMN ≡ UNi gi¯ UN¯ , see (5.43). On the right hand side of the above expression we split
the terms proportional to δAB from those proportional to (σ
x)B
A and use Eq. (5.148) to find:
W i ACW ¯BCgi¯ = δ
A
B
(
kiMk
¯
Ngi¯V
M
V N +PxNP
x
MU
MN
)
+ i (σx)B
A
(
−2 XMNPV M V NPxP+
+ xyzPyMP
z
NU
[MN ]
)
. (5.160)
Now use Eqs. (5.43) and the locality constraint (5.137) to write:
PyMP
z
NU
[MN ] = − i
2
PyMP
z
NCMN −PyMPzNV
[M
V N ] = −PyMPzNV
[M
V N ] , (5.161)
so that we finally find:
W i ACW ¯BCgi¯ = δ
A
B
(
kiMk
¯
Ngi¯V
M
V N +PxNP
x
MU
MN
)
+ i (σx)B
A
(
−2 XMNPV M V NPxP
− xyzPyMPzN V
M
V N
)
. (5.162)
Let us now move to the evaluation of the square of the hyperini shifts:
2Nα
ANαA = 8UAαu Uv Bα kuM kvN V MV N = 4
(
δABhuv + i (σ
x)B
AKxuv
)
kuM k
v
N V
M
V N ,(5.163)
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where we have used Eq. (5.91). Finally let us compute the square of the gravitini shifts:
−12SAC SBC = −3 (σxσy)BAPxMPyN V MV
N
= −3PxMPxN V MV NδAB+
+ 3i xyzPyMP
z
N V
M
V N(σx)B
A . (5.164)
Thus the left-hand-side of (5.158) has the general form:
gi¯W
i ACW ¯BC + 2Nα
ANαB − 12SACSBC = δAB V (z, z¯, q) g−2 + i Zx (σx)BA , (5.165)
where V is given in (5.157) and
Zx = (−2 XMNP PxP + 2 xyzPyMPzN + 4KxuvkuM kvN)V
M
V N . (5.166)
We see that Zx vanishes by virtue of the equivariance condition (5.140), so that Eq. (5.158)
holds.
5.5 Action and Supersymmetry Transformations
For the sake of completeness, we give the Lagrangian and the supersymmetry transformation
laws of the fields (as usual omitting terms which are quartic in the fermion fields in the action
and cubic in the transformation laws). The formulas presented here are simply obtained by
adaptation of the general formulae discussed in Sect. 3, see for instance Eqs. (3.236)-(3.242).
L = −e
2
R + e gi¯DµziDµz¯ ¯ + e huvDµquDµqv + e
4
IΛΣHµνΛHµν Σ + 1
8
RΛΣ εµνρσHµνΛHρσΣ+
− 1
8
εµνρσ ΘΛαBµν α
(
2 ∂ρAσ Λ +XMN ΛAρ
MAσ
N − 1
4
ΘΛ
βBρσ β
)
−
− 1
3
εµνρσXMN ΛAµ
MAν
N
(
∂ρAσ
Λ +
1
4
XPQ
ΛAρ
PAσ
Q
)
−
− 1
6
εµνρσXMN
ΛAµ
MAν
N
(
∂ρAσΛ +
1
4
XPQΛAρ
PAσ
Q
)
+
+ µνρσ(ψ¯Aµ γνDρψAσ − ψ¯AµγνDρψAσ )−
i e
2
gi¯
(
λ¯iAγµDµλ¯A + λ¯¯AγµDµλiA
)−
− i e (ζ¯αγµDµζα + ζ¯αγµDµζα)+ e{− gi¯Dµz¯ ¯ψ¯µAλiA − 2UAαu Dµquψ¯µAζα+
+ gi¯Dµz¯ ¯λ¯iAγµνψAν + 2UAαu Dµquζ¯αγµνψAν + h.c.
}
+
+ e
1
2
{H−Λµν IΛΣ [4LΣψ¯AµψBνAB − 4 i f¯Σi? λ¯i
?
Aγ
νψµB
AB+
+
1
2
DifΣj λ¯iAγµνλjBAB − LΣ ζ¯αγµνζβCαβ] + h.c.}+
+ e
[
2g SABψ¯Aµ γµνψBν + i g gi¯W iABλ¯
¯
Aγµψ
µ
B + 2 i g N
A
α ζ¯
αγµψ
µ
A+
+ gMαβ ζ¯αζβ + gMαiB ζ¯αλiB + gMij ABλ¯iAλjB + h.c.
]− e V (z, z¯, q)+L4f , (5.167)
where L4f contains the terms which are quartic in the fermion fields.
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The matrices Mαβ,MαiB,Mij AB are defined as follows:
Mαβ = UαAu UβBv εAB D[ukv]M V M (5.168)
MαiB = 4UαBu kuM UMi (5.169)
MAB ik = −AB g¯`[iUMk] k ¯`M +
1
2
iP xM (σ
x)A
CBC DiUMk (5.170)
The scalar potential V was given in (5.157).
The supersymmetry transformation laws for the fermion fields read:
δ ψAµ = Dµ A + 1
2
ABH
−
µν γ
νB + i g SABηµνγνB + . . . (5.171)
δ λiA = i Dµ ziγµA + i
4
H−iµνγ
µνB
AB + gW iABB + . . . (5.172)
δ ζα = i UBβu Dµ qu γµAAB Cαβ + g NAα A + . . . , (5.173)
where we have written H−AB µν = ABH
−
µν and, using (2.220) and neglecting the fermion-
bilinears
H−µν = 2i L
Λ IΛΣHΣ−µν ,
H−iµν ≡ e−1 IiH−I µν = 2i gi¯ f¯Λ¯ IΛΣHΣ−µν . (5.174)
Let us consider now the supersymmetry variations of the bosonic fields. We have:
δ V aµ = − i ψ¯Aµ γa A − i ψ¯Aµ γa A (5.175)
δ AMµ = 2V
M
ψ¯AµB
AB + 2V M ψ¯Aµ 
BAB
+ i UMi λ¯
iAγµ
B AB + i U
M
ı¯ λ¯
ı¯
AγµB 
AB (5.176)
δ zi = λ¯iAA (5.177)
δ z¯ ı¯ = λ¯ı¯A
A (5.178)
δ qu = UuαA
(
ζ¯αA + CαβAB ζ¯βB
)
. (5.179)
As for the tensor fields, using (3.235), one finds:
ΘΛα δBαµν = 2i Θ
Λa
(
λ¯iAγµνA k
¯
a − λ¯¯AγµνA kia
)
gi¯+
+ 4i ΘΛn
(
ζ¯αγµνA k
u
n UAαu − ζ¯αγµνA kun UuAα
)−
− 4i ΘΛnPxn (σx)BA
(
ψ¯A [µγν]
B + ψ¯B[µγν]A
)
+
+ 4i ΘΛaPa
(
ψ¯A [µγν]
A + ψ¯A[µγν]A
)−
− 2XΛPMCMN AP[µ δANν] . (5.180)
where, as usual, a, b = 1, . . . , dim(G(SK)), n,m = 1, . . . , dim(G(QK)) and, in adapting the
general formula (3.235), we have used the expressions for PM , QM :
PIABM = ΘMa kı¯a eı¯IAB , PAαM = ΘMn kun PAαu =
√
2ΘM
n kun UAαu ,
(QM)AB = −1
2
ΘM
nPxn (Jx)A
B − 1
2
ΘM
aPa (J0)A
B =
=
i
2
ΘM
nPxn (σx)A
B − i
2
ΘM
aPa δ
B
A , (5.181)
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the matrix form of the generators Jx, J0 being given in (2.171).
If we only gauge Abelian quaternionic isometries, upon dualizing the quaternionic scalars
acted on by the gauge transformations into tensors, as discussed in Sect. 3.6, we find the
model constructed in [206, 207].100
We notice that the scalar potential can also be written in the following more compact
form [161]:
V (z, z¯, q) = g2
(
Grs k
r
Mk
s
NV
M
V N + (UMN − 3V MV N)(PxNPxM −PNPM)
)
, (5.182)
where (krM) = (k
i
M , k
ı¯
M , k
u
M) and :
Grs k
r
Mk
s
N = 2 gi¯ k
i
M k
¯
N + Guv k
u
Mk
v
N = 2 gi¯ k
i
M k
¯
N + 2huv k
u
Mk
v
N . (5.183)
In deriving (5.182) we have also used the properties (5.141) to rewrite the term of the form
gi¯ k
i
M k
¯
NV
M
V N as follows:
gi¯ k
i
M k
¯
NV
M
V N = D¯PMDiPNV
M
V N gi¯ = PMPN U
MN . (5.184)
5.6 Fayet-Iliopulos Terms
In the absence of hypermultiplets the SU(2) part of HR becomes a global symmetry of the
theory which can still be gauged. The equivariance condition reads:
xyz PyM PzN = XMNP PxP , (5.185)
where we have used the fact that, for nH = 0, K
x = 0. The momentum maps PxP are now
constant quantities coinciding with the embedding tensor which describes the gauging of
the SU(2)-symmetry: PxM = ΘMx. They are known as Fayet-Iliopoulos (FI) terms. From
(5.185) we see that we have two possibilities: either we gauge a U(1) inside SU(2), or the
whole SU(2). In the former case we take ΘM
x to have only one non-vanishing component,
say θM = ΘM
x=1, and choose the remaining gauge algebra so that XMN
P θP = 0. We can
consider an Abelian gauging for which XMN
P = 0. In this case θM are the only gauge
parameters and the scalar potential reads:
V = g2
(
UMN − 3V M V N
)
θM θN = −g
2
2
θMMMN θN − 4 g2 V M V NθM θN . (5.186)
The FI terms are like electric-magnetic charges: they are background quantities transforming
in the representation Rv∗ of G(SK). Being kun = 0, however, they do not define scalar-vector
minimal couplings while they couple the fermion fields to the vectors. Just as we did for the
electric and magnetic charges we can introduce the following composite quantities Z , Zi
Z (z, z¯, θ) = V M(z, z¯) θM = L
Λ(z, z¯) θΛ +MΛ(z, z¯) θ
Λ , (5.187)
Zi(z, z¯, θ) ≡ DiZ = UMi (z, z¯) θM = fΛi (z, z¯) θΛ + hΛ i(z, z¯) θΛ , (5.188)
100Our antisymmetric tensor fields are eight times the corresponding fields of [206, 207].
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which are analogous to central and matter charges defined in Eqs. (2.227) and (2.228) for
black hole solutions. Using the definition (2.197) ofM we can write the first term in (5.186)
as follows:
− g
2
2
θMMMN θN = g2
(|Z |2 + gi¯ZiZ ¯) . (5.189)
This term is a positive definite function of the scalars zi, z¯ ¯ and the FI terms which is H-
invariant and has the same form as the black hole effective potential VBH [39]. The scalar
potential can therefore be conveniently rewritten in terms of Z , Zi as follows:
V = g2
(|Z |2 + gi¯ZiZ ¯ − 4 |Z |2) = g2 (gi¯ZiZ ¯ − 3 |Z |2) . (5.190)
Let us remark here the difference between mΛ, eΛ and θM : the former are solitonic charges,
while the latter are background quantities actually entering the Lagrangian.
In the case in which the whole global SU(2) is gauged, namely ΘM
x has rank 3, the left-
hand-side of (5.185) is non-vanishing, and so has to be the right-hand-side. This in turn
requires the gauging of a corresponding SU(2) inside G(SK).
The FI terms are an important ingredient in supergravity model building: They were
required in the construction of the first extended supergravity models featuring a stable de
Sitter vacuum [274]; Abelian N = 2 models with FI terms have provided useful supergravity
frameworks where to study black hole solutions in anti-de Sitter spacetime, since, for suitable
choices of θ, they feature vacua of this kind, see for instance [275–279].
5.7 Relation to Calabi-Yau Compactifications
N = 2 ungauged supergravities originate from compactifications of Type II superstring
theory on Calabi-Yau three-folds [171, 280–283]. Our discussion of this low-energy effective
theory is restricted to the string tree-level approximation.
A Calabi-Yau manifold X is a compact Ka¨hler manifold with vanishing first Chern class.
This condition restricts the holonomy group to SU(nc), nc being its complex dimension, and is
equivalent to the existence of a Ricci-flat Ka¨hler metric on the manifold. We shall consider
X of complex dimension 3, which has SU(3) holonomy. Considering a ten-dimensional
background of the form
MD=4 ×X ,
the SU(3) holonomy of the internal manifold guarantees the existence of a covariantly con-
stant spinor and thus of a residual amount of supersymmetry preserved by background, which
turns out to be one quarter the supersymmetry of the original ten-dimensional theory. MD=4
is the four-dimensional Minkowski vacuum of the resulting effective four-dimensional model
with eight conserved supercharges. Superstring theory on this background is described by a
super-conformal world-sheet theory with (2, 2)-supersymmetry.
It is known that the moduli parametrizing the deformations of a Calabi-Yau metric split
into two classes: The Ka¨hler moduli δgst¯, s, t = 1, 2, 3, describing the deformations in “size”
of X , which are in one-to-one correspondence with the harmonic (1, 1)-forms, i.e. with el-
ements of H(1,1)(X ), and the complex structure moduli δgs¯t¯, describing the deformations
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in “shape” of X , which are associated with harmonic (2, 1)-forms, i.e. with elements of
H(2,1)(X ), g being the Calabi-Yau metric. We shall denote a suitable complexification, see
below, of the former set of moduli by wa, where, only in this Section, a, b = 1, . . . , h1,1,
h1,1 = dim(H
(1,1)), and the latter moduli by zi, i = 1, . . . , h2,1, h2,1 being the dimension
of H(2,1)(X ) (and of H(1,2)(X )). In the four-dimensional effective supergravity, these defor-
mation parameters enter as massless scalar fields parametrizing two different special Ka¨hler
manifolds: M (1)SK , M
(2)
SK , respectively. Let us briefly recall the relation between the geometries
of the two moduli spaces and the topology of the corresponding internal manifold.
A feature of Calabi-Yau manifolds is thatH(3,0)(X ) (as well asH(0,3)(X )) is one-dimensional
and contains the characteristic holomorphic (3, 0)-form Ω. The existence on X of the unique
closed (3, 0)-form Ω and (1, 1)-form J , i.e. the Ka¨hler form, is strictly related to the mani-
fold having SU(3)-holonomy. Let (αM) ≡ (αΛ, −βΛ), Λ = 0, . . . , h2,1, be a basis of the third
cohomology class H(3)(X ,Z). The basis αM is chosen so that:∫
X
αM ∧αN = −CMN . (5.191)
The form Ω is a holomorphic function of the complex structure moduli zi, Ω = Ω(z), and
the holomorphic section Ω2(z)
M of M (2)SK is defined by expanding Ω in the basis αM :
Ω(z) = ΩM2 (z)αM = X
Λ
2 (z)αΛ − F2Λ(z) βΛ . (5.192)
The three-form Ω is defined modulo multiplication by a holomorphic function Ω(z) →
ef(z)Ω(z), which amounts to a Ka¨hler transformation on the line bundle L over the moduli
space. Similarly the covariant derivatives DiΩM2 (z), Dı¯Ω
M
2 (z¯) of Ω
M
2 (z) and Ω
M
2 (z¯) describe
the components along αM of (2, 1) and (1, 2) harmonic forms χi, χ¯ı¯, so that the columns
ΩM2 , Dı¯Ω
M
2 , Ω
M
2 , DiΩ
M
2 of e
−K2
2 LMc N , K2 being the Ka¨hler potential, describe the compo-
nents, or periods, in the chosen basis αM , of the 3-forms Ω, χ¯ı¯, Ω, χi. These forms define
a basis of
H(3)(X ) = H(3,0)(X )⊕H(1,2)(X )⊕H(0,3)(X )⊕H(2,1)(X ) . (5.193)
The symplectic frame is therefore determined by the choice of the basis αM . One can also
show that the matrix M(z, z¯) has the following geometric interpretation:∫
X
αM ∧ ∗αN = −MMN > 0 . (5.194)
In the symplectic frames originating from Calabi-Yau compactifications the prepotential
always exists, i.e. XΛ can be viewed as homogeneous coordinates for the moduli space. The
Ka¨hler potential of M (2)SK reads:
K2(z, z¯) = − log
(
i
∫
X
Ω ∧Ω
)
, (5.195)
which yields, using (5.192) and (5.191), Eq. (5.35).
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As far as the complexified Ka¨hler moduli wa of the Calabi-Yau are concerned, they are
defined as the components, along a basis ea of H
(1,1), of the complex combination B + i J ,
where B is the Kalb-Ramond 2-form of the ten-dimensional superstring theory with the
indices along the internal directions (Bst¯), and J the Ka¨hler 2-form on X :
B + i J = wa ea . (5.196)
Only the imaginary parts va of wa = ua + i va parametrize the possible choices of the Ka¨hler
class, the real parts being related to the B-form: J = va ea, B = u
a ea. Let dabc denote the
triple intersection numbers:
dabc ≡
∫
X
ea ∧ eb ∧ ec = d(abc) . (5.197)
The volume Vol[X ] of X then reads: Vol[X ] = 1
3!
∫
X J ∧ J ∧ J = 13! dabc va vb vc. The moduli
wa are special coordinates on the special Ka¨hler manifold M (1)SK on which the holomorphic
section is denoted by (Ωm1 (w)) = (X
A
1 (w), F1A(w)), A = (0, a), with w
a = Xa1/X
0
1 , and the
prepotential, in its “bare” or non-quantum corrected form, is defined by the following cubic
polynomial: 101
F (X1) = (X
0
1 )
2F (w) ; F (w) ≡ 1
3!
dabcw
awbwc . (5.198)
From Eq. (5.52) the Ka¨hler potential is computed to be:
K1(w, w¯) = − log
(
1
3!
dabc v
avbvc
)
,
and the metric reads:
gab¯ = −
3
2
(
dab
d
− 3
2
da db
d2
)
, (5.199)
where d ≡ dabc va vb vc, da ≡ dabc vb vc and dab = dabc vc. Note that the above metric features
the following Peccei-Quinn translational isometries:
ua → ua + ca , va → va , (5.200)
where ca are h1,1 constant parameters. Finally the characteristic rank-3 symmetric tensor
Cabc has the simple form: Cabc = e
K1 dabc. Special Ka¨hler manifolds characterized by a
prepotential of the form (5.198) are called cubic special geometries. The manifold M (1)SK
spanned by the complexified Ka¨hler moduli receives world-sheet instanton corrections while
that of the complex structure deformations does not.
Aside from Calabi-Yau compactifications, cubic geometries also originate from toroidal
reduction to four dimensions of models in D = 5 with eight supercharges. In this case
the Peccei-Quinn axions ua derive from the internal components of the five-dimensional
vector fields Aaµ˜ and the Peccei-Quinn symmetry is the remnant in four dimensions of the
101Our discussion of the manifold M
(1)
SK does not take into account quantum corrections.
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corresponding gauge symmetry. The tensor dabc defines the Chern-Simons term dabcF
a∧F b∧
Ac in the five-dimensional Lagrangian and is an invariant of its global symmetry group. In
this picture the axions ua are analogous, in the N = 2 case, to the scalars aλ in the maximal
theory originating from Kaluza-Klein reduction of the five-dimensional one, see Eqs. (4.26),
and dabc corresponds to the E5(5)-invariant dλσγ.
The structure of M (1)SK parallels that of of M
(2)
SK . In particular we can associate the
symplectic frame on the former with a basis of even forms on X (eA) = (eA, eA):
(eA) = (e0, ea) ; e0 = 1 ∈ H(0,0)(X ) , ea ∈ H(1,1)(X ) ,
(eA) = (e0, ea) ; e0 = −
√
det(g)
Vol[X ] d
6x ∈ H(3,3)(X ) , ea ∈ H(2,2)(X ) . (5.201)
This basis is chosen so that
∫
X ea∧eb = δba. The symplectic structure follows from the Mukai
pairing 〈 , 〉:
〈σ, γ〉 ≡ (σ ∧ λ(γ))top , (5.202)
where the subscript “top” stands for the projection on the top-form and λ acts on p-forms
ω(p) as follows: λ(ω(2n)) = (−1)n ω(2n), λ(ω(2n−1)) = (−1)n ω(2n−1). We then have for the
basis of even forms a relation similar to (5.191):∫
X
〈eA, eB〉 = CAB . (5.203)
Clearly also (5.191) can be written in terms of the Mukai pairing.
Let us consider the dimensional reduction of Type II theories on a Calabi-Yau manifold
X and restrict ourselves to the bosonic sector. Using the property that there are no har-
monic one-forms on X , the various ten-dimensional fields yield the following four-dimensional
ones (all the four-dimensional fields should be intended as fluctuations about their vacuum
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values):102
Type IIA:
C(3) = Aaµ dx
µ ∧ ea + ζΛ αΛ − ζ˜Λ βΛ = Aaµ dxµ ∧ ea + ZM αM ,
C(1) = A0µ dx
µ ,
B(2) =
1
2
Bµν dx
µ ∧ dxν + ua ea, J = va ea ,
φ → φ4 = φ− 1
2
log (Vol[X ]) ,
(gst, gst) → zi ,
Type IIB:
C(4) = AΛµ dx
µ ∧ αΛ + Ca ea ,
C(2) =
1
2
Cµν dx
µ ∧ dxν + Ca ea ,
C(0) = ρ ,
B(2) =
1
2
Bµν dx
µ ∧ dxν + ua ea, J = va ea ,
φ → φ4 = φ− 1
2
log (Vol[X ]) ,
(gst, gst) → zi , (5.204)
(5.205)
The resulting four-dimensional theory is an ungauged N = 2 supergravity which thus fea-
tures no scalar potential. The corresponding scalar fields are therefore not dynamically fixed
and parametrize a continuum of degenerate Minkowski vacua.
In the Type IIA compactification the effective N = 2 theory describes, aside from the
supergravity multiplet which contains the graviphoton A0µ, n = h1,1 vector multiplets contain-
ing the vectors Aaµ and the complexified Ka¨hler moduli w
a, and nH = h2,1+1 hypermultiplets
whose scalar content consists in the (2h2,1 +2)-symplectic vector of scalars (ZM) = (ζΛ, ζ˜Λ),
the scalar B˜ dual to Bµν , the four-dimensional dilaton φ4, and the complex structure moduli
zi. The latter are therefore part of the hyper-scalars qu. In fact the special Ka¨hler manifold
M (2)SK spanned by z
i is contained in the quaternionic Ka¨hler manifold M (IIA)QK parametrized
by qu.
The reduction of Type IIB theory, on the other hand, yields a supergravity multiplet
coupled to n = h2,1 vector multiplets containing the complex structure moduli z
i, and
nH = h1,1 + 1 hypermultiplets. Of the vectors A
Λ
µ originating from the RR four-form, one
is contained in the supergravity multiplet. The hypermultiplets contain the (2h1,1 + 2)-
symplectic vector of scalars (ZA) = (ζA, ζ˜A) = (ρ, Ca, C˜, Ca), and the NS-NS fields B˜, φ4,
wa. The latter moduli wa span the manifoldM (1)SK which is thus contained in the quaternionic
Ka¨hler one M (IIB)QK parametrized by the hyper-scalars q
u. Note that we did not write, in the
102The scalars ζΛ should not be confused with the hyperini ζα.
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expansion of the RR-four-form, the components Caµν and AµΛ since they are related to Ca and
AΛµ , respectively, by the self-duality condition on the five-form field strength Fˆ
(5) = ∗Fˆ (5).
To summarize, in the two pictures, the scalar manifolds have the following forms:
Type IIA:
Mscal = M
(1)
SK ×M (IIA)QK , M (2)SK ⊂M (IIA)QK ,
Type IIB:
Mscal = M
(2)
SK ×M (IIB)QK , M (1)SK ⊂M (IIB)QK . (5.206)
In both cases half of the quaternionic scalars qu originate from the RR fields and half from
the NS-NS ones, including the dilaton field (in the form of the four-dimensional dilaton φ4).
The lower-dimensional theories also feature two symplectic structures, associated with the
groups Sp(2h1,1 +2,R) and Sp(2h2,1 +2,R), one of which defines the scalar-vector couplings,
the other is “hidden” inside the quaternionic manifold. The fact that the dilaton, which
is related to the string coupling constant gs = e
φ, sits in the quaternionic Ka¨hler manifold
and the fact that N = 2 supersymmetry forbids couplings between vector multiplet scalars
and hyper-scalars implies that only the geometry of MQK receives perturbative and non-
perturbative string corrections (which depend on gs).
The embedding of a special Ka¨hler manifold inside a quaternionic one, which occurs in
the two pictures (at string tree-level), defines a correspondence between the former class of
spaces and the latter one which is called c-map [284]:
MSK
c−map−→ MQK ⊃MSK . (5.207)
In particular the special Ka¨hler manifold in the vector multiplet sector from Type IIA or
IIB theory is mapped into the quaternionic Ka¨hler manifold in the Type IIB or IIA picture,
respectivley. Actually the same correspondence occurs when we further compactify the
four-dimensional theory on a circle to three dimensions and dualize the vector fields into
scalars [284, 285]:103 The scalar fields in the vector multiplets, together with the two scalars
originating from the four-dimensional metric and those arising from the vector fields, span
the quaternionic Ka¨hler manifold image through the c-map of the original special Ka¨hler
one.104 We refer the reader to Appendix A.8 for a review of this construction. When going
to three dimensions in the Type IIA picture, the special Ka¨hler manifold M (1)SK associated
with the vector multiplet sector becomes part of the quaternionic Ka¨hler manifold M (IIB)QK ,
while the hyper-scalars are described in the lower-dimensional theory by the same space
M (IIA)QK . Therefore in the three dimensional theory all bosonic degrees of freedom of the
four-dimensional one are scalar fields described by a sigma model with target space:
M (D=3)scal = M
(IIB)
QK ×M (IIA)QK . (5.208)
103This kind of dimensional reduction and the geometry of the emerging sigma-model, was first studied in
[286].
104Not all quaternionic Ka¨hler manifolds are in the image of the c-map.
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It is remarkable that performing the reduction in the Type IIB picture one ends up with
precisely the same sigma-model. This can be understood from the fact that a T-duality
along the internal fourth dimension, which is a symmetry of the three dimensional theory,
maps the Type IIA description into Type IIB one. This amounts to an irrelevant exchange
of the two factors in (5.208).
In Table 2 the symmetric special and quaternionic Ka¨hler manifolds are listed according
to the correspondence defined by the c-map: from top to bottom the first special Ka¨hler
space is mapped into the first quaternionic one with nH = n+ 1; the second special Ka¨hler
space into the second quaternionic one with nH = n+ 1, and so on. The last manifold in the
table USp(2,2nH)
USp(2)×USp(2nH) is the only homogeneous quaternionic Ka¨hler space not in the image of
the c-map.
With each Calabi-Yau manifold X we can associate a mirror manifold Xˆ of the same type
(see for instance [287]), such that h1,1(X ) = h2,1(Xˆ ) and h2,1(X ) = h1,1(Xˆ ) and
M (1)SK [X ] = M (2)SK [Xˆ ] ; M (2)SK [X ] = M (1)SK [Xˆ ] , (5.209)
once all the world-sheet instanton corrections are taken into account. The following dual-
ity, named mirror symmetry, holds: Type IIA on X is equivalent to Type IIB on Xˆ . In
particular the corresponding low-energy effective theories should coincide. Mirror symme-
try is thus analogous to T-duality along an odd number of internal directions in toroidal
compactifications, see Section 4.3.105 A stronger statement of mirror symmetry also involves
the quantum corrected quaternionic geometries of the two effective models (recall that the
geometry of MQK receives gs-corrections).
Fluxes and SU(3)-structure manifolds. As previously pointed out, the presence of
fluxes in a Calabi-Yau compactification, through their back-reaction on the space-time met-
ric, will alter the geometry of the internal manifold, spoiling, in general, its defining property
of having SU(3)-holonomy and possibly inducing a warp-factor, depending on the internal
coordinates, multiplying the metric of MD=4. We may still require the low-energy dynamics
on the backgorund to be captured by an effective N = 2 supergravity. This amounts to the
condition that the back-reacted internal manifold X admit a globally defined spinor and
restricts its structure group to SU(3) ⊂ SO(6) or less, SO(6) being the structure group of
a generic 6-dimensional compact Riemannian manifold. The condition on X to have an
SU(3)-structure is less stringent than that on the Levi-Civita connection to have SU(3)-
holonomy, which defines Calabi-Yau manifolds. Manifolds with SU(3)-structure (or in gen-
eral G-structure) received considerable attention in relation to the study of supersymmetric
flux-compactifications, see [71] and references therein. The effective lower-dimensional the-
ory is a gauged supergravity, the gauging being induced by the internal fluxes. This model
describes, as a solution, the original background MD, but may well feature other solutions,
possibly associated with different compactifications.
105 See [288] for an interpretation of mirror symmetry as a T-duality.
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5.8 Solving the Constraints in a Simple Model
In this Section we discuss a special example [289] in which the constraints on the embedding
tensor can be explicitly solved and all possible gaugings classified in orbits of the global sym-
metry group G. We consider the so-called STU model which describes N = 2 supergravity
coupled to three vector multiplets and no hypermultiplets. Although simple, this example
is instructive since it provides one of the few examples in which the quadratic constraints
on the embedding tensor can be explicitly solved and, at the same time, it features gaugings
with stable anti-de Sitter and de Sitter vacua.
5.8.1 The Geometry of the Scalar Manifold
The scalar manifold belongs to the infinite series in the second line of Table 2, with n = 3,
and reads:
M (STU)scal =
(
SL(2,R)
SO(2)
)3
. (5.210)
The global symmetry group of the theory is G = SL(2,R)3×SO(3) the latter factor being the
form of G(QK) in the absence of hypermultiplets. The duality representation is Rv = (2,2,2)
of SL(2,R)3.
In the special coordinate frame the coordinates are (zi) = (z1, z2, z3), also denoted in the
literature by s, t and u, and the prepotential is cubic of the form:
F (X) =
X1X2X3
X0
= (X0)2F (z) , F (z) = z1 z2 z3 . (5.211)
We write the complex scalars in terms of real ones {φs} = {ai, ϕi} as follows: zi = ai− i eϕi .
The Ka¨hler potential is readily computed to be e−K = 8 eϕ1+ϕ2+ϕ3 , so that the Ka¨hler metric
in the complex basis reads:
gi¯ = − 1
(zi − z¯ ı¯)2 δij =
e−2ϕi
4
δij . (5.212)
Setting X0 = 1, the holomorphic section ΩM(z) has the following form:
ΩM(z) = {1, z1, z2, z3,−z1z2z3, z2z3, z1z3, z1z2} . (5.213)
The special coordinates correspond to a solvable parametrization of the manifold in which
the real coordinates φs are parameters of a solvable Lie algebraS =
⊕
Si, whereSi are the
solvable algebras associated with each of the three factors Si = (Ei, hi): [hi, Ej] = δij Ei.
The coset representative L is an element of the corresponding solvable group defined by the
following exponentialization prescription:
L(φs) = exp(φs ts) =
3∏
i=1
eaiEieϕihi . (5.214)
183
For the sake of completeness we give below the explicit matrix forms of the solvable Lie
algebra generators in the Rv representation (Rv[ts] = (tsMN)):106
ϕihi = −1
2
diag(ϕ1 + ϕ2 + ϕ3,−ϕ1 + ϕ2 + ϕ3, ϕ1 − ϕ2 + ϕ3, ϕ1 + ϕ2 − ϕ3,
− ϕ1 − ϕ2 − ϕ3, ϕ1 − ϕ2 − ϕ3,−ϕ1 + ϕ2 − ϕ3,−ϕ1 − ϕ2 + ϕ3) ,
aiEi =
(
A 0
B −AT
)
; A =

0 0 0 0
a1 0 0 0
a2 0 0 0
a3 0 0 0
 , B =

0 0 0 0
0 0 a3 a2
0 a3 0 a1
0 a2 a1 0
 . (5.215)
Exponentiating the above matrices according to (5.214), one derives the symplectic repre-
sentation (2.107) of the coset representative L(φ) = Rv[L] = (LMN).107 The reader can
verify that
ΩM(φs) = LMN(φs)ΩN(φs = 0) .
In this symplectic basis each SL(2,R)-factor in G is generated by the triple hi, Ei, ETi ,
satisfying the relations:
[hi, Ej] = δij Ei ; [hi, E
T
j ] = −δij ETi ; [Ei, ETj ] = 2δij hi . (5.216)
It is convenient to choose the following basis of generators for G:
ta = tx,i : t1,i = −2hi ; t2,i = Ei − ETi ; t3,i = Ei + ETi , (5.217)
where x = 1, 2, 3 labels the generators within each sl(2,R)-factor, labeled by i = 1, 2, 3. The
commutation relations of the isometry algebra read:
[tx,i, ty,j] = −2 δij xyz tz,i , (5.218)
where the z index is raised by the invariant metric ηxy = diag(+1,−1,+1).
For the purpose of computing the scalar potential, it is convenient to evaluate the holo-
morphic Killing vectors kx,i which have the following form
k1,i = −2 zi ∂i ; k2,i = (1 + (zi)2) ∂i ; k3,i = (1− (zi)2) ∂i , (5.219)
no summation over i. These are in turn expressed in terms of momentum maps Pa (no
summation over i):
Pa = −V M taMN CNL V L ,
P1,i = −i z
i + z¯i
zi − z¯i , P2,i = i
1 + |zi|2
zi − z¯i , P2,i = i
1− |zi|2
zi − z¯i , (5.220)
106With an abuse of notation we denote the abstract generator and its matrix representation in this sym-
plectic basis by the same symbols, hi, Ei: hi ≡ Rv[hi], Ei ≡ Rv[Ei].
107In this case S = 1 in (2.107) and thus we do not underline the second index.
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where we have used Eq. (5.74). The reader can verify that Eqs. (5.58) are satisfied. Being
Rv = (2,2,2), by means of a symplectic transformation, the 8 basis elements for the Rv-
representation can be changed to the following:
V M = V (α1,α2,α3) = (V (1,1,1), V (1,1,2), V (1,2,1), V (1,2,2), V (2,1,1), V (2,1,2), V (2,2,1), V (2,2,2)) ,
(5.221)
where αi = 1, 2 label the doublet representation of the i
th SL(2,R)-factor. In this basis the
global symmetry generators ta of g
(SK) = sl(2,R)3 read:
(tx,1)β1,β2,β3
γ1,γ2,γ3 = (sx1)β1
γ1δγ2β2δ
γ3
β3
, ; (tx,2)β1,β2,β3
γ1,γ2,γ3 = (sx2)β2
γ2δγ1β1δ
γ3
β3
, ;
(tx,3)β1,β2,β3
γ1,γ2,γ3 = (sx3)β3
γ3δγ1β1δ
γ2
β2
, (5.222)
where sx = (σ1, iσ2, σ3).
A distinctive feature of the STU model is its characteristic triality symmetry under the
exchange of the three scalars and thus of the three factors in G(SK). Some more details about
the geometric structure of the STU model can be found in Appendix A.9, where it is shown
that this model is a characteristic truncation of the maximal supergravity.
5.8.2 The Embedding Tensor.
The most general gauge symmetry which can be introduced in the model is defined by
generators XM of the form (5.133), where tm, m = 1, 2, 3, are SO(3)-generators, satisfying
the constraints (5.134)-(5.137). Let us solve first these constraints in the components ΘM
a
of the embedding tensor, where a = (x, i) and we write M = (α1, α2, α3). The embedding
tensor ΘM
a takes the following form:
ΘM
a = {Θ(α1,α2,α3)x1 , Θ(α1,α2,α3)x2 , Θ(α1,α2,α3)x3} ∈ (2,2,2)×[(3,1,1)+(1,3,1)+(1,1,3)] ,
(5.223)
where xi run over the adjoint (vector)-representations of the three sl(2) algebras. Since:
(2,2,2)×[(3,1,1)+(1,3,1)+(1,1,3)] = 3×(2,2,2)+(4,2,2)+(2,4,2)+(2,2,4) , (5.224)
each component of the embedding tensor can be split into its irreducible parts according to
the above decomposition:
Θ(α1,α2,α3)
x1 = (sx1)α1
β ξ
(1)
β α2 α3
+ Ξα1,α2,α3
x1 ∈ (2,2,2) + (4,2,2) ,
Θ(α1,α2,α3)
x2 = (sx2)α2
β ξ
(2)
α1 β α3
+ Ξα1,α2,α3
x2 ∈ (2,2,2) + (2,4,2) ,
Θ(α1,α2,α3)
x3 = (sx3)α3
β ξ
(3)
α1 α2 β
+ Ξα1,α2,α3
x3 ∈ (2,2,2) + (2,2,4) ,
(5.225)
The tensors Ξα1,α2,α3
xi in the (4,2,2), (2,4,2), (2,2,4) representations are defined by the
vanishing of the appropriate gamma-trace, namely:
Ξβ,α2,α3
x1(sx1)α1
β = Ξα1,β,α3
x2(sx2)α2
β = Ξα1,α2,β
x3(sx3)α3
β = 0 . (5.226)
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Let us now define embedded gauge generators XMN
P :
X(α1,α2,α3),(β1,β2,β3)
(γ1,γ2,γ3) = Θ(α1,α2,α3)
x1 (sx1)β1
γ1δγ2j2 δ
γ3
β3
+Θ(α1,α2,α3)
x2 (sx2)β2
γ2δγ1β1δ
γ3
β3
+
+Θ(α1,α2,α3)
x3 (sx3)β3
γ3δγ2β2δ
γ1
β1
. (5.227)
As mentioned in Sect. 3.1.2, the linear constraint (3.64) implies:
X(α1,α2,α3),(β1,β2,β3)
(α1,α2,α3) = 0 ⇒ ξ(1)α1 α2 α3 + ξ(2)α1 α2 α3 + ξ(3)α1 α2 α3 = 0 ,
X(α1,α2,α3),(β1,β2,β3),(γ1,γ2,γ3) +X(γ1,γ2,γ3),(β1,β2,β3),(α1,α2,α3) +X(β1,β2,β3),(α1,α2,α3),(γ1,γ2,γ3) = 0 ⇒
⇒ Ξα1,α2,α3xi = 0 . (5.228)
This rules out the (4,2,2), (2,4,2), (2,2,4) representations leaving us only with three ten-
sors in the (2,2,2) representation. Explicitly the linearly constrained embedding tensor
reads as follows:
Θ(α1,α2,α3)
a = {(sx1)α1β ξ(1)β α2 α3 , (sx2)α2β ξ
(2)
α1 β α3
, (sx3)α3
β ξ
(3)
α1 α2 β
} , (5.229)
where the tensors in the (2,2,2) are further subject by the condition
ξ(1)α1 α2 α3 + ξ
(2)
α1 α2 α3
+ ξ(3)α1 α2 α3 = 0 (5.230)
The first of the quadratic conditions (5.137) for ΘM
a has the form:
α1β1α2β2α3β3 Θ(α1,α2,α3)
aΘ(β1,β2,β3)
b = 0 , (5.231)
on top of which the closure conditions have to be imposed. By means of a MATHEMATICA
computer code we were able to solve the quadratic constraints. We do not display them
here, since, in Section 5.8.3, we show how to classify the orbits into which such solutions are
organized and it will be sufficient to consider only one representative for each orbit.
5.8.3 The Gaugings with no Fayet-Iliopoulos Terms
We first consider the case of no Fayet-Iliopoulos terms, namely (ΘM
m = 0). Since ΘM
m =
PmM = 0, m = 1, 2, 3, the scalar potential has no contribution from the gravitino shift-tensor
and thus it is non-negative and reads:
V = V (z, z¯, q) = g2 kiMk
¯
Ngi¯V
M
V N . (5.232)
We can use the global symmetry G(SK) of the theory to simplify our analysis. Indeed the field
equations and Bianchi identities are invariant if we G(SK)-transform the field and embedding
tensors at the same time. This is in particular true for the scalar potential V (φ,Θ), see Eq.
(3.247). Notice that we can have other formal symmetries of the potential which are not in
G(SK). Consider for instance the symplectic transformation:
S = diag(1, εi, 1, εi) , (5.233)
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where εi = ±1, ε1ε2ε3 = 1. These transformations correspond to the isometries zi → εi zi,
which however do not preserve the physical domain defined by the lower-half plane for each
complex coordinate, Im(zi) < 0, in which IΛΣ < 0. Therefore embedding tensors connected
by such transformations are to be regarded as physically inequivalent.
We have shown in the previous section that the embedding tensor, solution to the linear
constraints, in the absence of Fayet-Iliopoulos terms, is parameterized by two independent
tensors ξ(2), ξ(3) in the (2,2,2) of G(SK). These are then subject to the quadratic constraints
that restrict the G(SK)-orbits of these two quantities. We can think of acting by means of
G(SK) on ξ(2), so as to make it the simplest possible. By virtue of Eq. (3.247) this will not
change the physics of the gauged model (vacua, spectra, interactions), but just make the
analysis simpler.
Let us recall that the G(SK)-orbits of a single object, say ξ(2)M , in the Rv = (2,2,2)
representation are described by a quartic invariant I4(ξ
(2)), see (2.142), defined as:
I4(ξ
(2)) = −2
3
taMN t
a
PQ ξ
(2)Mξ(2)Nξ(2)P ξ(2)Q . (5.234)
For the classification of these orbits we can make contact with the literature on black hole
solutions to ungauged extended supergravities and their classification with respect to the ac-
tion of the global symmetry group G, see [290, 291]. The orbits in the (2,2,2)-representation
are classified as follows108:
i) Regular, I4 > 0, triality-invariant;
ii) Regular, I4 > 0, non triality-invariant;
iii) Regular, I4 < 0;
iv) Light-like, I4 = 0, ∂MI4 6= 0;
v) Critical, I4 = 0, ∂MI4 = 0, tA
MN ∂M∂N I4 6= 0 ;
vi) Doubly critical, I4 = 0, ∂MI4 = 0, tA
MN ∂M∂N I4 = 0 ,
where ∂M ≡ ∂/∂ξ(2)M . The quadratic constraints (5.231) restrict ξ(2) (and ξ(3)) to be either
in the critical or in the doubly-critical orbit. Let us analyze the two cases separately.
ξ(2) Critical. The quadratic constraints imply ξ(3) = 0 and thus the embedding tensor is
parameterized by ξ(1) = −ξ(2), namely the diagonal of the first two SL(2,R) groups in GSK .
We can choose a representative of the orbit in the form:109
ξ(2) = g (0, 1, c, 0, 0, 0, 0, 0) . (5.235)
108 Strictly speaking, for all models in the second line of table 2, there is a further fine structure (see [292])
in some of the orbits classified above which depends on other invariant quantities. We shall take care of this
finer splitting by appropriately parametrizing our representatives so that different values of the parameters
will correspond to the different sub-orbits.
109Other choices are mapped into this one by triality.
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The gauge group is Gg = SL(2,R) and the scalar potential reads:
V = g2 e−ϕ1−ϕ2−ϕ3
(
(a1 + c a2)
2 + (eϕ1 − c eϕ2)2) . (5.236)
The truncation to the dilatons (ai = 0) is a consistent one:
∂V
∂ai
∣∣∣∣
ai=0
= 0 , (5.237)
and
V |ai=0 = g2
(
e−
1
2
(−ϕ1+ϕ2+ϕ3) − c e− 12 (ϕ1−ϕ2+ϕ3)
)2
. (5.238)
The above potential has an extremum if c > 0, for eϕ1 = c eϕ2 , while it is runaway if c < 0.
In the former case the extrema are of Minkowski type and not unstable (being the scalar
potential non-negative). The sign of c is changed by a transformation of the kind (5.233)
with ε1 = −ε2 = −ε3 = 1. For the reason outlined above, in passing from a negative to a
positive c, the critical point of the potential moves to the unphysical domain (Im(zi) > 0).
In fact the sign of c labels some of the sub-orbits mentioned in Footnote 108. The gauging
for c = −1 coincides with the one considered in [274], in the absence of Fayet-Iliopoulos
terms.110
ξ(2) Doubly-Critical. We can choose a representative of the orbit in the form:
ξ(2) = g (1, 0, 0, 0, 0, 0, 0, 0) . (5.239)
In this case ξ(3) is non-vanishing and reads:
ξ(3) = g′ (1, 0, 0, 0, 0, 0, 0, 0) . (5.240)
The gauging is electric (ΘΛ = 0) and the gauge generators XΛ = (X0, XI), I = 1, 2, 3, satisfy
the following commutation relations:
[X0, XI ] = MI
J XJ , MI
J = diag(−2 (g + g′), 2 g, 2 g′) , (5.241)
all other commutators being zero. This gauging describes a Scherk-Schwarz reduction from
D = 5, see discussion in Sect. 4.6.2, in which the semisimple global symmetry generator
defining the reduction is the 2-parameter combination MI
J of the so(1, 1)2 global symmetry
generators of the D = 5 parent theory (in the maximal theory of Sect. 4.6.2 this group was
E6(6)).
Just as in the corresponding gauging of the maximal theory, scalar potential is axion-
independent and reads:
V = (g2 + gg′ + g
′2) e−ϕ1−ϕ2−ϕ3 . (5.242)
It is runaway, as one would expect from the discussion in Footnote 82.
110In that paper a different parametrization of the scalar manifold was used. It is called the Calabi-Vesentini
parametrization [293] of the manifolds listed in the second line of Table 2, and it refers to a symplectic frame
in which no prepotential exists. Here, since we consider dyonic gaugings which allow for electric and magnetic
components of the embedding tensor, we do not need to make any initial choice of the symplectic frame.
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5.8.4 Adding U(1) Fayet-Iliopoulos Terms
Let us now consider adding components of the embedding tensor along one generator of the
SO(3) global symmetry group: θM = ΘM
m=1, see Sect. 5.6. The constraints on θM come
from (5.135)-(5.137), and read:
θM CMP XPNQ = 0 , XPNQ θQ = 0 . (5.243)
while the constraints on ΘM
a are just the same as before and induce the same restrictions on
the orbits of ξ(2), ξ(3). Clearly if XPN
Q = 0, namely ΘM
a = 0, no special Ka¨hler isometries
are gauged and there are no constraints on θM . We shall consider this case separately.
The potential reads
V = V1 + V2 , (5.244)
where V1 is given in (5.232) was constructed, for the various orbits, in the previous Section,
while V2 has the form (5.186) or, equivalently (5.190), in terms of the composite fields Z
and Zi. Due to the similarity between V2 and the effective black hole potential VBH , see Eq.
(5.189), the study of the extrema of the former parallels the corresponding analysis of the
latter. Let us now study the full scalar potential in the relevant cases.
ξ(2) Critical (stable de Sitter vacuum). In this case, choosing
ξ(2) = g (0, 1, c, 0, 0, 0, 0, 0) . (5.245)
we find for θM the following general solution to the quadratic constraints:
θM = (0,
f1
c
, f1, 0, 0, f2,
f2
c
, 0) , (5.246)
where f1, f2 are constants.
The scalar potential reads:
V = g2 e−ϕ1−ϕ2−ϕ3
(
(a1 + c a2)
2 + (eϕ1 − c eϕ2)2)− e−ϕ3
c
[
(f1 + f2 a3)
2 + f 22 e
2ϕ3
]
. (5.247)
It has an extremum only for c < 0 and:
a1 = −c a2, a3 = −f1
f2
, ϕ1 = ϕ2 + log(−c), ϕ3 = − log
(∣∣∣∣2cgf2
∣∣∣∣) , . (5.248)
The potential at the extremum is
V0 = 4 |g f2| > 0 , (5.249)
while the squared scalar mass matrix reads:
(∂r∂sV g
st)
∣∣
0
= diag(2, 2, 1, 1, 0, 0)× V0 . (5.250)
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The gauge group is Gg = SL(2,R) and, by Goldstone theorem, the two vectors gauging the
non-compact generators (which, as such, do not stabilize the vacuum) become massive. The
two null eigenvalues in the scalar spectrum are therefore associated with the correspond-
ing Goldstone bosons. In this way we retrieve the stable de Sitter vacuum of [274] the
two parameters f1, f2 being related to the coupling constant of that model and to the de
Roo-Wagemans’ angle [187]. This angle parametrizes an Sp(4,R)-transformation which is
not in the global symmetry group G of the model, just as the ω-rotation in the maximal
supergravity.
ξ(2) Doubly-Critical. In this case the constraints on θM impose:
(g + g′)θ1 = 0 , g θ2 = 0 , g′ θ3 = 0 , g θ0 = g′ θ0 = 0 , g θ1 = g′ θ1 = 0 , g θ2 = g′ θ2 = 0 ,
g θ3 = g′ θ3 = 0 . (5.251)
Under these conditions, unless g = g′ = 0, which is the case we shall consider next, the FI
contribution to the scalar potential vanishes.
Case ΘM
a = 0: Pure Fayet-Iliopoulos gauging (anti-de Sitter vacuum). In this
case, we can act on θM by means of G
(SK) and reduce it to the following normal form:
θM = (0, f1, f2, f3, f
0, 0, 0, 0) . (5.252)
The scalar potential reads:
V = −
3∑
i=1
e−ϕi
(
fif
0 (a2i + e
2ϕi) + fjfk
)
, (5.253)
where i 6= j 6= k 6= i. Clearly if fi = 0, the potential vanishes and the model has a continuum
of Minkowski vacua. In general the truncation to the dilatons is consistent and we find:
V |ai=0 = −
3∑
i=1
(
fif
0 eϕi + fjfk e
−ϕi) , (5.254)
which has an extremum, if all the fi are non-vanishing, for the following values of the dilatons
e2ϕi =
fjfk
fif 0
, (5.255)
and the potential at the extremum reads:
V0 = −2
√
f 0f1f2f3 (sign(f1f2) + sign(f1f3) + sign(f2f3)) , (5.256)
This extremum exists only if f 0f1f2f3 > 0. This implies that θM should be either in the orbit
i) or in the orbit ii). Using the analogy between θM and black hole charges, these two orbits
correspond to BPS and non-BPS with I4 > 0 black holes. The extremum condition for VBH
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in Eq. (5.189) fixes the scalar fields at the horizon according to the attractor mechanism.
Now the potential has an additional term −4 |Z |2 which, however, for the orbits i), ii), has
the same extrema as VBH since its derivative with respect to z
i is −4DiZ Z which vanishes
for the i) orbit since at the extremum of VBH (BPS black hole horizon) DiZ = 0, and for
the ii) orbit since at the extremum of VBH (black hole horizon) Z = 0.
We conclude that in the “BPS” orbit i) the extremum corresponds to an AdS-vacuum
where the scalar mass spectrum reads as follows:
(∂r∂sV g
st)
∣∣
0
= diag
(
2
3
,
2
3
,
2
3
,
2
3
,
2
3
,
2
3
)
× V0 < 0 , (5.257)
where V0 = −6
√
f 0f1f2f3 = −3/L2 < 0. The vacuum is stable since m2s L2 = −2 and the
BF bound (3.264) is satisfied.
These models have provided a useful supergravity framework where to study black hole
solutions in anti-de Sitter spacetime [275–279].
In the “non-BPS” orbit ii) the potential has a de Sitter extremum which, however, is not
stable, having tachyonic directions:
(∂r∂sV g
st)
∣∣
0
= diag (−2,−2, 2, 2, 2, 2)× V0 , (5.258)
where V0 = 2
√
f 0f1f2f3 > 0.
6 The Other Extended D = 4 Supergravities at a Glance
Here we briefly review the main facts about the extended models in four dimensions with
N = 3, 4, 5, 6 and their gaugings, restricting ourselves to a group theoretical characterization
of the embedding tensor. We omit N = 7 since it coincides with the maximal theory. For a
general overview of ungauged supergravities see [162].
6.1 N = 6 Supergravity
The scalar fields are 30 and span the special Ka¨hler manifold (see Table 1):
Mscal =
G
H
=
SO∗(12)
U(6)
. (6.1)
The R-symmetry group is HR = H = U(6) and the global symmetry group is G = SO
∗(12)
[32]. As mentioned in Sect. 2.3, the model only describes the gravitational multiplet. The
graviton, as usual, is a singlet with respect to both G and H, while the electric and mag-
netic vector fields AMµ transform in the symplectic representation Rv = 32c. The fermions
comprise the six gravitinos ψAµ and 20 + 6 dilatinos χABC , χA, A,B,C, · · · = 1 . . . , 6 (we
take χA to have the same chirality as χABC). As explained in Sect. 2.3, the composite
field strengths FΛµν , which are functions of the scalar fields and the vectors, as well as the
central and matter charges Z Λ, functions of the scalar fields and the quantized charges,
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transform covariantly with respect to H in a representation Rv of H. In particular the index
Λ split into an antisymmetric couple [AB] and a value • corresponding to an SU(6)-singlet.
Consequently the ZΛ split into the central charges ZAB of the supersymmetry algebra and
an extra matter charge Z• which does not correspond to any matter multiplet. The G and
H-representations of the vectors, fermions and composite field strengths FΛµν are summarized
in Table 3.
AMµ ψAµ χABC χA F
AB
µν F
•
µν
SO∗(12) 32c 1 1 1 1 1
U(6) 10 6+ 1
2
20+ 3
2
6− 5
2
15−1 1+3
Table 3: Relevant representations with respect to G and H.
The representation of the embedding tensor is contained in product ofRv∗ and the adjoint
of the global symmetry group G which decomposes as follows
32c × 66 → 32c + 1728 + 352s . (6.2)
The linear constraint (3.59) sets to zero all the representations in the above decomposition
which occur in the three-fold symmetric product
X(MNP ) ∈ (32c × 32c × 32c)sym. → 32c + 1728 + 4224 . (6.3)
Thus the representation singled out by (3.59) is [221, 294]:
ΘM
α ∈ RΘ = 352s . (6.4)
As far as the quadratic constraints are concerned, they amount to setting to zero the rep-
resentation RΘΘ = 66 + 2079 + 462s in the symmetric product of two RΘ [294]. The
fermion-shift tensors enter as O(g)-terms in the supersymmetry transformation rules of the
fermion fields:
δψAµ = · · ·+ i g SABγµB , δχABC = · · ·+ gNABCDD , χA = · · ·+ gNABB . (6.5)
Their H-representations are:
SAB ∈ 21+1 , NABCD ∈ (105 + 15)+1 , NAD ∈ 35−3 . (6.6)
These are the only representations which occur, together with their conjugate, in the branch-
ing of RΘ = 352s with respect to U(6).
As mentioned in Sect. 2.3, the ungauged N = 6 theory can be obtained as a con-
sistent truncation of the maximal one, defined by branching the R-symmetry and E7(7)-
representations in the latter with respect to the subgroups U(6)×SU(2) and SO∗(12)×SU(2)
of SU(8) and E7(7), respectively, and retaining only the SU(2)-singlets. In particular the in-
dex labeling the fundamental of SU(8) splits into the index A = 1, . . . , 6 and the remaining
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values 7, 8 labeling the 2 of SU(2). The gravitini ψ7µ, ψ8µ are thus truncated out. In this
perspective we can identify F •µν with F
78
µν and χA = χA78.
The same relation between the N = 6 and N = 8 theories ceases to hold at the gauged
level. To see this let us consider the branchings of the relevant E7(7)-representations with
respect to the maximal subgroup SO∗(12)× SU(2):
56→ (32c, 1) + (12, 2) ,
133→ (66, 1) + (1, 3) + (32s, 2) ,
912→ (32c, 3) + (352s, 1) + (12 + 220, 2) . (6.7)
The restriction to the SU(2)-singlets singles out, in the branching of the 912, the representa-
tion (352s, 1) identified above with RΘ. Moreover if we perform the analogous branching of
the representation RΘΘ = 133 + 8645 of the quadratic constraint in the N = 8 theory, and
restrict to the SU(2)-singlets, we find, besides the 66+2079+462s, an extra representation
66. This is also contained in the symmetric product of two 352s representations and thus
will in general imply further constraints on the orbit of the embedding tensor. We conclude
that a generic gauged N = 6 model is not a truncation of a maximal theory [294].
The bosonic sector of the ungauged N = 6 theory is the same as that of a particular
N = 2 supergravity coupled to 15 vector multiplets and no hypermultiplets, whose scalar
manifold is (6.1). The two theories clearly differ in the fermionic sector and in the possible
deformations. In the N = 2 model the global symmetry group is SO∗(12)× SU(2), U(2) is
the R-symmetry while SU(6) is Hmatt. acting on the 15 vector multiplets. The ZAB are now
matter charges while the central charge of the supersymmetry algebra is Z•. This model
can be obtained from the ungauged maximal theory by truncating out, in the bosonic sector,
all the doublet representations with respect to the SU(2) factor. FI terms ΘM
x, x = 1, 2, 3,
can be introduced, see Section 5.6, besides the component of the embedding tensor in the
(352s, 1), [221, 294] so that
RΘ = (352s, 1) + (32c, 3) . (6.8)
Note that the FI terms correspond to gauging the global SU(2) symmetry. This induces
minimal couplings of the vector fields to the fermions which are the only fields transforming
non-trivially under this group.
Just as for the N = 6 case, not all these N = 2 gauged models can be obtained as
truncations of maximal supergravities. Indeed the extra (66, 1) component in the quadratic
constraints of the latter is not present in the N = 2 model.
6.2 N = 5 Supergravity
The scalar fields are 10 and span the special Ka¨hler manifold (see Table 1):
Mscal =
G
H
=
SU(1, 5)
U(5)
. (6.9)
The duality representation of the global symmetry group G = SU(1, 5) is Rv = 20 [32].
The theory describes a single supergravity multiplet. The fermionic sector consists of the
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five gravitinos ψAµ, A = 1, . . . , 5, and 10 + 1 dilatinos χABC , χ, where we define χ to have
opposite chirality with respect to the other χABC . The composite field strengths are the 10
FABµν with their complex conjugates (similarly the we only have central charges Z
AB, ZAB).
The relevant G and H-representations are summarized in the table
AMµ ψAµ χABC χ F
AB
µν
SU(1, 5) 20 1 1 1 1
U(5) 10 5+ 1
2
10+ 3
2
1+ 5
2
10−1
Table 4: Relevant representations with respect to G and H.
As mentioned in Sect. 2.3, the ungauged N = 5 theory can be obtained as a con-
sistent truncation of the maximal one, defined by branching the R-symmetry and E7(7)-
representations with respect to the subgroups U(5)× SU(3) and SU(1, 5)× SU(3) of SU(8)
and E7(7), respectively, and retaining only the SU(3)-singlets. In particular the eight graviti-
nos split into the five ψAµ, in the (5,1)+ 1
2
which are retained in the truncation and the three
ψ6µ, ψ7µ, ψ8µ, in the (1,3)− 5
6
, which are truncated out. The extra dilatino χ is identified
with the charge conjugate of the spin-1/2 field χ678.
Along the same lines followed for the N > 5 models, we can derive the representation con-
straint (3.59) as the condition that the embedding tensor be in the SU(1, 5)-representation:
RΘ = 70 + 70
′ , (6.10)
in the decomposition of the product 20 × 35. These are precisely the SU(3)-singlet rep-
resentations in the branching of the 912, describing the embedding tensor of the maxi-
mal theory, with respect to SU(1, 5) × SU(3). They are described by tensors of the form
θmn,p, θ
mn,p, antisymmetric in the couplemn and satisfying the condition θ[mn,p] = 0 = θ
[mn,p],
m,n, p = 1, . . . , 6 labeling the fundamental representation of SU(1, 5). The gauge generators
in the fundamental of SU(1, 5) have the form:
(Xm1m2m3)m
n = Θm1m2m3
α tαm
n = θ[m1m2 |mδ
n
m3]
+ m1m2m3n1n2m θ
n1n2,n , (6.11)
subject to the quadratic constraints (3.60) and (3.61).
The O(g)-fermion shifts read:
δψAµ = · · ·+ i g SABγµB , δχABC = · · ·+ gNABCDD , χ = · · ·+ gNAA . (6.12)
where the H-representations of the shift-tensors are
SAB ∈ 15+1 , NABCD ∈ (40 + 10)+1 , NA ∈ 5+3 . (6.13)
6.3 N = 4 Supergravity
N = 4 supergravity describes the gravity supermultiplet, consisting of the graviton, four
gravitinos ψAµ, A = 1, . . . , 4, six vectors with field strengths F
AB
µν , four dilations χABC and
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a complex scalar field S, coupled to n vector multiplets each consisting of a vector, four
gauginos and six scalar fields. The scalar manifold has the form (see Table 1):111
Mscal =
G
H
=
SL(2,R)
SO(2)
× SO(6, n)
SO(6)× SO(n) . (6.14)
The symplectic duality representation of the global symmetry group G = SL(2,R)×SO(6, n)
is Rv = (2,n + 6). The isotropy group H is the product of HR = U(4) and Hmatt. = SO(n).
The relevant G and H-representations are summarized in the Table 5.
AMµ ψAµ χABC λIA F
AB
µν F
I
µν
G (2,n + 6) 1 1 1 1 1
H (1,1)0 (4,1)+ 1
2
(4¯,1)+ 3
2
(4,n)− 1
2
(6,1)−1 (1,n)+1
Table 5: Relevant representations with respect to G and H.
Gaugings of the four-dimensional half-maximal theory were studied in a large number of
different contexts, see for instance [58, 59, 61, 63, 64, 187, 295–297]. A systematic analysis
of the most general gauging, using the embedding tensor formalism, was performed in [298].
The linear constraint defines for the embedding tensor the following representation:
RΘ = (2,6 + n) +
(
2,
∧
3(6 + n)
)
, (6.15)
described by tensors of the form:
ξτ M , fτ MNP = fτ [MNP] , (6.16)
where τ = 1, 2 labels the doublet representation (the two values correspond to the positive
and negative eigenvalues of the σ3 Pauli generator) while the indices M, N, P = 1, . . . 6 + n
label the fundamental of SO(6, n). These latter indices are lowered and raised using the
SO(6, n)-invariant metric ηMN, with six “+1” and n “−1” eigenvalues, and its inverse. The
symplectic index M is then identified with the couple (τ, M) and the symplectic invariant
matrix is written as follows: CMN = τσηMN.
The O(g)-fermion shifts read:
δψAµ = · · ·+ i g SABγµB , δχABC = · · ·+ gNABCDD , δλIA = · · ·+ gNIABB . (6.17)
where the H-representations of the shift-tensors are
SAB ∈ (10,1)+1 , NABCD ∈ (10 + 6,1)+1 , NIAB ∈ (15 + 1,n)−1 . (6.18)
111The N = 4 ungauged supergravity with n = 6 vector multiplets originates from the compactification
of the gauge-invariant sector of the heterotic or Type I theories in ten dimensions, on a six-torus, see for
instance [182]. It coincides with the consistent truncation of the maximal theory in D = 4 to the NS-NS
fields, to be discussed in Sect. 7.2.
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The quadratic constraints were worked out in [298] to be:
ξMτ ξσM = 0 ,
ξP(τfσ)PMN = 0 ,
3fτR[MNfσPQ]
R + 2ξ(τ [Mfσ)NPQ] = 0 ,
τσ
(
ξPτfσPMN + ξτMξσN
)
= 0 ,
τσ
(
fτMNRfσPQ
R − ξRτfσR[M[PηQ]N] − ξτ [MfN][PQ]σ + ξτ [PfQ][MN]σ
)
= 0 . (6.19)
In Sections 4.6.4 and 7.2 gaugings are considered of two N = 4 models with n = 6 vector
multiplets. Prior to gauging these theories could be obtained as consistent truncations of
the maximal one and only differ in the symplectic frame. One describes the common NS-
NS sector of the Type II theories compactified on a six-torus, the other Type IIB theory
on a T 6/Z2-orientifold. In the former, see Sect. 7.2, the SL(2,R)-factor in G has a non-
perturbative duality action and acts transitively on the four-dimensional dilaton φ4 and B˜,
while the whole classical T-duality group O(6, 6) has a diagonal duality action and coincides
with Gel, so that the vector index Λ can be identified with M. The vector fields transform
in the 12 of O(6, 6) and have the following identification: AΛµ = A
M
µ = (G
u
µ, Buµ). The
T-duality invariant set of generalized fluxes studied in the same section corresponds to the
following choice of the embedding tensor:
ξτ M = 0 , f2 MNP = 0 , −f1 MNP = TMNP = {Huvw, Tuvw, Quvw, Ruvw} . (6.20)
In this case the gauge generators read:
XM = −1
2
TMNP t
NP ,
tNP = −tPN being the O(6, 6)-generators, closing the commutation relations (7.73). The
gauging is electric, so that the locality constraint is automatically satisfied. We are left with
the closure constraints (3.61), namely the requirement that the gauge algebra close inside
so(6, 6), which boil down to (7.75):
TR[MNTPQ]
R = 0 . (6.21)
This condition directly follows from (6.19) for this choice of the embedding tensor.
When studying the Type IIB flux-compactification on a T 6/Z2-orientifold, see end of Sect.
7.2, the SL(2,R) factor in G is the Type IIB S-duality group SL(2,R)IIB and the symplectic
section is characterized by an electric group which is:
Gel = [SL(2,R)IIB ×GL(6,R)]n eN
[(15′,1)+2]
, (6.22)
where N[(1,15
′)+2] is spanned by the nilpotent Peccei-Quinn generators tu1u2u3u4 , associated
with constant shifts on the axions Cu1u2u3u4 , and having an off-diagonal duality action. The
vector fields are AΛµ = (Cuµ, Buµ).
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The fluxes of the RR and NS-NS 3-form field strengths correspond to the following com-
ponents of the embedding tensor:
fτ uvw = (Fuvw, Huvw) , (6.23)
all other components being zero. The quadratic constraints (6.19) impose no further con-
ditions on these quantities. As mentioned in Sect. 4.6.4, these models were considered in
[52, 54, 58, 61] and feature Minkowski vacua with spontaneous supersymmetry breaking to
N ′ = 0, 1, 2, 3 at different scales, in which the dilaton field is fixed by the fluxes. This feature
is strictly related to the fact that is this symplectic frame the group SL(2,R)IIB, acting on φ
and ρ, has a perturbative action. The same was true in the N = 2 models describing Type
IIB flux-compactifications on K3× T 2/Z2, see Sect. 7.3, where the axio-dilaton field u was
fixed in the vacuum. This model is not a truncation of a maximal gauged supergravity since
the quadratic constraints in the latter, as explained in Sect. 4.6.4, imply the extra condition
(4.117), which can be interpreted as the requirement of tadpole cancelation in the absence
of localized sources.
6.4 N = 3 Supergravity
N = 3 supergravity [299] describes the gravity supermultiplet consisting of the graviton,
three gravitinos ψAµ, A = 1, . . . , 3, three vectors with field strengths F
AB
µν and one dilatino
χABC = χ ABC , coupled to n vector multiplets, each consisting of a vector, four gauginos
λIA, λI , and six scalar fields. The scalar manifold has the form (see Table 1):
Mscal =
G
H
=
SU(3, n)
S[U(3)× U(n)] . (6.24)
The symplectic duality representation of the global symmetry group G = SU(3, n) is Rv =
(3 + n) + (3 + n). The isotropy group H is locally isomorphic to the product of HR = U(3)
and Hmatt. = SU(n). The relevant G and H-representations are summarized in the Table 6.
AMµ ψAµ χ λIA λI F
AB
µν F
I
µν
G (3 + n) + (3 + n) 1 1 1 1 1 1
H (1,1)0 (3,1)+ 1
2
(1,1)+ 3
2
(3,n)n+6
2n
(1,n) 3(n+2)
2n
(3,1)−1 (1, n¯)− 3
n
Table 6: Relevant representations with respect to G and H. The fermions λIA and λI have
opposite chirality.
In our notations the fundamental representation 3 + n of SU(3, n) splits under U(3) ×
SU(n) as follows:
3 + n→ (3,1)−1 + (1,n)+ 3
n
⇒ vM = (vAB, vI) , (6.25)
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where vM is a generic vector in the 3 + n, M = 1, . . . , 3 + n. The representation Rcv splits
with respect to H into Rv + Rv, where Rv = (3,1)−1 + (1, n¯)− 3
n
, so that the composite field
strengths FΛµν , as well as the central and matter charges Z
Λ, split as follows:
FΛµν = (F
AB
µν , F
I
µν) , Z
Λ = (Z AB, Z I) . (6.26)
We see that in the Rcv basis, SU(3, n) is not block-diagonal, as it should be since, in our
conventions, its non-compact generators in this basis should be off-diagonal, see Eq. (2.158).
As far as gauging are concerned, the embedding tensor is restricted by the linear constraint
to transform in representation described by an irreducible SU(3, n)-tensor θMN
P = θ[MN]
P and
its conjugate:
ΘM
α : (θMN
P, θMNP) , (6.27)
subject to the quadratic constraints (3.60), (3.61). The O(g)-fermion shifts read:
δψAµ = · · ·+i g SABγµB , δχ = · · ·+gNDD , δλIA = · · ·+gNIABB , δλI = · · ·+gNIBB .
(6.28)
where the H-representations of the shift-tensors are
SAB ∈ (6,1)+1 , ND ∈ (3,1)+1 , NIAB ∈ (8 + 1,n)+ 3
n
, NIA ∈ (3,n)2+ 3
n
. (6.29)
Gaugings of semisimple groups inside the SO(3, n) electric subgroup of G were recently
studied in [300], although a thorough analysis of the possible gaugings using the embedding
tensor formalism is still missing.
7 Gauged Supergravities from String/M-Theory Flux
Compactifications
As mentioned in the introduction, traditional compactifications of string/M-theory, i.e. com-
pactifications on Ricci-flat manifolds in the absence of fluxes, typically yield ungauged lower-
dimensional theories which are plagued by massless scalar fields (some related to the moduli
on the internal manifold), which parametrize a continuum of degenerate Minkowski vacua.
This is the case of toroidal compactifications that were touched upon in Sect. 4.3, and
which yield ungauged maximal supergravities in various dimensions. Similarly Calabi-Yau
compactifications to four-dimensions of Type II theories, in the absence of internal fluxes,
yield ungauged N = 2 theories in which the moduli associated with the shape and size of
the internal manifold are not fixed by any dynamics. As mentioned in the Introduction,
switching on fluxes of RR or NS-NS field-strengths across cycles of the internal manifold
induces, in the low-energy theory, a gauging, the corresponding embedding tensor being de-
fined by the non-trivial background quantities. In the case of Calabi-Yau compactifications,
the gauge generators typically involve quaternionic isometries. This flux-induced gauging
implies the presence in the action of a scalar potential which (partially) lifts the original vac-
uum degeneracy. We refer the reader to the excellent, comprehensive reviews [71–73] for the
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topic of flux-compactifications in the presence of branes. In the following Sections we shall
consider instances of flux-compactifications for the sake of illustrating a lower-dimensional,
“bottom-up” kind of approach to the study of string dynamics on flux-backgrounds, which
is based on gauged supergravities. In all the cases considered the low-energy effective theory
is an extended supergravity. Without entering into the details of the compactifications, from
general arguments we can infer the defining properties of the four-dimensional description:
field content, amount of supersymmetry, symplectic frame and the embedding tensor which
defines the gauge group. This suffices, by supersymmetry, to uniquely determine the effec-
tive gauged supergravity description and with it the full non-linear interactions among the
low-lying string modes which would be much harder to determine from a direct “top-down”
approach.
7.1 Toroidal Reductions
We start dealing with toroidal reductions, see for instance [79, 170], which are particularly
simple and allow us to make contact with our previous discussion of Sect. 4.3.
Consider a theory in D + n dimensions, the space-time being the product of a D-
dimensional non-compact one MD and an internal torus T
n of dimensions n. We split
the D + n coordinates as follows:
(xµˆ) = (xµ, xα) , µ = 0, 1, . . . , D − 1 , α = D, . . . , D + n− 1 . (7.1)
Let us write the following ansatz for the higher-dimensional vierbein matrix Vµˆaˆ and its
inverse Vaˆµˆ:
Vµˆaˆ =
(
∆Vµ
a αΦα
αˆGαµ
0 Φα
αˆ
)
; Vaˆµˆ =
(
∆−1 Vaµ −α∆−1 VaµGαµ
0 Φαˆ
α
)
, (7.2)
where aˆ = 0, . . . , D + n − 1, a = 0, . . . , D − 1 and αˆ = D, . . . , D + n − 1 are the rigid
indices on the whole space-time, its D-dimensional part and the torus, respectively (clearly
Φαˆ
α denotes the inverse matrix of Φα
αˆ). We have also set α =
√
16piGD, GD being the D-
dimensional Newton’s constant. The metrics on the whole (D + n)-dimensional space-time,
on the torus and on MD read:
gˆµˆνˆ =
∑
aˆ
VµˆaˆVνˆ bˆηaˆbˆ , gαβ = −
D+n−1∑
αˆ=D
Φα
αˆΦβ
αˆ , gµν =
D−1∑
a=0
Vµ
aVν
bηab . (7.3)
The compactification on T n is effected by simply assuming the various components of the
higher-dimensional fields not to depend on the internal coordinates xα (dimensional reduc-
tion). The (D+n)-dimensional metric yields in the D-dimensional theory, the D-dimensional
metric gµν , n Kaluza-Klein vectors G
α
µ and scalar fields describing the moduli of the internal
torus Φαˆ
α, all functions of xµ only. Requiring the gravity term to be written in the Einstein
frame fixes ∆ as follows:
∆ = Vol(T n)−
1
D−2 = det(Φα
αˆ)−
1
D−2 . (7.4)
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The higher-dimensional theory was invariant under general space-time reparametrization:
xµˆ → xµˆ + ξµˆ(xνˆ) , (7.5)
under which Vµˆaˆ and a p-form field of components Aˆµˆ1...µˆp transform as follows:
δξVµˆaˆ = ξνˆ ∂νˆVµˆaˆ + ∂µˆξνˆ Vνˆ aˆ ,
δξAˆµˆ1...µˆp = ξ
νˆ ∂νˆAˆµˆ1...µˆp + p ∂[µˆ1ξ
νˆ Aˆνˆ| µˆ2...µˆq ] . (7.6)
The local symmetries of the theory also include the gauge transformations associated with
the p-form fields
Aˆ(p) → Aˆ(p) + dΞˆ(p−1) + . . . (7.7)
where the ellipses refer to possible terms depending on the lower-order forms and their
gauge transformation parameters. Restricting the fields to xµ only, we are left with the
D-dimensional reparametrization-invariance
xµ → xµ + ξµ(xν) ,
and the invariance under reparametrizations of the internal manifold depending on xµ:
xα → xα + ξα(xµ) . (7.8)
This latter amounts to a gauge transformation on the Kaluza-Klein vectors:
Gαµ → Gαµ −
1
α
∂µξ
α . (7.9)
There is a further invariance of the lower-dimensional theory which is remnant of the
reparametrization invariance in (D + n)-dimensions. It corresponds to infinitesimal trans-
formations (7.5) of the form:
δxα = ξα(xβ) = ξβ
α xβ , (7.10)
where ξβ
α is a constant n × n matrix. These parameters can be viewed as infinitesimal
generators of global GL(n,R)-transformations with respect to which all fields of the lower-
dimensional theory fall into representations according to their internal index structure. For
instance we have:
δGαµ = −ξβαGβµ , δΦααˆ = ξαβΦβαˆ . (7.11)
As for the other D-dimensional fields originating from antisymmetric tensors in higher-
dimensions, they are defined so as to be invariant under (7.8) and (7.9). This is effected by
expanding the higher-dimensional fields along the following basis of the cotangent space:
dxµ, Vα ≡ dxα + αGαµ dxµ , (7.12)
where the one-forms Vα are clearly invariant under (7.8) and (7.9). In this basis the (D+n)-
dimensional metric reads:
ds2D+n = gˆµˆνˆ dx
µˆdxνˆ = ∆2 ds2D + gαβ V
αVβ , (7.13)
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where ds2D ≡ gµν dxµdxν . A p-form field Aˆ(p) in (D + n) dimensions is expanded as follows
(unhatted components are fields in D-dimensions):
Aˆ(p) = A(p) + A(p−1)α ∧ Vα +
1
2
A
(p−2)
αβ ∧ Vα ∧ Vβ + . . . (7.14)
and so is the corresponding field strength:
Fˆ (p+1) = F (p+1) + F (p)α ∧ Vα +
1
2
F
(p−1)
αβ ∧ Vα ∧ Vβ + . . . (7.15)
By construction the components A
(p−`)
α1...α` are invariant under (7.8) and (7.9). The last of Eqs.
(7.6) and the above definitions imply that, under the GL(n,R)-transformations (7.10), the
lower-dimensional fields A
(p−`)
α1...α` transform in the
∧
`n representation:
δA(p−`)α1...α` = ` ξ[α1
βA
(p−`)
β|α2...α`] . (7.16)
Since the matrix Φα
βˆ transforms under GL(n,R) as in (7.11) but is defined modulo the
action of an SO(n)-transformation on its right index βˆ, it can be viewed as an element of
the following coset manifold:
Φα
βˆ ∈ GL(n,R)
SO(n)
, (7.17)
which is the subspace of the full scalar manifold Mscal describing the moduli of the internal
torus.
The action of the resulting D-dimensional theory has therefore a characteristic GL(n,R)-
global invariance. Note, however, that the O(1, 1)-factor of this global symmetry group,
which acts as a rescaling of the internal volume, gαβ → e2λ gαβ, is not just the result of a
transformation of the form (7.10) with ξα
β = λ δβα . Indeed invariance of the D-dimensional
action requires combining the latter with a global scaling symmetry transformation of the
higher-dimensional theory [170]: gˆ → Ω2 gˆ. Under this combined action the D × D block
gˆµν of gˆµˆνˆ does transform, but in such a way that the D-dimensional metric gµν , as defined
in (7.13), is left unaltered, and thus is GL(n,R)-invariant.
Just as the fields, also the gauge parameters Ξˆ(q) of the higher-dimensional theory can be
expanded in the basis (7.12):
Ξˆ(q) = Ξ(q) + Ξ(q−1)α ∧ Vα +
1
2
Ξ
(q−2)
αβ ∧ Vα ∧ Vβ + . . . (7.18)
From (7.18), (7.7) we derive the gauge transformations for the different components A
(p−`)
α1...α` .
We can also choose for Ξˆ(p−1) the following form:
Ξˆ(p−1) =
1
p!
Σαα1...αp−1 x
α dxα1 ∧ · · · ∧ dxαp−1 , (7.19)
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where Σαα1...αp−1 is a constant tensor. Computing dΞˆ
(p−1) and expressing it in the basis
(7.12), we find:
dΞˆ(p−1) =
1
p!
Σα1...αp V
α1 ∧ · · · ∧ Vαp − α
(p− 1)!Σαα1...αp−1 G
α ∧ Vα1 ∧ · · · ∧ Vαp−1+
+
α2
2(p− 2)! Σαβα1...αp−2 G
α ∧Gβ ∧ Vα1 ∧ · · · ∧ Vαp−2 + . . . (7.20)
from which we can infer the corresponding transformations of theD-dimensional fields A
(p−`)
α1...α`
originating from Aˆ(p). In particular the components Aα1...αp in the expansion (7.16) are
axionic scalar fields transforming by the following constant shift:
δAα1...αp = Σα1...αp . (7.21)
The transformations induced by gauge parameters of the form (7.19) are global symmetries
of the D-dimensional theory. In particular (7.21) is an isometry of the scalar manifold
Mscal. In the solvable parametrization ofMscal, the scalar fields Aα1...αp parametrize nilpotent
generators tα1...αp in N, see Eq. (2.81), and the corresponding constant shifts are generated
by the same isometries. The remaining generators in N belong to the solvable Lie algebra
defining the solvable parametrization of the submanifold (7.17). These are parametrized
by the moduli γα
β associated with the off-diagonal components of the internal metric, see
Appendix A.6, and generate isometries acting on the same moduli. Being N nilpotent, the
scalars parametrizing it occur in the sigma-model action polynomially. This is not the case
of the dilatonic scalars parametrizing the Cartan subalgebra C of the solvable Lie algebra S .
These consist of the moduli associated with the radii of the internal torus and, in the string
theory compactifications, of the dilaton. Each generator in N, and thus the corresponding
axionic scalar field, has characteristic gradings with respect to the O(1, 1) global symmetries
generated by elements of C. The collection of these gradings defines the so-called weight of the
nilpotent generators in N, relative to C. Choosing a basis for C, if r is its dimension, a weight
is a collection of r numbers arranged in a vector
−→
W , which can be lexiographically ordered.
By construction, if N contains generators with weight
−→
W , it does not contain generators with
weight −−→W . Toroidal compactifications of D = 11 or of a D = 10 supergravity yield lower-
dimensional theories which are maximally supersymmetric and whose scalar manifolds are
symmetric of the generic form Mscal = G/H, g being a split (or maximally non-compact)
Lie algebra, see paragraph at the end of Sect. 2.1.1. In this case the solvable Lie algebra
S is a Borel subalgebra of g, C is a non-compact Cartan subalgebra of g and the weights−→
W identifying the generators in N are the positive roots of g relative to C. The negative
roots define nilpotent generators in g which are not in the solvable Lie algebra S . Their
interpretation in terms of symmetries of the higher dimensional theory is more obscure. An
example of a symmetry generated by an element of C is the rescaling of the volume of the
internal space: gαβ → e2λ gαβ. From inspection of the dimensionally reduced Lagrangian we
can infer that the corresponding grading of the scalars Aα1...αp is k = p/2:
gαβ → e2λ gαβ : Aα1...αp → e2kλAα1...αp = epλAα1...αp . (7.22)
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In general all bosonic fields can be associated with weights of g: the axionic scalar fields
through the corresponding nilpotent generator in N, the vector fields as elements, together
with their duals, of a symplectic vector acted on by the representation Rv, the background
quantities (fluxes) as components of the embedding tensor Θ in the representation RΘ. 112
A generic field Φ whose field strength F [Φ] has the following index structure:
F [Φ]µ1...µq α1...αp
β1...β` , (7.23)
with respect to the internal volume dilation gαβ → e2λ gαβ has the following grading kΦ:
kΦ =
1
2
(
p− `− n(q − 1)
D − 2
)
. (7.24)
This means that the action of the corresponding O(1, 1)-transformation on it is: Φ→ e2kΦλ Φ.
With respect to this action the nilpotent subalgebra N ofS , spanned by the axionic fields,
has a graded structure:
N =
⊕
k
N(k) : e2hλ N(k) e−2hλ = e2kλ N(k) , (7.25)
where only positive gradings k contribute to the direct sum and define the O(1, 1)-grading
of the scalar fields spanning the corresponding subspace, h ∈ C being the infinitesimal
generator of the transformation. The axions describing the off-diagonal components of the
internal metric parametrize nilpotent generators of SL(n,R), which commutes with this
O(1, 1) group, and thus have vanishing grading. Indeed the corresponding field strengths
have the index structure (7.23) with q = 1, p = 1, ` = 1.
Adding fluxes. In order to introduce a constant flux of the field strength Fˆ (p+1) across
a (p + 1)-cycle of the internal torus, we shift the corresponding elementary field Aˆ(p) by a
background part Aˆ
(p)
bg which is independent of the x
µ and linear in the xα:
Aˆ(p)′(xµˆ) = Aˆ(p)(xµ) + Aˆ(p)bg (x
α) , (7.26)
where
Aˆ
(p)
bg ≡
1
(p+ 1)!
gαα1...αp x
α dxα1 ∧ · · · ∧ dxαp , (7.27)
gαα1...αp being a constant tensor. The Aˆ
(p) only depends on xµ and describes the fluctuation
of the field about the background, defined by Aˆ
(p)
bg . It is expanded as in (7.14). Similarly the
field strength is shifted by a background term representing its flux:
Fˆ (p+1)′(xµˆ) = Fˆ (p+1)(xµ) + Fˆ (p+1)bg (x
α) , (7.28)
112See Appendix A.6 for a detailed discussion of this correspondence.
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where Fˆ (p+1) is expanded in the field strengths of the various components of Aˆ(p), while
Fˆ
(p+1)
bg reads:
Fˆ
(p+1)
bg =
1
(p+ 1)!
gα1...αp+1 dx
α1 ∧ · · · ∧ dxαp+1 . (7.29)
The expansion of this component in the basis (7.12), by writing dxα = Vα − αGα, yields
flux-dependent terms which modify the D-dimensional field strengths F (p+1), F
(p)
α , . . . in the
expansion of Fˆ (p+1). These redefinitions encode a gauge symmetry of the lower-dimensional
theory induced by the form-flux. This local symmetry involves the nilpotent shift-isometries
tα1...αp , the gauge generators X being expressed in terms of them through an embedding
tensor defined by the flux-components gα1...αp+1 . We shall illustrate this in a simple example
below.
We can also add geometric fluxes Tβγ
α by “deforming” the geometry of the internal
torus into that of a twisted torus. As mentioned in the Introduction, a twisted torus T n
is a compact space which is locally described as an n-dimensional group manifold GT . A
compactification on T n proceeds along the same lines as that on T n, replacing the closed
1-forms dxα on the latter by the left-invariant one-forms σα, α = 1, . . . , n, on GT , satisfying
the Maurer-Cartan equation:
dσα = −1
2
Tβγ
α σβ ∧ σγ , (7.30)
where Tβγ
α, also known as “twist tensor”, are the structure constants satisfying the Jacobi
identity T[βγ
α Tσ]α
δ = 0. Thus the forms Vα in the metric ansatz (7.13) are now defined
as: Vα = σα + αGα. The background internal metric is ds2n,bg = −
∑
α σ
α ⊗ σα and Φααˆ
describe xµ-dependent fluctuations about this metric. The one-forms σα can be written as
σα = σβ
α(xγ) dyβ and are obtained by acting on the dyβ, describing the torus cohomology,
by means of the vielbein matrix σβ
α(xγ) on T n, named “twist matrix”, which the name of
“twisted torus” for T n comes from. The ansatz for the internal metric, in the basis dyα,
now depends on both the internal coordinates through the background metric and external
coordinates through Φα
αˆ(xµ) and reads:
gαβ(x
µ, xδ) = −σαγ(xδ)σδσ(xδ)Φγγˆ(xµ)Φσγˆ(xµ) . (7.31)
Note that it is obtained from the corresponding quantity −ΦαγˆΦβγˆ in the ordinary toroidal
compactification by twisting it through the twist matrix σα
γ(xδ). An analogous twist, with
respect to the toroidal reduction ansatz, occurs for all the fields with internal indices α.
Let Xα be the generators of GT dual to σ
α: σα(Xβ) = δ
α
β. They satisfy the commutation
relations:
[Xα, Xβ] = Tαβ
γXγ . (7.32)
The internal diffeomorphisms δxα = ξα(xµ) which induced, in the toroidal reduction, a U(1)n
gauge symmetry in the lower-dimensional theory, are now replaced by the right-action, on
a representative g of GT , of a x
µ-dependent element of the same group. The 1-forms Vα
transform covariantly under such transformation provided Gαµ transform as non-Abelian
gauge vectors of GT . To see this let us consider the right action of GT on itself by means of a
transformation g−1R (x
µ) ∈ GT : g→ g g−1R (xµ), for any g ∈ GT . The left-invariant one-forms
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σα are defined by projecting g−1dg on the basis Xα of generators of GT and transform as
follows:
σα → g−1R βα σα + (gRdg−1R )α . (7.33)
The basis of 1-forms Vα ≡ σα + αGαµdxµ transforms covariantly under this group action:
Vα → g−1R βα Vβ , (7.34)
provided Gαµ transform as a GT -gauge connection:
Gαµ → g−1R βαGβ −
1
α
(gRdg
−1
R )
α , (7.35)
which is the non-Abelian version of (7.9). The expressions of the D-dimensional field
strengths F
(p+1−`)
α1...α` in (7.15) now contain T -dependent terms containing the Kaluza-Klein
vectors Gαµ, which make them covariant under local GT -transformations. These terms do
not occur in the toroidal reduction since they arise when acting by the exterior derivative on
the one-forms σα inside Vα in (7.14) and expressing dσα in terms of σβ ∧ σγ through (7.30).
The resulting D-dimensional theory features a non-Abelian gauge symmetry group GT
gauged by the Kaluza-Klein vectors Gα. The quantity Tβγ
α can be also viewed as a torsion
on the original torus and is an example of geometric flux. The gauged isometries are the
generators of a subgroup GT of the off-shell global symmetry group GL(n,R). Denoting by
tα
β a basis of the Lie algebra of GL(n,R) the gauge generators Xα of GT have the form
Xα = Tαγ
β tβ
γ = −Θα,γβ tβγ , (7.36)
and the GT -covariant derivatives read: Dµ = ∂µ − αGαµXα. We see that also the geometric
flux Tαγ
β enters the lower-dimensional theory as components of the embedding tensor. The
induced scalar potential in the lower-dimensional theory has the following form [79]:113
V = − 1
4α2
δ−
2
D−2
(
2Tαβ
γTγδ
α gβδ + Tαβ
γTα′β′
γ′ gγγ′g
αα′gββ
′
)
, (7.37)
where δ ≡ det(Φααˆ). This potential, if GT is semisimple, is unbounded from below [79].
Vacua can be found for specific choices of Tαβ
γ corresponding to non-semisimple GT . For
example one can choose, as the only non-vanishing components of this tensor, TDβ
γ, where
β, γ = D + 1, . . . D + n, with the condition TDβ
γ = −TDγβ. The matrix M = TDβγ is a
compact generator of the global symmetry group SL(n − 1,R) of the (D + 1)-dimensional
theory obtained by ordinary toroidal dimensional reduction of the (D+ n)-dimensional one.
The D-dimensional theory then originates from a Scherk-Schwarz reduction of the (D + 1)-
dimensional one, see discussion in Section 4.6.2, with “twist matrix” M , and the resulting
gauge group is an example of “flat group”. The difference between this compactification
and the Cremmer-Scherk- Schwarz (or generalized Scherk-Schwarz reductions) discussed, in
the case of the maximal four-dimensional theory, in Section 4.6.2, is that in the latter case
113Recall that gαβ < 0.
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the matrix M is chosen as a compact generator of the whole global symmetry group of the
(D+1)-dimensional theory, while now M is chosen only within the so(n−1) algebra, and thus
features less independent mass parameters, in number equal to the rank of SO(n − 1). For
instance a dimensional reduction of eleven-dimensional supergravity on this kind of twisted
torus to D = 4, amounts to an ordinary toroidal reduction to D + 1 = 5, followed by a
Scherk-Schwarz one, with twist matrix M = TDβ
γ, from five to four. In general this matrix
can be any generator of the SL(6,R) symmetry of the five-dimensional theory, acting on the
internal metric moduli. We have a flat gauge group in D = 4, with Minkowski vacua, only
if M is chosen to be compact (M = −MT ), see Footnote 82, and thus a generator of SO(6).
In this case M would depend on three independent parameters m1,m2,m3, corresponding to
the rank of SO(6), which provide the masses, and thus the scale of supersymmetry breaking,
of the resulting gauged D = 4 model. In the generalized Scherk-Schwarz reduction, we start
from the maximal theory in D + 1 = 5 dimensions, and choose as twist matrix M a generic
compact generator of the larger global symmetry group E6(6). In this case, as an element of
usp(8), M would depend on a larger number of independent parameters, equal to the rank
of this algebra, which is 4.
Form-fluxes can be introduced in the twisted-torus compactification by adding to the
corresponding field strength in (D + n)-dimensions a background term of the form:
Fˆ
(p+1)
bg =
1
(p+ 1)!
gα1...αp+1 σ
α1 ∧ · · · ∧ σαp+1 . (7.38)
This induces in the D-dimensional theory a further gauge invariance associated with the local
shift-symmetries (7.21), the corresponding embedding tensor being identified with gα1...αp+1 .
The Bianchi identity on Fˆ (p+1)′ then implies closure of Fˆ (p+1)bg which in turn requires the
following quadratic condition: T[α1α2
βgα3...αp+2]β = 0. Once gα1...αp+1 and Tαγ
β are identified
with components of the embedding tensor in the lower-dimensional supergravity, the above
constraint, together with the Jacobi identity on Tαγ
β, simply follow from (3.60), (3.61).
Dimensional reduction from D = 11. Consider D = 11 supergravity, whose bosonic
sector consists in the metric gˆµˆνˆ and a 3-form field Aˆ
(3) = 1
3!
Aµˆνˆρˆ dx
µˆ∧dxνˆ∧dxρˆ. Dimensional
reduction on a seven-torus to D = 4 dimensions yields the following bosonic fields:
gˆµˆνˆ → gµν , Gαµ, Φααˆ ,
Aˆ(3) → Aµνρ , Aµν α , Aµαβ , Aαβγ . (7.39)
The tensor Aµνρ is non-dynamical, while Aµν α can be dualized into seven scalar fields A˜
α in
the 7′+4 of GL(7,R) (for convenience we write for each representation the grading 4kΦ/3, kΦ
being given in (7.24)). Aµαβ are 21 vectors in the 21−1 which, together with the Kaluza-
Klein vectors Gαµ in the 7
′
−3, form the 28 vectors of the resulting four-dimensional maximal
supergravity. The components Aαβγ are 35 scalar fields in the 35+2 which, together with
seven A˜α and the 28 Φα
αˆ define the 70 scalars of the maximal theory, consistently with the
group theoretical analysis of Sect. 4.3. In particular the nilpotent shift-isometries tαβγ, tα
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parametrized by Aαβγ and A˜
α, respectively, generate the spaces N[35+2] and N[7+4] within S ,
see Eq. (4.53).
The 4-form flux gα1α2α3α4 belongs to the representation 35
′
+5 which is present in the
brancing of RΘ = 912 with respect to GL(7,R), given in the last Table of Sect. 4.3. One can
also consider the flux gµνρσ, as in the Freund-Rubin solution, which corresponds to the flux g7
of the dual 7-form field strength across the whole torus. The representation of the latter is 1+7
and occurs as well in the branching of the 912. The geometric flux Tαγ
β, on the other hand,
is described by the representation (140 + 7)+3 in the 912. The gauge group originating from
the presence of gα1α2α3α4 and g7 on a twisted torus compactification of D = 11 supergravity
was studied in [89–91]. In particular Tαγ
β defines magnetic components of the embedding
tensor which associates, in the gauge connection, the translational isometries tα on the scalar
fields A˜α with the magnetic vector fields Aαβµ : A
αβ
µ Tαβ
γ tγ.
Dimensional reduction from D = 10. In ten dimensions maximal supergravity can
either have the form of the non-chiral Type IIA theory, or of the chiral Type IIB, see Sect.
4.3. The two have a common sector describing the NS-NS string zero-modes and differ in
the RR sector. The former is obtained by reducing eleven-dimensional supergravity on a
circle of radius R10 = e
σ10 (along the eleventh-dimension parametrized by x10) and writing
the eleven-dimensional metric in the following form
ds2D=11 = e
−σ10 ds2IIA, S − e2σ10 (V10)2 , (7.40)
where V10 ≡ dx10 + α Cˆ(1) and ds2IIA, S is the Type IIA space-time metric in the string
frame in which the kinetic terms of the NS-NS fields in the Lagrangian are multiplied by a
characteristic factor e−2φ: LNS−NS, S = e−2φ (−R2 + . . . ). The Kaluza-Klein vector is the RR
1-form field of the ten-dimensional theory and the dilaton φ is related to the radial modulus
σ10 as follows: φ =
3
2
σ10. The ten-dimensional metric in the Einstein-frame is given by:
ds2IIA,E = e
−φ
2 ds2IIA, S . (7.41)
An analogous relation holds for the Type IIB metric in the two frames.
Consider now the compactification of a Type II (A or B) theory on a six-torus to four
dimensions. We denote now by u, v, · · · = 4, . . . , 9 the indices labeling the internal coordi-
nates and by uˆ, vˆ, . . . their rigid counterpart. The ansatz for the metric, in the string frame,
reads:
s2II, S = ∆
2 ds24 + g
(S)
uv V
u Vv , (7.42)
where g
(S)
uv is the internal metric in the string frame and ∆ = det(Φ(S)α
αˆ)−
1
2 eφ. Let us
expand the ten-dimensional Kalb-Ramond field Bˆ(2) as in (7.14):
Bˆ(2) = B(2) +B(1)u ∧ Vu +
1
2
Buv V
u ∧ Vv , (7.43)
where B
(1)
u are six vector fields in the 6−1 representation of GL(6,R), and Buv are 15 axionic
scalars in the 15+1 representation of the same group (the gradings now are kΦ given in
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(7.24)). They are associated with shift isometries tuv of the scalar manifold spanning the
nilpotent subspace N[15+1] of S . Under such transformations Buv transform as (7.21):
δBuv = Σuv . (7.44)
This is just part of the transformations induced by the choice of the Bˆ(2) gauge transformation
parameter Ξˆ(1) given in (7.19): dΞˆ(1) = 1
2
Σuv dx
u ∧ dxv. We also have:
δB(2) =
α2
2
ΣuvG
u ∧Gv ,
δB(1)u = αΣuvG
v . (7.45)
BothB(2), B
(1)
u are also associated with a local gauge invariance parametrized byΞ(1)(x), ξu(x).
The second of Eqs. (7.45) describes the global duality transformation on the NS-NS vector
Buµ induced by the isometry (7.44). The group GL(6,R), acting transitively on the internal
metric moduli guv, together with the transformations generated by Σuv t
uv in N[15+1] and extra
symmetry transformations generated by Σ˜uv tuv,
114 close a 36 + 15 + 15 = 66 dimensional
group, which is the classical T -duality group O(6, 6). This group acts transitively on guv, Buv
which span the symmetric manifold:
(guv, Buv) ∈ O(6, 6)
O(6)×O(6) . (7.46)
This space can also be written as follows:
O(6, 6)
O(6)×O(6) ∼
GL(6,R)
SO(6)
n eN
[15+1]
, (7.47)
where ∼ stands, as usual, for an isometric mapping. This simply means that we can chose
for it a coset representative of the form L(guv, Buv) = L(Buv)L(guv), where the latter factor
belongs to GL(6,R)/SO(6) while the former is L(Buv) = exp(12 Buv t
uv) ∈ e[N15+1 ]. The action
of O(6, 6) on the moduli guv, Buv is easily described by arranging these two matrices in a
12× 12 O(6, 6)-symmetric matrix M(g,B) defined as follows:
M(g,B)[g, B] ≡
(
g −B g−1B −B g−1
g−1B g−1
)
, (7.48)
where g ≡ (guv), B ≡ (Buv). We have [214, 215]:
g ∈ O(6, 6) : (g, B)→ (g′, B′) ; M(g,B)[g′, B′] = gTM(g,B)[g, B] g . (7.49)
Notice thatM(g,B) plays the role for the manifold (7.46) thatM in (2.89) has for manifolds
G/H embedded in Sp(2nv,R)/U(nv). The former is a pseudo-orthogonal matrix while the
latter is a symplectic one and (7.49) is analogous to (2.99). T -duality transformations along
114The generators tuv have opposite weights with respect to t
uv, relative to the Cartan subalgebra of gl(6,R).
208
internal directions (Ru` → α′/Ru`) are implemented by acting onM(g,B) by means of matrices
of the form (A.118). The vector fields Gvµ, Buµ transform under O(6, 6) in the fundamental
12 representation.
Let us now dimensionally reduce the field strength Hˆ(3) ≡ dBˆ(2) associated with the B-
field. The expansion (7.15) and (7.43) yield the following definitions of the four-dimensional
field strengths:
H(3) = dB(2) − αB(1)u ∧ F u ,
H(2)u = dB
(1)
u − αBuv ∧ F v ,
H(1)uv = dBuv . (7.50)
Let us now add a background flux Huvw for Hˆ
(3) by adding to Bˆ(2) a background contribution
as in (7.26). Hˆ(3) gets shifted accordingly:
Hˆ(3) → Hˆ(3) + 1
3!
Huvw dx
u ∧ dxv ∧ dxw . (7.51)
The four-dimensional field strengths are then modified as follows:
H(3) = dB(2) − αB(1)u ∧ F u −
α3
3!
HuvwG
u ∧Gv ∧Gw ,
H(2)u = dB
(1)
u − αBuv ∧ F v +
α2
2
HuvwG
v ∧Gw ,
H(1)uv = dBuv − αHuvwGw ,
F u = dGu . (7.52)
The definitions of the field strengths encode the symmetries of the theory. In particular we
see that, in the presence of the H-flux, H
(2)
u has become a non-Abelian field strength, while
H
(1)
uv has the form of a covariant derivative. The expressions in (7.52) are indeed invariant
under the following local transformations:
Guµ → Guµ + ∂µξu ,
Buv → Buv + αHuvw ξw ,
Buµ → Buµ + ∂µξu + α2HuvwGvµ ξw ,
B(2) → B(2) + dΞ(1) + α ξu F u + α
3
2
Huvw ξ
uGv ∧Gw . (7.53)
From the structure of the vector field strengths we can infer the structure of the gauge
algebra while from the covariant derivative of the scalar fields we infer the expression of
the gauge generators in terms of isometries of the scalar manifold, through the embedding
tensor. Here we are focusing on the NS-NS sector. The gauge generators have the form
Xu, X
u and are gauged by Guµ and Buµ, respectively:
Ωg µ = G
u
µXu +BuµX
u . (7.54)
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From the second on (7.52) we infer the commutation relation between the gauge generators:
[Xu, Xv] = α
2HuvwX
w = −αXuvwXw , (7.55)
all other commutators being zero. From the third of (7.52), or from the second of (7.53), we
can identify Xv with the following combination of isometries:
Xu =
1
2
Θu, vw t
vw = −1
2
αHuvw t
vw . (7.56)
Note that Xu are not identified with any isometries. They can be viewed as central charges
with trivial action on the physical fields [63]. The corresponding parameters only enter the
gauge transformation of Buµ. We have discussed this possible structure of the gauge algebra
in Sect. 3.5: Xu play the role of the generators Xa in (3.210) when hIJ
a 6= 0. If I the normal
Abelian subgroup of Gg generated by X
u, only Gg/I is actually embedded in O(6, 6):
Adj(Gg) = Adj(Gg/I) ↪→ Fund(O(6, 6)) , (7.57)
where Fund(O(6, 6)) stands for the fundamental representation 12 of O(6, 6). This simple
example illustrates how an internal flux induces a gauge symmetry in the lower-dimensional
theory, the corresponding embedding tensor being identified with the flux itself.
Consider now a less simple example within the Type IIB theory, including the RR fields
in the analysis. As mentioned in Sect. 4.3, this supergravity, at the classical level, features a
global invariance defined by the group SL(2,R)IIB. With respect to this symmetry, the two
two-forms Bˆ(2)σ = (Cˆ(2), Bˆ(2)) transform in a doublet representation, labeled by σ = 1, 2.
The two scalars φ, ρ span the coset SL(2,R)IIB/SO(2). The field strengths are defined as
follows:
Fˆ (3)σ = dBˆ(2)σ ; Fˆ (3)σ = L(ρ)σδ Fˆ (3) δ ,
Fˆ (5) = dCˆ(4) − 1
2
σδ Bˆ
(2)σ ∧ dBˆ(2) δ = ∗Fˆ (5) , (7.58)
Cˆ(4) being an SL(2,R)IIB-singlet and
L(ρ) ≡
(
1 −ρ
0 1
)
.
The dimensionally reduced bosonic fields arrange in representations of SL(2,R)IIB×GL(6,R)
and are:
gµˆνˆ → gµν , Guµ, Φuuˆ ,
Bˆ(2)σ → Bσµν , Bσµ u, Bσuv ,
Cˆ(4) → Cµuvw, Cu1...u4 ,
ρ, φ→ ρ, φ . (7.59)
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The scalar fields Bσuv are associated with translational isometries t
uv
σ in the (2,15)+1 of
SL(2,R)IIB × GL(6,R). The 2-forms Bσµν are dualized into scalars B˜σ = (C˜, B˜) in the
(2,1)+3. Due to the self-duality of Fˆ
(5), Cµνuv are not dynamically independent of the
scalars Cu1...u4 in the (1,15
′)+2. The vectors Cµuvw belong to the (1,20)0 and consist of 10
electric and 10 magnetic fields. Finally the vectors Bσµ u transform in the (2,6)−1.
Let us switch on NS-NS and RR 3-form fluxes by writing:
Bˆ(2)σ = B(2)σ +B(1)σu ∧ Vu +
1
2
Bσuv V
u ∧ Vv + Bˆ(2)σbg (xu) , (7.60)
where:
dBˆ
(2)σ
bg =
1
3!
F σuvw dx
u ∧ dxv ∧ dxw , (7.61)
F σ=2uvw being the H-flux considered above, while F
σ=1
uvw = Fuvw is the RR flux. The resulting
theory is a maximal D = 4 supergravity containing forms of all order and featuring a flux-
induced gauge group. In order to obtain a gauged model with a gauge group embedded
inside E7(7) we need to dualize all forms to lower-order ones. Having done this, the gauge
connection has the following form:
Ωg µ = G
u
µXu +B
σ
uµX
u
σ +
1
3!
CuvwµX
uvw , (7.62)
The gauge generators are expressed in terms of E7(7) ones as follows:
Xu ∝ αF σuvw tvwσ , Xuσ ∝ σδF δu1u2u3 tuu1u2u3 , Xuvw ∝ uvwu1u2u3 F σu1u2u3 tσ , (7.63)
where tδ generate the shifts of B˜
δ, in N[(2,1)+3], and tu1u2u3u4 of Cu1u2u3u4 , in N
[(1,15′)+2]. We
see that the embedding tensor is identified with the fluxes F δu1u2u3 and transforms in the
(2,20)+3. The gauge algebra closes in e7(7) provided the quadratic constraints are satisfied.
These can be readily worked out from (3.60) to have the form
v1v2v3u1u2u3σδF
σ
v1v2v3
F δu1u2u3 = 0 ⇔
∫
T 6
Fˆ
(3)
bg ∧ Hˆ(3)bg = 0 . (7.64)
As mentioned in Sect. 4.6.4, this condition is nothing but that for the tadpole cancelation
in the absence of localized sources. The gauge algebra reads:
[Xu, Xv] ∝ F σuvwXwσ , [Xu, Xwσ] ∝
1
6
σδ F
δ
uu1u2
Xwu1u2 , (7.65)
where we used the following relations among E7(7)-generators:
[tu1u2σ , t
u3u4
δ ] = σδ t
u1u2u3u4 ; [tu1u2u3u4 , tu5u6σ ] = 2 
u1u2u3u4u5u6 tσ . (7.66)
An alternative way to deduce condition (7.64) is in the model which is directly obtained by
dimensional reduction, prior to the dualizations. One finds the following gauge transforma-
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tions for the fields originating from the 2-forms:
δGuµ = ∂µξ
u ,
δBσuv = αF
σ
uvw ξ
w ,
δBσuµ = ∂µξ
σ
u + α
2 F σuvwG
v
µ ξ
w ,
δB(2)σ = dΞ(1)σ + α ξσu F
u +
α3
2
F σuvw ξ
uGv ∧Gw . (7.67)
It is straightforward to show that the field strengths of the axions Cu1...u4
F (1)u1...u4 = dCu1...u4 − 3 σδ Bσ[u1u2F (1) δu3u4] − 2 σδ B
(1)σ
[u1
F δu2u3u4] , (7.68)
are invariant under the above transformations for a suitable transformation of Cu1...u4 pro-
vided condition (7.64) holds. Equivalently one can derive this quadratic condition from the
Bianchi identities on the field strengths.
7.2 Duality Covariant Compactifications
As discussed in Sect. 4.6.4, a minimal set of fluxes which contains Huvw and is covariant under
T -duality must also contain the torsion Tuv
w in the (84 + 6)+2, and the non-geometric fluxes
Qu
vw, Ruvw in the (84′ + 6′)+1 and 200, respectively. Consider, for the sake of simplicity, the
NS-NS sector of the Type II theories. It consists of the dilaton φ, the metric gˆuv and the
B-field Bˆ(2). Upon toroidal dimensional reduction to D = 4, and dualization of all forms to
lower-order ones, this sector is described by an N = 4 consistent truncation of the N = 8
theory. The vector fields are:
AΛµ = (G
u
µ, Buµ) ,
while the scalar fields consist in
φs = (φ4, B˜, guv, Buv) , (7.69)
and span a scalar manifold of the form (4.38):
MN=4scal =
SL(2,R)
SO(2)
[φ4, B˜]× SO(6, 6)
SO(6)× SO(6)[guv, Buv] ⊂
E7(7)
SU(8)/Z2
, (7.70)
Note that AΛµ transform in the 12 of SO(6, 6) while SL(2,R) has a non-perturbative duality
action, being Rv = (2,12) with respect to SL(2,R)×SO(6, 6). The presence of the minimal
T -duality invariant set of fluxes Huvw, Tuv
w, Qu
vw, Ruvw induces a gauging in the N = 4
supergravity. The gauge algebra contains generators Xu gauged by the Kaluza-Klein vectors
Guµ as well as generators X
u gauged by Buµ. These generators belong to so(6, 6) and are
expressed in terms of tu
v, generators of gl(6,R), and the nilpotent generators tuv, tuv in the
15+1 and 15
′
−1, respectively, through an embedding tensor consisting of the H,T,Q,R-fluxes
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(we perform a suitable rescaling of the generators to get rid of the α factor and to simplify
the commutation relations):
Xu = −1
2
Qu
vw tvw + Tuv
w tw
v − 1
2
Huvw t
vw ,
Xu = −1
2
Ruvw tvw −Qwuvtvw − 1
2
Tvw
u tvw . (7.71)
These generators can be grouped in an O(6, 6)-vector XΛ ≡ (Xu, Xu), so that Eqs. (7.71)
can be recast in the following compact form:
XΛ =
1
2
XΛΣΓ t
ΣΓ , (7.72)
where tΣΓ = −tΓΣ are the generators of O(6, 6). These generators are chosen so as to satisfy
the following commutation relations
[tΛ1Σ1 , tΛ2Σ2 ] = ηΣ1Λ2 tΛ1Σ2 + ηΛ1Σ2 tΣ1Λ2 − ηΛ1Λ2 tΣ1Σ2 − ηΣ1Σ2 tΛ1Λ2 , (7.73)
where ηΛΣ is the O(6, 6)-invariant metric in the fundamental representation, whose non-
vanishing entries are ηu
v = ηvu = δ
v
u. In the fundamental representation the generators have
the following form: (tΛΣ)Γ
∆ = 2 δ
[Λ
Γ η
Σ]∆.
Consistency of the corresponding gauging in the N = 4 model, see Sect.6.3, requires the
following linear constraint on the components of the embedding tensor: XΛΣΓ = X[ΛΣΓ ].
The gauging is electric, involving only the vectors Guµ, Buµ, and thus the locality constraint
(3.60) is satisfied. The only restriction comes from the closure constraint (3.60), namely the
condition that the gauge algebra closes inside so(6, 6):
[XΛ, XΣ] = −XΛΣΓ XΓ = TΛΣΓ XΓ , (7.74)
where XΛΣ
Γ = XΛΣΠη
ΠΓ and we have defined TΛΣ
Γ = −XΛΣΓ . Using Eqs. (7.72) and
(7.73) the reader can easily verify that (7.74) amounts to the following condition:
X[ΛΣ
Γ X∆Π]Γ = 0 . (7.75)
In components Eq. (7.74) can be written as follows [106]:
[Xu, Xv] = HuvwX
w + Tuv
wXw ,
[Xu, X
v] = Qu
vwXw − TuwvXw ,
[Xu, Xv] = RuvwXw +Qw
uvXw . (7.76)
Note that the gauge algebra and its structure are manifestly O(6, 6)-covariant. We have thus
grouped the H,T,Q,R-fluxes in a single O(6, 6)-covariant twist-tensor
TΛΣ
Γ = −XΛΣΓ = {Huvw, Tuvw, Quvw, Ruvw} , (7.77)
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so that the action of a T-duality on these fluxes is obtained by transforming this tensor
through the corresponding O(6, 6)-transformation. The scalar potential has the form (we
omit a positive proportionality factor)
V ∝ −
(
2TΛ∆
ΓTΣΓ
∆M(g,B)ΛΣ + TΛΣΓTΛ′Σ′Γ ′M(g,B)ΓΓ ′ M(g,B)ΛΛ
′M(g,B)ΣΣ′
)
, (7.78)
where the (negative definite) matrix M(g,B)[g, B]ΛΣ and its inverse M(g,B)[g, B]ΛΣ were
defined in (7.48). Note that the potential in (7.78) is a generalization of the one originating
from a twisted torus reduction, given in (7.37), where M(g,B)[g, B] plays the role of the
internal metric and TΛΣ
Γ of the torsion Tuv
w. Indeed if we choose as the only non-vanishing
components of TΛΣ
Γ the twist-tensor Tuv
w, the gauge algebra reduces to that of the group
GT ([Xu, Xv] = Tuv
w Xw) and the above scalar potential to the one in (7.37). This formal
analogy between the scalar potentials (7.37) and (7.78) suggests the existence of some more
general, T-duality covariant, geometric structure underlying this kind of compactifications.
We shall elaborate on this issue below.
Certain compactifications in the presence of H,T,Q,R-fluxes are T -dual to known (geo-
metric) string compactifications. Other combinations of these generalized fluxes, however,
are not. The corresponding theories fit the definition of intrinsically (or truly) non-geometric
models given in the Introduction.
Compactifications in the presence of this T -duality invariant set of fluxes can be given
a natural unified description in the context of generalized geometry [115],[116],[71], where
the tangent space T to the internal manifold, parametrized by the vectors generating the
diffeomorphisms, is doubled to include the cotangent one T ∗ parametrized by the one-
forms associated with gauge transformations of the B-field. One considers a single bundle
T ⊕ T ∗ on Mint, on which generalized vielbein EΛΛ and a corresponding generalized metric
M(g,B)[g, B]ΛΣ = −EΛΛEΣΛ of the form (7.48), are defined. They depend on both the
metric and the B-field moduli. Different patches of the bundle are connected by transition
functions in O(6, 6). In this framework classical T -duality is geometrized, that is it becomes
part of the (generalized) geometry of the internal manifold as structure group. The effec-
tive four-dimensional theory is obtained by defining a factorized ansatz for the generalized
vielbein:
EΛ
Γ (xµˆ) = E˚Λ
Σ(xu)EˆΣ
Γ (xµ) , (7.79)
where E˚Λ
Σ(xu) depends on the background moduli g˚uv, B˚ub and generalizes the twist ma-
trix σu
v encoding the geometry of the twisted torus, while EˆΣ
Γ (xµ) contains the D = 4
scalars guv, Buv, fluctuations of the ten-dimensional fields about their background values.
The H,T,Q,R-fluxes are encoded in the generalized twist matrix E˚Λ
Σ(xu) in the same way
as σu
v(xu) contains the geometric flux Tuv
w, see Eq. (7.30). Therefore, just as the geometric
flux Tuv
w is introduced by twisting the geometry of the torus T n into that of a twisted-torus
T n, in the context of generalized geometry, the generalized H,T,Q,R-fluxes are introduced
by twisting the frame EΛ by means of a twist matrix E˚. These fluxes are part of a single
O(6, 6)-covariant twist-tensor TΛΣ
Γ , see (7.77).
A different approach to the definition of a unified description of T -dual flux-compactifications,
is that of Double Field Theory (DFT) [130, 131],[120–124], inspired by string field theory,
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see [125] for a review. In this framework the space-time coordinates are doubled to include,
besides the ordinary ones xµˆ dual to the momentum modes, new coordinates xµˆ dual to the
winding modes. This produces the same doubling of the tangent space as in generalized
geometry and the same generalized vielbein and metric M(g,B)[g, B]ΛΣ are introduced, this
time however depending on the coordinates of the larger base manifold. Both approaches
(generalized geometry and DFT) provide a T -duality covariant framework of dimensional
reduction in which the classical T -duality group acts on the extended tangent bundle as a
structure group. The gauge symmetry in four-dimensions is the remnant of the invariance
of the DFT under generalized diffeomorphisms on the doubled coordinates which include or-
dinary space-time diffeomorphisms as well as gauge redefinitions of the B-field. If a certain
section condition (or strong constraint) on the coordinate dependence of the fields and gauge
parameters is fulfilled, the whole construction is consistent: The generalized diffeomorphisms
close and leave the DFT invariant. If this condition is satisfied, moreover, locally a frame can
be chosen in which the fields of the DFT only depend on the xµˆ-coordinates. By choosing
a suitable twist matrix of the form E˚Λ
Σ(xu, xu) a generalized Scherk-Schwarz ansatz can be
devised which yields a class of gauged N = 4 four-dimensional supergravities, whose embed-
ding tensor is described by the generalized twist tensor TΛΣ
Γ . The quadratic constraints of
the resulting half-maximal theory follows from the closure of the generalized diffeomorphims.
The strong constraint on the doubled-coordinate dependence in DFT, however, seems to pose
further restrictions on the embedding tensor, which restricts the lower-dimensional N = 4
theory to models obtained as truncations of a gauged maximal ones. In order embed in DFT
the most general half-maximal gauged model with embedding tensor TΛΣ
Γ , which comprises
geometric and non-geometric fluxes, a relaxation of the strong constraint is thus called for.
Similar mathematical constructions have been devised in order to geometrize the whole
classical global symmetry group G = E11−D(11−D) of D-dimensional maximal supergravity.
This is done by extending the tangent space of the internal manifold in order to support
the representation Rv of G, which is thus promoted to structure group. This is the rough
idea behind the extended generalized geometry [132, 133]. A different construction is that of
exceptional field theory [134–136], in which the extension of the tangent space results from
an enlargement of the whole space-time, now spanned by the D-dimensional space-time
coordinates xµ and by a new set of internal coordinates YM in the representation Rv of G.
For example if D = 5 G = E6(6), the vectors transform in the Rv = 27
′ and thus there are 27
extra coordinates; if D = 4, G = E7(7) and the extra coordinates are 56; if D = 3 G = E8(8)
and YM belong to the 248, and so on (see Sect. 8 for an overview of the maximal theories
in various dimensions and in particular Table 8 for the corresponding representations Rv
of the 1-forms). Just as the coordinates xα, xα in DFT are dual to the momenta pα and
winding modes wα along the corresponding internal directions, respectively, the generalized
internal coordinates YM in exceptional field theory are naturally interpreted as dual to the
1-form charges ΓM of the D-dimensional theory [301](i.e. the four-dimensional electric and
magnetic charges for D = 4).
Similarly to DFT, exceptional field theory is invariant under generalized diffeomorphisms
on the extended set of coordinates which close provided section constraints are satisfied.
These conditions guarantee that locally all fields effectively only depend on the physical
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internal coordinates, which are 10−D (xu) if we are describing the Type II theories, or 11−D
(xα) if we are describing the eleven dimensional supergravity. Thus exceptional field theory
provides a description of these higher-dimensional theories in which covariance with respect
to the global symmetry group of a lower-dimensional maximal supergravity is manifest. This
framework therefore unveils hidden symmetries of the eleven or ten-dimensional maximal
theories, at the price of losing manifest Lorentz-invariance in the corresponding dimensions.
The section constraints, can be expressed as the following condition:
∂
∂YM
⊗ ∂
∂YN
∣∣∣∣
R′2
= 0 , (7.80)
where the derivatives on the left-hand-side either act on two different fields, or on a same
one and R ′2 is the conjugate of the G-representation in which the 2-forms transform, see
Table 8. Condition (7.80) is the requirement that the product of the two gradients, in the
representation Rv∗⊗sRv∗, should have no component in the R ′2 representation. If D = 4 we
have R ′2 = 133. In this case however there is an additional section constraint which involves
the projection to the singlet representation through the matrix C, so that the conditions
read:115
tα
MN∂M ⊗ ∂N = 0 , CMN∂M ⊗ ∂N = 0 , (7.81)
where ∂M stands for the partial derivative with respect to YM . We can readily verify that
eleven-dimensional supergravity, as well as the ten-dimensional Type II theories, satisfy
the section constraints (7.81). The fields of the former theory only depend on xµ and on
the seven coordinates yα of the internal torus. These latter can be identified with the
components corresponding to 7′−3 in the branching of the 56 representation of YM with
respect to GL(7,R), see the first of Eqs. (4.52). Restricting the dependence of the fields
in the E7(7)-covariant exceptional field theory to x
µ and yα only, the section constraint is
satisfied since the product of two gradients with respect to the internal coordinates would
have a grading +6 which is absent in the branching of the 133 representation, see the second
of Eqs. (4.52). The same holds for the projection to the singlet representation. A similar
argument applies to the Type II theories. In Type IIA and IIB the six coordinates xu of
the torus are identified with 6′−2 in the branchings (4.46) and (4.43), respectively, of the 56
with respect to GL(6,R). The product of two gradients with respect to such coordinates
has grading +4 which is absent in the branchings (4.47) and (4.44). This implies that the
restriction of this product to the 133 is empty. Since the same is true for the projection to
the singlet, the section constraint is satisfied.
On the extended tangent space generalized internal vielbein and metric are defined. In
the D = 4 case the latter is nothing but the matrixMMN of (2.89), which depends on all the
scalar fields of the D-dimensional theory, now functions of the full set of D+2nv = 4+56 = 60
coordinates. For generic D the generalized internal metric M has the form −LL†, where
L(φ) is the coset representative in the representation Rv∗.
115Also in the formulation of the exceptional field theory with manifest D = 3 global symmetry group
E8(8), the section constraints are stronger than (7.80), since they involve the projections of ∂M ⊗ ∂N on the
representations 1+ 248+ 3875, while R′2 is just 1+ 3875.
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The effective D-dimensional gauged maximal theory, describing a consistent truncation
of the ten or eleven-dimensional one on a given background, is obtained by writing a Scherk-
Schwarz-like ansatz for the various fields, generalizing the one in (7.79), in which the de-
pendence on the internal coordinates of the background fields is encoded in a generalized
twist matrix, belonging to the group G, which, under certain conditions, factorizes out in
the equations of motion, so as to yield the field equations of the D-dimensional theory in the
xµ-dependent fluctuations. Analogous constructions are defined in the context of extended
generalized geometry where, however, only the tangent space is extended. In both cases the
twist-tensor is the G-covariant tensor XMN
P of the gauged supergravity.
These frameworks have proven particularly useful in order to show that certain gauged D-
dimensional maximal supergravities are consistent truncations of higher-dimensional ones on
suitable backgrounds. However, not all gauged D-dimensional models could be embedded in
this way within higher-dimensional ones. The section constraint in exceptional field theory,
for instance, restricts the possible gauged lower-dimensional supergravities which can be
uplifted as consistent truncations of eleven or ten-dimensional ones. Examples of gauged
supergravities whose string or M-theory interpretation is as yet obscure are the “ω-rotated”
SO(p, q)-model discussed in Sect. 4.6.5. To date, relaxing the section constraint so as
to provide an ultra-violet completion of these models within superstring or M-theory is a
challenging open problem. This would shed light on the CFTs dual to the broad class of
new AdS vacua of these theories.
A different N = 4 truncation of the maximal theory. As a final remark, let us
point out that there is an N = 4 model which was mentioned in Sect. 4.6.4, and which
is different from the truncation considered at the beginning of this section. It originates
from Type IIB theory on a T 6/Z2-orientifold [52, 54, 58, 61]. The vector fields are AΛµ =
(Bσuµ) = (Cuµ, Buµ) and transform in the (2,6) of SL(2,R)IIB × SL(6,R). The symplectic
frame is different from the one of the model describing the NS-NS sector in that now the
SL(2,R)IIB-factor has a perturbative duality action and the electric global symmetry group
Gel contains SL(2,R)IIB × GL(6,R), corresponding to the A and D-blocks in (2.133). The
scalar fields consist in φ, ρ, parametrizing the first factor in (4.38), and guv, Cu1u2u3u4 , acted
on by SO(6, 6). The generators tu1u2u3u4 of the Peccei-Quinn shift-symmetries on Cu1u2u3u4 ,
which are still in Gel and have an off-diagonal duality action, defining the C-block in (2.133).
7.3 Type IIB on K3× T2/Z2 with Fluxes and Branes
In this Section we review the gauged supergravity description of the Type IIB theory com-
pactified on a K3× T2/Z2-orientifold in the presence of fluxes [57, 65] and space-filling D3
and D7-branes [67].
Let us define the ungauged four-dimensional theory originating from the compactification
in the absence of fluxes. The manifold K3 is a compact Ka¨hler manifold of complex dimen-
sion 2 and vanishing first Chern class (i.e. a Calabi-Yau 2-fold), see [302] for an excellent
review of its geometry. Let us use, only in the present section, for the space-time and internal
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coordinates the following notation:
MD=10[x
µˆ] = MD=4[x
µ]×K3[ws, w¯s¯]× T 2[xp] ,
µˆ = 0, . . . , 9 ; s, s¯ = 1, 2 ; p = 8, 9 , (7.82)
where ws denote the two complex K3-coordinates and the 2-torus is chosen along the direc-
tions 8 and 9.
The compactification of Type IIB superstring on a K3 × T2/Z2-orientifold is effected
by truncating the zero-modes of the superstring theory on K3 × T2 to the invariant-sector
with respect to the action of the orientifold group Z2 = {Id, Ω I2 (−)FL}, where Ω is the
worldsheet parity, I2 is parity along the T
2 directions and FL is the fermion number in the
string left-moving sector. The resulting theory is an ungauged N = 2 theory. The Z2-even
zero-modes described by the four-dimensional theory are:
scalars : φ, ρ, gst, gst, gst¯, gpq , Cst¯pq, Cstpq, Cstpq, Cs1s2t¯1t¯2 ,
vectors : {AΛµ} ≡ {Bσpµ} = {Cp µ, Bp µ} , (7.83)
where we have defined the composite index Λ ≡ (σ, p), σ = 1, 2, p = 1, 2 and the internal
metric is taken in the ten-dimensional Einstein frame. Let us count the number of the above
fields and their supermultiplet arrangement. The metric muduli of T 2, gpq, are three and
can be described as follows:
gpq :
{
volume : eϕ ≡ Vol(T 2) ≡√det(gpq)
complex structure modulus: t = g89−i e
ϕ
g88
,
(7.84)
where we have described the volume of the 2-torus by dilatonic scalar ϕ (not to be confused
with the ten-dimensional dilaton φ). Recalling our general discussion on Calabi-Yau man-
ifolds, gst, gst are the complex structure moduli of K3, while gst¯ parametrize the possible
choices of the Ka¨hler form. The former are related to the periods of the holomorphic (2, 0)
form Ω. The Hodge-numbers of K3 are h0,0 = h2,2 = 1, h1,0 = h0,1 = h2,1 = h1,2 = 0,
h2,0 = h0,2 = 1 and h1,1 = 20. On H
2(K3,Z) one defines the following symmetric inner
product (α, β) ≡ ∫
K3
α ∧ β = (β, α). A basis ωI , where I, J = 1, . . . , 22 (only in this
Section), can be chosen so that (ωI , ωJ) is diagonal of the form:
ηIJ = (ωI , ωJ) = diag(+1,+1,+1,−1, . . . , −1) , (7.85)
with signature (3, 19): the positive and negative eigenvalues correspond to self-dual and
anti-self-dual 2-forms, respectively. We can label the former by x = 1, 2, 3 and the latter by
a = 1, . . . 19. By virtue of this inner product we can then write the following isomorphism:
H2(K3,Z) ∼ Γ 3, 19 , (7.86)
Γ 3, 19 denoting a lattice with signature (3, 19). Thus each two form in H2(K3,Z) can be
represented by an integer vector in Γ 3, 19. The complex structure and the Ka¨hler moduli
(except the volume) span a manifold of the form:
complex structures + Ka¨hler moduli (except the volume) ∈ SO(3, 19)
SO(3)× SO(19) , (7.87)
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We can parametrize this space in terms of a 3×19 matrix e = (exa), x = 1, 2, 3, a = 1, . . . , 19
by writing the coset representative in the form of the following 22× 22 matrix116
L(e) = (L(e)IJ) ≡
(
(1 + eeT )
1
2 −e
−eT (1 + eTe) 12
)
. (7.88)
The reduction of the RR four-form Cˆ(4) yields:
Cˆ(4) = CI ωI ∧ dx8 ∧ dx9 + C(K3)ωK2 , (7.89)
where ωK2 is the (2, 2)-volume form of K3. The moduli C
I correspond to Cst¯pq, Cstpq, Cstpq,
while C(K3) to Cs1s2t¯1t¯2 . Inspection of the sigma-model in four-dimensions shows that the
22 axions CI couple to the K3 metric moduli exa and to the volume of the torus Vol(T
2).
These 80 scalars belong to 20 hypermultiplets and span a quaternionic manifold of the form:
MQK =
SO(4, 20)
SO(4)× SO(20) =
[
SO(1, 1)× SO(3, 19)
SO(3)× SO(19)
]
n eN
[22+]
, (7.90)
where N[22+] is an Abelian nilpotent space spanned by the 22 RR axions CI , its generators
being denoted by tI , and SO(1, 1) is parametrized by the dilatonic scalar ϕ describing the
volume of the 2-torus. The fields CI , Vol(T 2) and exa, consistently with them being hyper-
scalars, do not couple the vectors. They are also not coupled to the dilaton φ, the RR scalar
ρ, the K3-volume, C(K3) and the complex structure of the torus. The latter scalars define
three complex coordinates u, s, t spanning, in the absence of branes, the special Ka¨hler part
of the scalar manifold:
MSK =
(
SL(2,R)
SO(2)
)
s
×
(
SL(2,R)
SO(2)
)
t
×
(
SL(2,R)
SO(2)
)
u
,
s ≡ C(K3) − iVol(K3) ,
u ≡ ρ− i e−φ , (7.91)
t being defined in (7.84). The isometry group SL(2,R)u of the last factor is the (classical)
ten-dimensional Type IIB duality group SL(2,R)IIB, acting on the axio-dilaton modulus u.
The four vector fields {AΛµ} ≡ {Bσpµ} transform in the (2,2) of SL(2,R)u × SL(2,R)t. This
group has therefore a block-diagonal duality action of the vector fields. This is not the case
for the remaining factor SL(2,R)s in G(SK), whose action on Bσpµ is non-perturbative. To
show this we note that the vectors are coupled to the same power of Vol(K3), which is the
dilatonic scalar defining the imaginary part of s:
− e e−φ Vol(K3) gˆpq(∂[µBν] p)∂[µBν]q ; −e eφ Vol(K3) gˆpq(∂[µCν] p)∂[µCν]q , (7.92)
where gˆpq is the torus metric normalized so that det(gˆ
pq) = 1, and thus depending only on
t. The above feature implies that all vectors have the same grading with respect to the K3-
volume dilation: Vol(K3) → e4λ Vol(K3). This transformation is generated by the Cartan
116The two indices of exa will, in the sequel, be raised and lowered by deltas, so their upper or lower position
is not relevant.
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subalgebra of SL(2,R)s and thus the effect of the non-Cartan generators of the same group
is to transform electric field strengths into magnetic ones and vice-versa, i.e. SL(2,R)s has a
non-perturbative duality action. Indeed the real part of s enters the matrix RΛΣ and couples
to the vectors as follows:
µνρσ pq C(K3) ∂µBν p ∂ρCσ q , (7.93)
so that the corresponding shift symmetry C(K3) → C(K3) + ξ has indeed a non-perturbative
duality action.
Let us now consider stacks of n3 space-filling D3-branes and n7 space-filling D7-branes
wrapped around K3, see [73] for an in-depth discussion of this microscopic setting. The
low–energy brane dynamics is described by a SYM theory on their world volume. We shall
consider the super Yang-Mills theories on the D3/D7 branes to be in the Coulomb phase
(namely the branes to be separated from each other), so that the gauge group and the
massless bosonic modes on the world volume theories are:
D3: gauge group = U(1)n3 ; bosonic 0–modes: Arµ y
r = y8,r + t y9,r (r = 1, . . . , n3) ,
D7: gauge group = U(1)n7 ; bosonic 0–modes: Akµ x
k = x8,k + t x9,k (k = 1, . . . , n7) ,
where yr and xk are complex scalars describing the position of each D3, D7-brane along T 2
respectively. Now the vector fields are 4 + n3 + n7:
{AΛµ} = {Bσpµ, Akµ, Arµ} (7.94)
The four-dimensional effective action receives now the contributions from the actions SDp
on the D3 and D7 world volumes:117
SDp = −Tp
∫
Σp+1
dp+1σ e−φ
√
det
(
gˆ(S) + Bˆ(2) + 2piα′F
)
+ µp
∫ ∑
`
Cˆ(p+1−`) ∧ e(Bˆ(2)+2piα′F ) ,
(7.95)
where F are the field strengths of the world volume vectors, gˆ(S) is the ten-dimensional metric
in the string frame, and the argument of the determinant is pulled back on the world-volume
Σp+1, where the two integrals are computed. Expanding the above action for p = 3 and p = 7
to lowest order in α′ we can infer general information about the low-energy four-dimensional
theory. For instance the kinetic term of the Dp brane-vectors has the form:
− e
4 g2YM
Fµν F
µν ; g−2YM =
{
T3 (2piα
′)2 e−φ ; p = 3
T7 (2piα
′)2 Vol(K3) ; p = 7 .
(7.96)
As far as the generalized θ-terms are concerned, for the two kinds of branes the Chern-Simons
terms yield:
p = 3 : µ3 ρ
∫
MD=4
F ∧ F
p = 7 : µ7C(K3)
∫
MD=4
F ∧ F . (7.97)
117The tension Tp and charge µp read: Tp = µp = (2pi)
−p (α′)−(p+1)/2.
220
Bσµ p A
r
µ A
k
µ
SL(2,R)t pert. trivial trivial
SL(2,R)u pert. non-pert. trivial
SL(2,R)s non-pert. trivial non-pert.
Table 7: Duality action of SL(2,R)3-group.
From the above terms we can infer, by means of the same arguments used earlier for the bulk
fields Bσµ p, that SL(2,R)t has a trivial action on the world-volume vectors Akµ, Arµ, SL(2,R)s
has a trivial action on the D3-brane vectors and non-perturbative on the D7-brane ones,
while SL(2,R)u has a trivial action on the D7-brane vectors and non-perturbative on the
D3-brane ones. From the kind of duality action (perturbative or non-perturbative) of the
isometry group G(SK) we can infer the symplectic frame of the four-dimensional effective
supergravity. The situation is summarized on Table 7. The spinors of the theory are the
gravitini ψAµ , the gaugini λ
i A (i = 1, . . . , nv) and the hyperini ζ
α. Since in our model
H(QK) = SO(4)× SO(20) = SU(2)×H(QK)matt , (7.98)
where H
(QK)
matt = SU(2)×SO(20), we can split the symplectic index α of this group as follows
α = (A′, A) where A′ = 1, 2 is the doublet index of the SU(2) factor and A = 1, . . . , 20 labels
the hypermultiplets.
The embedding of the fundamental representation of SO(3, 19), acting on the K3 metric
moduli, into that of SO(4, 20), acting on all the hyperscalars, is defined by splitting the
index of the latter as: m = 0, 1, 2, 3 = (0, x), defining the positive-signature directions, and
A = 1, . . . , 20 = (a, 20) defining the negative-signature ones, x, a labeling the fundamental
representation of SO(3, 19). The structure of the hypermultiplets can be summarized as
follows: [
ζA
′,a
Ca, exa
]
,
[
ζA
′,20
Cx, ϕ
]
. (7.99)
7.3.1 Special Ka¨hler Geometry
In the presence of D3 and D7 branes, the spacial Ka¨hler manifold is spanned by the n =
3+n3+n7 complex scalars: z
i = (s, t, u, xk, yr). In the special coordinate frame the geometry
of this manifold is totally defined by a cubic holomorphic prepotential F (z), see Eq. (5.51),
of the following form [67]:
F (s, t, u, xk, yr) = stu− 1
2
s xkxk − 1
2
u yryr , (7.100)
which correctly reproduces the scalar-scalar interactions in the sigma-model kinetic term.
The components of the holomorhic symplectic section ΩM(sc)(z) = (X
Λ
(sc), F(sc)Λ) are then
deduced from the prepotential in the special coordinate frame as explained in Sect. 5.1: In
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a patch in which X0(sc) = 1, X
Λ
(sc)(z) = (1, z
i) and F(sc)Λ(z) is given by (5.51). The Ka¨hler
potential K is evaluated using (5.35), or by (5.52), and reads:
K = − log[−8 (Im(s) Im(t)Im(u)− 1
2
Im(s) (Im(x)k )2 − 1
2
Im(u) (Im(y)r )2)] .(7.101)
The geometry is of cubic type, see Eq. (5.198) and below. In the absence of D-branes
(n3 = n7 = 0), the special Ka¨hler manifold would just be that of the STU model discussed
in Sect. 5.8.1. If only one kind of branes is present, the manifold would be symmetric of the
form: (
SL(2,R)
SO(2)
)
s
× SO(2, 2 + n7)
SO(2)× SO(2 + n7) , n3 = 0 ,(
SL(2,R)
SO(2)
)
u
× SO(2, 2 + n3)
SO(2)× SO(2 + n3) , n7 = 0 . (7.102)
If however both branes are present, the manifold is homogeneous non-symmetric of the
kind L(0, n7, n3) in the classification of [174]. The corresponding sigma-model metric was
constructed, using the solvable Lie algebra parametrization, in [303].
The non-minimal scalar-vector couplings are however not correctly reproduced in the
special-coordinate symplectic frame, because the isometries do not have the right duality
action summarized in Table 7. The components XΛ, FΣ of the holomorphic symplectic
section ΩM(z) which correctly describe our problem, are chosen by performing a constant
symplectic transformation on ΩM(sc)(z), so that they read:
X0 =
1√
2
(1− t u+ (x
k)2
2
) , X1 = −t+ u√
2
,
X2 = − 1√
2
(1 + t u− (x
k)2
2
) , X3 =
t− u√
2
,
Xk = xk , Xr = yr ,
F0 =
s
(
2− 2 t u+ (xk)2)+ u (yr)2
2
√
2
, F1 =
−2 s (t+ u) + (yr)2
2
√
2
F2 =
s
(
2 + 2 t u− (xk)2)− u (yr)2
2
√
2
, F3 =
2 s (−t+ u) + (yr)2
2
√
2
Fk = −s xk , Fr = −u yr . (7.103)
Notice that the scalar s only appears in FΛ but not in X
Λ. Therefore we cannot write
FΛ = FΛ(X) and the new symplectic frame admits no prepotential function F (X).
7.3.2 Introducing Fluxes
Let us consider the effect of switching on fluxes of the three–form field strengths across
cycles of the internal manifold. The only components of Fˆ
(3)σ
bg = dBˆ
(2)σ
bg which survive the
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orientifold projection are: Fˆ
(3)σ
bg = F
σ I
pωI ∧ dxp. We can describe these flux components
in terms of four integer vectors fΛ
I , Λ = 0, . . . , 3 :
F σ Ip ≡ FΛI = 4 pi
2
R3
α′ fΛI ; fΛI ∈ Γ 3,19 , (7.104)
where R is the linear size of the internal manifold and last property follows from the flux
quantization condition [71]
1
(2pi
√
α′)p−1
∫
Fˆ
(p)
bg ∈ Z . (7.105)
Just as in the simpler case of toroidal compactifications discussed in Sect. 7.1, the presence
of fluxes implies local invariance in the low–energy supergravity. A way to see this is to
consider the dimensional reduction of the kinetic term for C(4):
D = 10 → D = 4
F(5) ∧ ∗F(5) −→ (∂CI − fΛI AΛµ)2 , (7.106)
where de have redefined fΛ
I by an appropriate rescaling and the four-form field strength
is defined as in (7.58). Here and in the following we absorb the coupling constant in the
definition of the embedding tensor. The Stueckelberg–like kinetic terms for CI in four
dimensions are clearly invariant under the local translations CI → CI + fΛI ξΛ, ξΛ being
four local parameters, provided the bulk vectors are subject to the gauge transformation
AΛµ → AΛµ + ∂µξΛ. Thus from general arguments we expect that in the presence of the above
fluxes, the low–energy supergravity should be invariant under a four-dimensional Abelian
gauge group Gg, subgroup of G
(QK) whose generators XΛ = fΛ
I tI are gauged by the bulk-
vectors. The embedding tensor is electric and coincides with the fluxes ΘΛ
I = fΛ
I . The N =
2 supergravity originated from the flux compactification is obtained therefore by gauging the
subgroup Gg of the isometry group of MQK .
We could also switch on magnetic fluxes of D7 vectors across 2-cycles of K3:
F kbg = F
k I ωI , k = 1, . . . , n7 . (7.107)
These background quantities would induce, through the Chern-Simons term in the D7 world
volume action, minimal couplings of the vectors Akµ to the axions C
I which amounts to
gauging the corresponding translational isometries by Akµ. In this case we would add the
following entries to the embedding tensor:
fΛ=k+3
I = F k I , (7.108)
so that the D7-brane vectors are involved.118 The embedding tensor fΛ
I is a collection of nv
vectors, labeled by Λ, in R3,19, and can be conveniently split into positive and negative-norm
vectors:
(fΛ
I) = (fΛ
x, hΛ
a) , x = 1, 2, 3 , a = 1, . . . , 19 . (7.109)
118In principle one can also gauge the translational isometries tI by means of the D3-brane gauge vectors
Arµ. The interpretation of the corresponding embedding tensor fΛ=3+n7+r
I = F r I , r = 1, . . . , n3, is less
obvious.
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The gauging procedure described in previous sections totally determines the four-dimensional
effective action. The Killing vectors kIΛ and the momentum maps P
x
Λ associated with the
gauged isometries read:
kIΛ = fΛ
I ; PxΛ = e
ϕ L(e)−1xIfΛI = eϕ ([(1 + eet)
1
2 ]xy fΛ
y + exa hΛ
a), x = 1, 2, 3 .
(7.110)
In terms of these quantities the scalar potential can be evaluated using Eq. (5.157) and has
the following form:
V = 2 e2ϕ
[
(δxy + 2 exaeya) fΛ
x fΣ
y + 4 f(Λ
x exa[(1 + e
Te)
1
2 ]ab hΣ)
b+
+(δab + 2 exaexb)hΛ
a hΣ
b
]
L¯Λ LΣ+
+ e2ϕ
(
UΛΣ − 3 L¯Λ LΣ) (fΛx fΣx + exaeya fΛx fΣy + 2 [(1 + e eT ) 12 ]xyexa f(Λy haΣ)+
exae
x
b h
a
Λ h
b
Σ
)
, (7.111)
where the sum over repeated indices in understood. Once the potential is known then we
can study the vacua of the theory, that is bosonic backgrounds which extremize V (φs). If
we are interested in supersymmetric vacua we need to look for bosonic backgrounds (φs0)
which admit a Killing spinor , namely directions in the supersymmetry parameter space
along which supersymmetry variations of the fermion fields vanish, see Eqs. (3.252).
The Killing spinor equations have the following form:
δψ
A
µ = 0 ⇔ δζA
′, 20 = 0 ⇔ XΛPxΛ (σx)ACCBB = 0 , (7.112)
δζ
A′,a = 0 ⇒ L(e)−1 aI fΛI XΛ = 0 , (7.113)
δλ
ı¯ A = 0 ⇔ gjı¯DjXΛPxΛ (σx)ACCBB = 0 . (7.114)
To solve the second equation we make the following position:
ex
a fxΛ = 0 = ex a h
a
Λ , (7.115)
haΛX
Λ = 0 . (7.116)
Conditions (7.115) will fix K3 complex structure moduli, while Eq. (7.116) will fix the T 2
complex structure t and the axion/dilaton u. If (7.115) hold, the momentum maps (7.110)
acquire the simpler form: PxΛ = e
ϕ fΛ
x. The Killing spinor equations (7.112), δζ
A′, 20 = 0
and δψ
A
µ = 0, on the other hand, turn out to be equivalent for this gauging and, together
with (7.114), will impose restrictions on the fluxes.
N = 2 vacua. These are bosonic backgrounds on which the Killing spinor equations must
hold for any parameter A. This implies that
XΛPxΛ = DiX
ΛPxΛ = 0 . (7.117)
Being PxΛ real, the above conditions can be recast in the form:
LMc NPxM = 0 , (7.118)
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which in turn imply, since Lc is an invertible matrix, that in order to have N = 2 vacua, the
momentum maps must vanish:
PxM = 0 ⇔ fΛx = 0 , (7.119)
where we have used Eqs. (7.115). Eq. (7.119) can be restated as the requirement that
no flux vector among the fΛ
I in Γ 3,19 have positive norm, consistently with the results by
Tripathy and Trivedi [57]. Let us, for the sake of simplicity, choose as the only non–vanishing
components of the flux
h2
a=1 = g2 ; h2
a=2 = g3 . (7.120)
Condition (7.116) then implies:
X2 = X3 = 0 ⇔ t = u , 1 + t2 = (x
k)2
2
, (7.121)
so that t, u are fixed, while s and the brane coordinates xk, yr remain moduli. Finally
conditions (7.115) imply exa=1,2 = 0. Since the two axions C
a=1,2 are Goldstone bosons
which provide mass to A2µ, A
3
µ, the whole two hypermultiplets a = 1, 2 will not appear in the
low–energy effective theory. If the fluxes F k I are switched on, condition XΛ hΛ
a = 0 will fix
some of the xk scalars to zero.
This theory will be no–scale since the potential at the minimum vanishes identically in
the moduli.
N = 1, 0 vacua. Let us look for N = 1 vacua by requiring the component 2 to be the
Killing spinor. Upon implementation of (7.115), we obtain the following conditions:
δψ
A
µ = 0
δλ
i,A = 0
⇒

(fΛ
x=1 + i fΛ
x=2)XΛ = 0
(fΛ
x=1 + i fΛ
x=2) ∂iX
Λ = 0
fΛ
x=3 = 0
. (7.122)
Condition fΛ
x=3 = 0 in particular can be rephrased as the statement that the flux should
be defined by at most two positive norm vectors in Γ 3,19, consistently with the primitivity
condition on the complexified 3–form field strength Gˆ(3) ≡ Fˆ (3) − u Hˆ(3), as found in [57].
Suppose, for the sake of simplicity, that the only non–vanishing flux components are the
following
f0
m=1 = g0 ; f1
m=2 = g1 ; h2
a=1 = g2 ; h2
a=2 = g3 , (7.123)
then from the vanishing of the D7–brane gaugini variations in (7.122) we have the condition
xk = 0, namely that the D7 branes be stuck at the origin of T 2. Condition (7.116) then
implies:
X2 = X3 = 0 ⇔ t = u = −i . (7.124)
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The four axions Cm=1,2, Ca=1,2 are Goldstone bosons which provide mass to all the bulk
vectors. Finally conditions (7.115) will fix the 40 complex structure moduli of K3:
exa=1,2 = 0 ; e
x=1,2
a>2 = 0 (7.125)
leaving the 17 Ka¨hler moduli ex=3a>2 unfixed. The unfixed moduli will enter chiral multiplets
in the effective N = 1 theory as the following complex scalars:
s, yr, Cm=3 + i eϕ, Ca>2 + i em=3a>2 , (7.126)
which span the scalar manifold:
Mscal =
U(1, 1 + n3)
U(1)× U(1 + n3) ×
SO(2, 18)
SO(2)× SO(18) , (7.127)
the former factor being parametrized by s, yr. We have not dealt with all conditions (7.122)
yet. In particular in the effective N = 1 we can construct a superpotential using N = 2
quantities:
W = [e−φ (Px=1Λ + iP
x=2
Λ )X
Λ]|φs0 ∝ g0 − g1 moduli independent . (7.128)
On the other hand the expressions in (7.122) (fΛ
x=1 + i fΛ
x=2)XΛ and (fΛ
x=1 + i fΛ
x=2) ∂iX
Λ
turn all out to be proportional to g0 − g1. Therefore if W = 0 we have N = 1 otherwise the
vacuum will break all supersymmetry. In both cases the potential at the minimum vanishes
identically in the moduli so that the effective supergravity is no–scale.
7.4 Mirror Covariant Gauging
As a last instance of gauged supergravity originating from flux compactifications we shall
discuss in this section a class of N = 2 gauged models which describe flux-compactifications
of Type II theories on manifolds with SU(3)×SU(3)-structure. In the context of Calabi-Yau
compactifications the role of T -duality is played by mirror symmetry, defined in Sect. 5.7. As
pointed out in the same Section, the presence of fluxes (see [71–73] and references therein),
through their back-reaction on the internal geometry, spoils the property of the internal
manifold of being a Calabi-Yau. Requiring the four-dimensional effective theory to have
N = 2 off-shell supersymmetries implies the internal manifold should have SU(3)-structure.
The effect of T -duality in toroidal compactifications, see Sect. 7.2, naturally extends to H-
fluxes and geometric fluxes, relating them to the non-geometric Q and R-fluxes. Similarly
one may expect that also mirror symmetry can be consistently defined in the presence of
fluxes and that a mirror-invariant set of form, geometric and non-geometric fluxes can be
defined. As for the toroidal reductions, a suitable framework where to study the problem is
that of compactifications of Type II theories on manifolds with generalized geometry. More
specifically, requiring the four-dimensional effective theory to be an N = 2 supergravity,
one has to consider generalized geometries with SU(3)× SU(3)-structure, see [107] and ref-
erences therein. Extending mirror symmetry to the presence of fluxes amounts to stating
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that Type IIA and Type IIB theories on mirror-dual flux-backgrounds are equivalent. This
in turn implies that the corresponding low-energy N = 2 gauged-supergravities must coin-
cide. As usual the background quantities are identified with the embedding tensor defining
the corresponding gauging. The general features of the four-dimensional supergravity were
derived within a top-down approach, using generalized geometry, in [107], building on pre-
vious related works, see [304, 305] and references therein. The four-dimensional theory was
constructed as a gauged supergravity in [109], building on [306, 307]. We shall review here
this second result.
We have seen in Sect. 5.7 that Type II compactifications on Calabi-Yau manifolds yield
ungauged N = 2 supergravities in which the scalar manifold contains two submanifolds of
special Ka¨hler type: one describing the complexified Ka¨hler moduli wa, a = 1, . . . , h1,1, the
other the complex structure moduli zi, i = 1, . . . , h2,1. We have denoted byM
(1)
SK the former,
parametrized by wa, and by M (2)SK the latter, parametrized by z
i. Depending on whether we
are in Type IIA or Type IIB theory, one of them is the manifold MSK describing the scalars
in the vector multiplets, the other is contained in the quaternionic Ka¨hler manifold MQK
and is spanned by hyper-scalars. In Sect. 5.7 the kind of quaternionic Ka¨hler manifolds
MQK occurring in these compactifications were characterized as being in the image of the
c-map.119 In Appendix A.8 their general structure is discussed and it is shown that they all
feature a characteristic Heisenberg algebra of isometries H , see Eq. (A.142). This algebra
contains the Peccei-Quinn translations on the axions originating from the RR fields: CΛ, C
Λ
in Type IIA, ρ, Ca, C˜, Ca in Type IIB theory.
Just as for toroidal compactifications, we wish to define a minimal set of background
quantities which is mirror invariant and contains the H-flux. We have seen that the T -
dual of the H-flux on T 6 is a geometric flux which is introduced as a deformation of the
geometry of the internal torus, by replacing the closed one-forms dxu on T 6 by non-closed left-
invariant one-forms σu, locally describing the twisted torus T 6. Then the non-geometric Q
and R-fluxes, which complete the T -duality invariant picture, are arranged in a constant, T -
duality-covariant tensor TΛΣ
Γ describing the twist of a larger set of forms within generalized
geometry, see discussion in Sect. 7.2.
A similar approach has been followed for Calabi-Yau compactifications. Here the “twisted
Calabi-Yau manifold”X is defined by replacing the harmonic forms on the original manifold
X by a new set of “twisted forms” αM , eA which are neither of pure degree nor closed [107]
and which satisfy the following relations:
dαM = Q
[X ]
M
A eA , deA = Q˜[X ]AM αM , (7.129)
where, setting Q[X ] ≡ (Q[X ]MA), we have defined
Q˜[X ]AM = CABCMN Q[X ]NB ⇔ Q˜[X ] ≡ CQ[X ]T CT . (7.130)
Equations (7.129) are consistent since in the generalized geometry picture αM , eA are not
119We are always working at string tree-level.
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of pure degree. The constant matrix Q[X ], which has the following general structure,
Q[X ] =
(
b˜Λ
A bΛB
a˜Γ A aΓB
)
, Q˜[X ] =
(
aΓB −bΛB
−a˜Γ A b˜ΛA
)
, (7.131)
plays the role of the twist tensor TΛΣ
Γ in (7.77) in that it encodes all the H,T,Q and R-
fluxes. It defines a deformation of the original manifold compatible with the condition that
X have SU(3)× SU(3)-structure [107]. Integrability of (7.129) implies:
d2αM = 0 ⇔ Q[X ]CQ[X ]T = 0 , (7.132)
d2eA = 0 ⇔ Q[X ]TCQ[X ] = 0 . (7.133)
Take for instance the simpler deformation in the Type IIA theory:
dαΛ = bΛa e
a , dβΛ = −aΛa ea , dea = aΛa αΛ + bΛa βΛ , dea = 0 , (7.134)
with the following H-flux
Hˆ
(3)
bg = dBˆ
(2)
bg = a
Λ
0 αΛ + bΛ 0 β
Λ . (7.135)
This corresponds to the case in which only the H and geometric fluxes are present and the
forms have pure degree. Conditions dHˆ
(3)
bg = 0 and d
2αM = 0 = d
2ea imply:
aΛ0 bΛa − aΛa bΛ 0 = 0 ; aΛb bΛa − aΛa bΛb = 0 . (7.136)
The ten-dimensional form-fields expand as follows:
Bˆ(2) = B(2) + ua ea + Bˆ
(2)
bg , Cˆ
3 = C(3) + A(1) a ∧ ea + ZM αM , Cˆ(1) = A0 . (7.137)
From the expansion of the ten-dimensional field strengths we can infer the gauge symmetries
induced in the four-dimensional theory. In particular we find:
Fˆ (4) ≡ dCˆ(3) − Cˆ(1) ∧ Hˆ(3) = dC3 − A0 ∧ dB(2) + (dA˜a − ua dA0) ∧ ea+
+ (dζΛ − AA aΛA) ∧ αΛ − (dζ˜Λ + AA bΛA) ∧ βΛ + (ζΛ bΛa + ζ˜Λ aΛA) ea , (7.138)
where we have defined, A˜a ≡ Aa + uaA0 and AA ≡ (A0, A˜a), the index A being A = (0, a).
We see that the axions ZM appear in covariant derivatives of Stueckelberg form:
DZM ≡ dZM − CMN bN AAA , (7.139)
where bM A ≡ (bΛA, aΛA). The above derivatives are invariant under the following local
transformations:
δAA = dλA , δZM = CMN bN AλA . (7.140)
We see that the background quantities introduced in (7.134) and (7.135) induce in the low-
energy effective theory the gauging of the translational isometries associated with ZM , which
are part of the Heisenberg algebra H .
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We could also introduce RR fluxes across cycles of the internal manifold. In the Type
IIA and IIB theories theory these are expanded in the even and odd cohomology bases,
respectively:
Type IIA RR fluxes:
{Fˆ (0)bg , Fˆ (2)bg , Fˆ (6)bg , Fˆ (4)bg } ≡ {FA} ,
Type IIB RR fluxes:
{Fˆ (3)bg } ≡ {FM} . (7.141)
(7.142)
The local symmetry induced by the general deformation (7.129) is defined by gauging a
Abelian subalgebra of the Heisenberg algebraH in g(QK) [306, 307]. Consider the ungauged
N = 2 model originating from the Type IIB theory. The scalar fields in the vector multiplets
are the complex structure moduli zi spanningM (2)SK with a Sp(2h2,1+2,R)-symplectic bundle.
The manifold M (1)SK of the complexified Ka¨hler moduli, with its Sp(2h1,1 + 2,R)-symplectic
bundle, is contained within M (IIB)QK , which has the general form (A.142):
M (IIB)QK ∼
(
O(1, 1)×M (1)SK
)
n eH . (7.143)
The notation introduced in Appendix A.8 should be adjusted to the Type IIB theory by
replacing the Sp(2h2,1 +2,R) indices M,N, . . . , by the Sp(2h1,1 +2,R) ones A,B, . . . . More-
over the scalar ϕ is to be identified with the opposite of the four-dimensional dilaton φ4, see
Eqs. (5.204), and a is to be intended as proportional to the NS-NS field B˜. The generators
of H will then be denoted by tA, t• and satisfy the commutation relations:
[tA, tB] = −2CAB t• , (7.144)
all other commutators being zero. The corresponding Killing vectors and momentum maps
are given in Eqs. (A.154) and (A.157). The reader can verify that the Killing vectors satisfy
the correct commutation relations:
[kA, kB] = 2CAB k• . (7.145)
Let us define the gauge algebra as a generic Abelian subalgebra of H . Its generators will
read:
XM = ΘM
A tA +ΘM • t• = ΘMA tA + cM t• , (7.146)
where we have defined, for the sake of simplicity, cM ≡ ΘM •. The locality constraint implies:
ΘM
AΘNBCMN = 0 ; ΘMA cNCMN = 0 (7.147)
The requirement that the gauge algebra be Abelian implies, in light of Eq. (7.144), that:
ΘM
AΘNBCAB = 0 . (7.148)
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Note that if we identify ΘM
A with Q[X ]MA, the above equation and the first of Eqs. (7.147)
coincide with (7.133) and (7.132), respectively, while the second of Eqs. (7.147) follow from
the closure of Fˆbg, dFˆbg = 0, once we identify cM with the RR fluxes (7.141). For this reason,
if we also denote the (2h2,1 + 2)× (2h1,1 + 2) matrix Θ ≡ (ΘMA) by Θ[IIB;X ], we can make
the following identification:
Θ[IIB;X ] = Q[X ] . (7.149)
Note that the NS-NS part Θ[IIB;X ] of the embedding tensor, coinciding with the twist tensor
Q[X ], is an Sp(2h2,1 + 2,R) × Sp(2h1,1 + 2,R)-tensor, namely is manifestly covariant with
respect to the symplectic structures associated with the two special-Ka¨hler manifolds.
The gauging is dyonic in that it involves both electric and magnetic vector fields. As
discussed in Sect. 3.2, consistency of the construction requires the introduction of rank-2
antisymmetric tensor fields Bαµν in the adjoint representation of G (in this case of G
(QK)).
Let us review the construction of the scalar potential. The building blocks are the gauge
Killing vectors and tri-holomorphic momentum maps which read:
kM ≡ ΘMA kA + cM k• ; PxM ≡ ΘMAPxA + cMPx• . (7.150)
Using (A.154) and (A.157) we find
kM = (cM −ΘMAZA) ∂
∂a
+ΘM
A ∂
∂ZA ,
P1M = e
φ4 ΘMA (V 1 + V1)A ,
P2M = i e
φ4 ΘMA (V 1 − V1)A ,
P3M =
e2φ4
2
(cM − 2ΘMAZA) , (7.151)
where the subscripts 1 and 2 indicate quantities defined on M (1)SK and M
(2)
SK , respectively.
The non-trivial Stueckelberg-like covariant derivatives, required by the gauging procedure,
read:
DµZA ≡ ∂µZA − AMµ ΘMA , (7.152)
Dµa ≡ ∂µa− AMµ (cM −ΘMAZA) . (7.153)
Under a gauge transformation, parametrized by λM(x), we find:
δAMµ = ∂µλ
M , δZA = λM ΘMA , δa = λM (cM −ΘMAZA) ,
δDµZA = 0 , δDµa = −λM ΘMADµZA . (7.154)
The scalar potential has the general form (5.157):120
V = 4huvk
u
Mk
v
N V
M
2 V
N
2 + (U
MN
2 − 3V M2 V N2 )PxNPxM =
= 4huvk
u
Mk
v
N V
M
2 V
N
2 +
(
−1
2
MMN2 − 4V M2 V N2
)
PxNP
x
M , (7.155)
120The coupling constant has been absorbed in a redefinition of the embedding tensor.
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where we have used Eq. (5.43). Using the general expression for huv in (A.140) we find:
huv k
u
Mk
v
N V
M
2 V
N
2 =
e4φ4
4
|V T2 (c− 2ΘZ)|2 −
e2φ4
2
V
T
2 ΘM−11 ΘT V2 , (7.156)
where we have defined:
c ≡ (cM) , Θ ≡ ΘC = (ΘMA) . (7.157)
The potential reds:
V = −e
4φ4
4
(cT − 2ZTΘT )M−12 (c− 2ΘZ)−
− 2 e2φ4 V T1ΘTM−12 ΘV1 − 2 e2φ4 V T2ΘM−11 ΘV2−
− 8 e2φ4 (|V T2ΘV1|2 + |V T2 ΘV1|2) . (7.158)
To understand how, on a vacuum solution, the degrees of freedom are distributed by the
embedding tensor to the various fields, we make contact with the discussion of Sect. 3.5 and
perform the rank factorization of Θ:
ΘM
A =
r−1∑
I=1
ξM
I ξI
A ; cM = ΘM • = ξMrξr• , (7.159)
where r− 1 is the rank of the rectangular matrix Θ. The quantities ξMI , I = 1, . . . , r define
the matrix E which rotates the embedding tensor to the electric frame, see Eq. (3.196).
Note that, in virtue of Eqs. (7.148), the rank r− 1 cannot exceed either h1,1 + 1 or h2,1 + 1:
r − 1 ≤ h1,1 + 1, r − 1 ≤ h2,1 + 1. In Sect. 3.5 we have shown that the tensor fields Bmµν ,
m = (A, •) effectively enter the Lagrangian only in the r-combinations:
BI µν ≡ ξImBmµν , (7.160)
and that the truly electric vector fields, which participate in the minimal coupling, are the
r combinations:
AIµ = A
M
µ ξM
I , I = 1, . . . , r . (7.161)
Their magnetic duals AIµ = ηMI A
M
µ are eaten by the BI µν which become massive. Similarly
to what we did for the vectors ξM
I , we can associate with ξI
A, I = 1, . . . , r − 1, a set of
constant vectors ηI A such that: ξIAηJ BCAB = δIJ , all other symplectic products being zero.
The RR axions ZA split as follows:
ZA −→ ZI ≡ −ηI ACABZB , ZI = ξIACABZB , I = 1, . . . , r − 1 . (7.162)
The reader can verify that the r− 1 scalars ZI are eaten by the vectors AIµ, I = 1, . . . , r− 1,
since, under a gauge transformation
δZI = λM ξMI , δZI = 0 , (7.163)
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while only the gauge-invariant ZI enter the scalar potential since:
ΘM
ACAB ZB = ξMI ZI . (7.164)
Extremizing the scalar potential V with respect to these scalars we find the conditions:
∂V
∂ZI
= 0 ⇒ cM − 2 ξMI ZI = 0 , (7.165)
which fix ZI in terms of the fluxes:
ZI = −1
2
ηM ICMN cN .
After ZI are integrated out, the terms in the first line of (7.158) vanish and the potential
reads:
Veff ≡ V | ∂V
∂ZI
=0 = −2 e2φ4 V
T
1Θ
TM−12 ΘV1 − 2 e2φ4 V T2ΘM−11 ΘV2−
− 8 e2φ4 (|V T2ΘV1|2 + |V T2 ΘV1|2) . (7.166)
Of the RR scalars ZA, r − 1 become longitudinal modes of the vector fields, r − 1 are fixed
by (7.165). We are thus left with 2h1,1 + 2− 2(r − 1) flat directions of the scalar potential.
As we shall show below, the effective potential in (7.166) is manifestly invariant if we
replace X by its “mirror” Xˆ , to be characterized shortly. It is interesting to notice that
the scalar potential Veff in (7.166) can be written in terms of a superpotential W , first given
in [308]. To show this let us introduce the complex scalar S = Re(S) + i
8
e−2φ4 , which spans
a Ka¨hler manifold with Ka¨hler potential an metric:
KS = − log(2 Im(S)) , gSS¯ =
1
4 Im(S)2
. (7.167)
We define the following superpotential:
W = e
KS
2 V
T
2 Θ V1 = 2 e
φ4 V
T
2 Θ V1 . (7.168)
The reader can easily verify that:
DSW ≡
(
∂S +
1
2
∂SKS
)
W = ∂SKSW . (7.169)
Next we use the property (5.43) for both M (1)SK and M
(2)
SK to write:
MAB1 = −2U1 a(A gab¯1 U1 b¯B) − 2V (A1 V B)1 ,
MMN2 = −2U2 i(Mgi¯2 U2 ¯N) − 2V (M2 V N)2 .
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Replacing the above expressions in (7.166), after some algebra we arrive at the following
form for the effective potential:
Veff = g
i¯
2D
(2)
i WD
(2)
¯ W + g
ab¯
1 D
(1)
a WD
(1)
b¯
W + gSS¯|DSW |2 − 3 |W |2 , (7.170)
where D (1), D (2) are the covariant derivatives on M (1)SK and M
(2)
SK , respectively. Eq. (7.170)
is the expression of Veff as an N = 1 potential in terms of the superpotential W defined on
the Ka¨hler manifold:
MK ≡
(
SL(2,R)
SO(2)
)
S
×M (1)SK ×M (2)SK . (7.171)
Consider now Type IIA theory on X . The scalar fields in the vector multiplets are
the complexified Ka¨hler moduli wa spanning M (1)SK with the Sp(2h1,1 + 2,R)-symplectic
bundle while the compex structure moduli zi span the submanifold M (2)SK of M
(IIA)
QK . The
electric and magnetic vector fields are AAµ = (A
A
µ , AAµ) while the RR scalars in M
(IIA)
QK
are ZM = (ζΛ, ζ˜Λ). The gauging of the Heisenberg algebra H = {tM , t•} is effected
by introducing an embedding tensor with components Θ[IIA;X ]AM , cA, so that the gauge
generators read:
XA = Θ[IIA;X ]AM tA + cA t• . (7.172)
The components cA represent the RR fluxes while Θ[IIA;X ] = (Θ[IIA;X ]AM) is related to the
NS-NS flux-matrix Q[X ] as follows:
Θ[IIA;X ] = CT Q[X ]T C = Q˜[X ] . (7.173)
The quadratic constraints onΘ[IIA;X ] coming from the locality condition and the requirement
that the gauge algebra be Abelian yield, just as in the Type IIB case, the conditions (7.132),
(7.133).
The effect of mirror symmetry is to exchange even and odd cohomologies: if Xˆ is the
mirror of X , we have h1,1(X ) = h2,1(Xˆ ) and h2,1(X ) = h1,1(Xˆ ). Let X and Xˆ be the
deformations of X and Xˆ , respectively. Consider Type IIB compactified on the former
and Type IIA on the latter. The two rectangular matrices Θ[IIB;X ] and Θ[IIA; Xˆ ] have the
same dimensions, and so the two vectors of RR fluxes: c[IIB;X ] = (cM), c
[IIA; Xˆ ] = (cA). If
mirror symmetry is to hold in the presence of fluxes, the classical gauged N = 2 theories
originating from the two compactifications should coincide. This is the case if and only if
the corresponding embedding tensors are the same, namely:
Θ[IIB;X ] = Θ[IIA; Xˆ ] ; c[IIB;X ] = c[IIA; Xˆ ] . (7.174)
This implies the following relation between the twist-tensors defining X and Xˆ :
Q[X ] = CT Q[Xˆ ]T C . (7.175)
Note that if we compactify a same Type II theory on X and on Xˆ the NS-NS components
of the embedding tensors defining the resulting gauged supergravities are related as follows:
Θ[II;X ] = CT Θ[II; Xˆ ]T C ⇔ Θ[II;X ] = −Θ[II; Xˆ ]T . (7.176)
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Since the mirror map X ↔ Xˆ , implies interchanging M (1)SK with M (2)SK , h1,1 with h2,1, and
thus the subscripts “1 ” and “2 ” in the scalar potential V , once the axions ZI have been
integrated out, (7.176) implies that Veff in (7.166) is manifestly symmetric: it does not
change if we compactify a same Type II theory on X or on Xˆ . The same is true for the
corresponding superpotential W defined in (7.168).
Solutions to the models discussed in the present Section were studied in [309, 310]. The
scalar potential V in (7.158) has been derived in the context of DFT in [311].
The vacua of these models were studied, for instance, in [310, 312]
8 A View on Higher Dimensions.
For good reviews of supergravities in diverse dimensions and their gaugings see [15] and
[16]. As mentioned in point ii) of Sect. 3.3, there are equivalent formulations of ungauged
supergravities in D-dimensions obtained from one another by dualizing certain p-forms C(p)
(i.e. rank-p antisymmetric tensor fields) into (D − p− 2)-forms C(D−p−2) through a Hodge-
duality relation between the corresponding field strengths:
dC(p) =
∗dC(D−p−2) + . . . . (8.1)
Such formulations feature in general different global symmetry groups. This phenomenon
is called Dualization of Dualities and was studied in [170]. The scalar fields in these the-
ories are still described by a non-linear sigma model and in D ≥ 6 the scalar manifold is
homogeneous symmetric. Just as in four dimensions the scalars are non-minimally coupled
to the p-form fields (see below) and the global symmetry group G is related to the isometry
group of the scalar manifold, which is thus maximal in the formulation of the theory in
which the scalar sector is maximal, that is in which all forms are dualized to lower order
ones. This prescription, however, does not completely fix the ambiguity related to duality
in even dimensions D = 2k, when order-k field strengths, corresponding to rank-(k − 1)
antisymmetric tensor fields C(k−1), are present. Indeed after having dualized all forms to
lower-order ones we can still dualize (k − 1)-forms C(k−1) into (k − 1)-forms C˜(k−1). This is
the electric-magnetic duality of the four-dimensional theory, related to the vector fields, and
also occurs for instance in six dimensions with the 2-forms and in eight dimensions with the
3-forms. Duality transformations interchanging C(k−1) with C˜(k−1), and thus the correspond-
ing field equations with Bianchi identities, are encoded in the group G, whose action on the
scalar fields, just as in four dimensions, is combined with a linear action on the k-form field
strengths F(k) and their duals F˜(k):
g ∈ G :
{
F(k) → F ′(k) = A[g]F(k) +B[g] F˜(k) ,
F˜(k) → F˜ ′(k) = C[g]F(k) +D[g] F˜(k) .
(8.2)
As long as the block B[g] is non-vanishing, this symmetry can only be on-shell since the
Bianchi identity for the transformed F ′(k), which guarantees that the transformed elementary
234
field C ′(k−1) be well defined, only holds if the field equations dF˜(k) = 0 for C(k−1) are satisfied
[15]:
dF ′(k) = A[g] dF(k) +B[g] dF˜(k) = B[g] dF˜(k) = 0 , (8.3)
The field strengths F(k) and F˜(k) transform in a linear representation R of G defined by the
matrix:
g ∈ G R−→ R[g] =
(
A[g] B[g]
C[g] D[g]
)
. (8.4)
Just as in four dimensions, depending on which of the C(k−1) and C˜(k−1) are chosen to be
described as elementary fields in the Lagrangian, the action will feature a different global
symmetry Gel, though the global symmetry group G of the field equations and Bianchi
identities remains the same. The constraints on R derive from the non-minimal couplings
of the scalar fields to the (k − 1)-forms which are a direct generalization of those in four
dimensions between the scalars and the vector fields, see (3.150)121:
Lkin,C = − eε
2k!
(IΛΣ(φ)FΛµ1...µk FΣ µ1...µk +RΛΣ(φ)FΛµ1...µk ∗FΣ µ1...µk) , (8.6)
where µ = 0, . . . , D − 1, Λ,Σ = 1, . . . , nk, being nk the number of (k − 1)-forms C(k−1) and
ε ≡ (−)k−1. The matrices IΛΣ(φ), RΛΣ(φ) satisfy the following properties:
IΛΣ = IΣΛ < 0 , RΛΣ = −εRΣΛ . (8.7)
Just as we did in four dimensions, see Eq. (2.82), we define dual field strengths:
GΛµ1... µk ≡ ε µ1... µkν1...νk
δL
δFΛν1...νk
⇒ GΛ = −IΛΣ ∗FΣ − εRΛΣ FΣ , (8.8)
where we have omitted the fermion terms, and define the vector of field strengths:
G = (GM) ≡
(
FΛ
GΛ
)
. (8.9)
The definition (8.8) can be equivalently written in terms of the twisted self-duality condition
[170]:
∗G = −CεM(φ)G , (8.10)
which generalizes (2.87), where
Cε ≡ (CMNε ) ≡
(
0 1
ε1 0
)
, (8.11)
121 the Hodge dual ∗ω of a generic q-form ω is defined as:
∗ ωµ1...µD−q =
e
q!
µ1...µD−qν1...νq ω
ν1...νq , (8.5)
where 01...D−1 = 1. One can easily verify that ∗∗ω = (−)q(D−q) (−)D−1 ω
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1, 0 being the nk × nk identity and zero-matrices, respectively, and
M(φ) = (M(φ)MN) ≡
(
(I − εRI−1R)ΛΣ −(RI−1)ΛΓ
ε(I−1R)∆Σ I−1∆Γ
)
. (8.12)
The reader can easily verify that:
MT CεM = Cε . (8.13)
For ε = −1, which is the case of the vector fields in four dimensions, Cε is the symplectic
invariant matrix and M is a symmetric, symplectic matrix, while for ε = +1, which is the
case of 2-forms in six dimensions, Cε is the O(nk, nk)-invariant matrix and M a symmetric
element of O(nk, nk). The Maxwell equations read:
dG = 0 . (8.14)
In order for (8.4) to be a symmetry of eqs. (8.10) and (8.14) we must have:
M(g ? φ) = R[g]−TM(φ)R[g]−1 , (8.15)
and
R[g]TCεR[g] = Cε . (8.16)
This means that in D = 2k dimensions [160]:
k even: R[G] ⊂ Sp(2nk,R) ,
k odd: R[G] ⊂ O(nk, nk) . (8.17)
In terms of the coset representative L(φ)MN in the representation R (in which the right
index refers to a basis where the transformations in H act by means of orthogonal matrices,
see the definition of hybrid coset representative given in Sect. 2.1.4), the matrix MMN(φ)
reads:
MMN(φ) = −L(φ)MP L(φ)NP . (8.18)
All other forms of rank p 6= k − 1, which include the vector fields in D > 4, will transform
in linear representations of G. The corresponding kinetic Lagrangian only feature the first
term of (8.6), with no generalized theta-term (R = 0). In this case the kinetic matrix IΛΣ
has the form:
IΛΣ(φ) = −L(φ)ΛΓ L(φ)ΣΓ , (8.19)
where L(φ)ΛΓ is the coset representative in the G-representation R of the p-form.
If we compactify Type IIA/IIB or eleven-dimensional supergravity on a torus down to D-
dimensions, we end up with an effective ungauged, maximal D-dimensional theory featuring
form-fields of various order. Upon dualizing all form-fields to lower order ones, we end
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up with a formulation of the theory in which G is maximal, and is described by the non-
compact real form E11−D(11−D) of the group E11−D. Here we use the symbol E11−D(11−D) as
a short-hand notation for the following groups:
D = 9 : G = E2(2) ≡ GL(2,R) ,
D = 8 : G = E3(3) ≡ SL(2,R)× SL(3,R) ,
D = 7 : G = E4(4) ≡ SL(5,R) ,
D = 6 : G = E5(5) ≡ SO(5, 5) ,
D = 5 : G = E6(6) ,
D = 4 : G = E7(7) ,
D = 3 : G = E8(8) . (8.20)
Only for D ≤ 5, E11−D(11−D) is a proper exceptional group. The Dynkin diagrams associated
with the global symmetry groups in the various dimensions are related to one another as
follows: The diagram of the e11−D(11−D) algebra in D-dimensions is obtained from that in
D − 1 dimensions by deleting the leftmost simple root, see Fig. 5. This defines simple
inclusion relations among the various symmetry groups.
Figure 5: The Dynkin diagrams associated with the global symmetry groups of the maximal
supergravities in dimensions 3 ≤ D ≤ 9.
The ungauged four-dimensional maximal supergravity was originally obtained from com-
pactification of the eleven-dimensional one and dualization of all form-fields to lower order
ones, in [32], where the E7(7) on-shell symmetry was found.
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As mentioned earlier, in D = 10 the Type IIA and IIB theories feature different global
symmetry groups: GIIA = SO(1, 1) and GIIB = SL(2,R)IIB, respectively. The latter encodes
the conjectured S-duality symmetry of Type IIB string theory. In this theory GIIB does not
act as a duality group since the 5-form field strength is self-dual and is a GIIB-singlet.
8.1 Tensor Hierarchy
A G-covariant gauging [153, 154, 157, 203] is effected starting from the formulation of the
ungauged theory in which G is maximal and promoting a suitable global symmetry group of
the Lagrangian Gg ⊂ G to local symmetry. The choice of the gauge group is still completely
encoded in a G-covariant embedding tensor Θ:
Θ ∈ Rv∗ × adj(G) , (8.21)
Rv being the representation of the vector fields, subject to a linear constraint dictated by
supersymmetry which singles out in the above product a certain representation RΘ for the
embedding tensor, and a quadratic one expressing the Gg-invariance of Θ. In general Rv is
the fundamental representation of G and Rv∗ its conjugate.
In Table 9 we give, in the various D-dimensional maximal supergravities, the representa-
tions RΘ of Θ.
Just as in the duality covariant construction of the four-dimensional gaugings discussed
above, one introduces all form-fields which are dual to the fields of the ungauged theory. All
the form-fields will transform in representations of G and dual forms of different order will
belong to conjugate representations. In D = 2k, in the presence of rank-(k−1) antisymmetric
tensors, this amounts to introducing the fields C˜(k−1)Λ dual to the elementary ones CΛ(k−1),
just as we did for the vector fields in four dimensions. Together they transform in the
representation R discussed above. By consistency each form-field is associated with its own
gauge invariance. Only the fields of the original ungauged theory are described by kinetic
terms, the extra fields enter in topological terms and in Stueckelberg-like combinations within
the covariant field strengths. The latter, for a generic p-form field, can be schematically
represented in the form (we suppress all indices)122
F(p+1) = DC(p) + Yp[Θ] · C(p+1) + . . . . (8.22)
where Yp[Θ] is a constant intertwiner tensor constructed out of Θ and of G-invariant tensors
and · represents a contraction of indices in the appropriate representations, so that Yp[Θ] ·
C(p+1) formally belongs to the same G-representation as C(p). On the other hand Yp[Θ],
for any p, should belong to the representation RΘ of the embedding tensor. This allows to
assign to each form-field to a unique representationRp of G, starting from the representations
associated with the lowest order forms in the ungauged theory, see Table 8. In particular
the representation R2 of the 2-forms is always contained in the symmetric product of two
R1 = Rv and, in general, Rp is contained in the product of R1 and Rp−1. To understand
122This formula for p = 1 should be modified by replacing DAM by the correct definition of the non-Abelian
field strengths FMµν : DAM → FM = dAM +XNPM AN ∧AP .
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1 2 3 4 5 6
7 SL(5) 10′ 5 5′ 10 24 15′ + 40
6 SO(5, 5) 16c 10 16s 45 144s 10+126s+320
5 E6(6) 27
′ 27 78 351 27+1728
4 E7(7) 56 133 912 133+8645
3 E8(8) 248 1+3875 3875+147250
Table 8: This Table is taken from [157] and shows the duality representations Rp of p-form fields
for maximal supergravities in space-time dimensions 3 ≤ D ≤ 7. Note that the representation R2
of the 2-forms is always contained in the symmetric product of two R1 = Rv. In general Rp is
contained in the product of R1 and Rp−1.
the first property let us recall that the G-tensor XMN
P naturally splits into the sum of its
symmetric and antisymmetric components in the first two dindices:
XMN
P = X(MN)
P +X[MN ]
P . (8.23)
According to the closure constraint (3.61), the former component vanishes when contracted
with a gauge generator: X(MN)
P ΘP
α. The non-Abelian vector field strengths are then
defined as in (3.135) and one can verify that, as we have shown in the four-dimensional case,
their gauge variation contains a non-covariant piece proportional to X(MN)
P . This is due to
the failure of the generalized structure constants X[MN ]
P to satisfy the Jacobi identity, see
Eq. (3.139). Just as we did in D = 4, we can dispose of these extra non-covariant terms by
combining the field strengths FMµν with the tensor fields BIµν , which, in D dimensions will
transform in a representation R2, and defining:
HMµν ≡ FMµν + Y M I1 BIµν . (8.24)
The non-covariant terms in δFM can be canceled by a corresponding transformation of the
rank-2 antisymmetric tensors provided the following property holds:
X(MN)
P = −Y M I1 dI,MN , (8.25)
where dI,MN is a G-invariant tensor and thus Y
M I
1 belongs to the same G representation as
XMN
P , i.e. as the embedding tensor. The above condition generalizes the linear constraint
(3.147) to a generic D-dimensional model. In the D = 4 case R2 = 133, Y M I1 = Z
M α
and dI,MN = tαMN . The existence of dI,MN implies that R2 has to be contained into the
symmetric product of two Rv. In the five-dimensional maximal theory, G = E6(6), Rv = 27
′
and R2 = 27, consistently with the general property that Hodge-dual fields transform in
conjugate representations of G (recall that in five dimensions vectors and 2-forms are Hodge
dual to one another). The invariant quantity dI,MN is nothing but the characteristic E6(6)-
invariant tensor dMNP defining the D = 5 Chern-Simons term in the ungauged theory. The
same assignment, for the various maximal theories, was derived using a different approach
in [313].
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The gauge variation of the p-form has the following schematic expression [157]:
δC(p) = Yp[Θ] · Ξ(p) +DΞ(p−1) + . . . (8.26)
where the ellipses include Gg-transformations and, for p > 1, non-covariant terms depend-
ing on δAMµ , as last term on the right hand side of Eq. (3.153). The embedding tensor
defines through the tensors Yp−1[Θ], Yp[Θ] a splitting of the p-forms into physical fields and
unphysical components:
C
(phys.)
(p) ≡ Yp−1[Θ] · C(p) , C(p) = Yp[Θ] · C(unphys.)(p) + C˚(p) , (8.27)
where C˚(p) only depends on C
(phys.)
(p) . Consistency requires the following orthogonality condi-
tion to be satisfied:
Yp−1[Θ] · Yp[Θ] = 0 . (8.28)
It turns out that (8.28) is just a consequence of the quadratic constraint on Θ which ex-
presses its gauge-invariance. From this property and from (8.26) it follows that only the
unphysical component of C(p) is affected by a gauge transformation of C(p+1), parametrized
by Ξ(p). Therefore the following mechanism is at work: C
(phys.)
(p) become massive by “eating”
corresponding unphysical (p − 1)-forms C(unphys.)(p−1) , while C(unphys.)(p) are in turn gauged away
and become degrees of freedom of massive (p+ 1)-forms.123 Just as in the four-dimensional
model discussed in Sect. 3.2, the embedding tensor defines the distribution of the physical
degrees of freedom among the various fields by fixing the gauge freedom (8.26) and solving
the non-dynamical field equations. The linear and quadratic constraints guarantee the con-
sistency of the construction. Therefore the formulation of a formally G-covariant gauging
of a D-dimensional supergravity in terms of an embedding tensor requires the introduction
of form-fields of all orders (up to the space-time dimension D). The G-covariant selective
couplings, discussed above, between forms of different order, determined by a single ob-
ject Θ, define the so-called tensor hierarchy and was developed in the maximal theories,
in [154, 157, 203] as a general G-covariant formulation of the gauging procedure in any
dimension. It generalizes the duality-covariant gauging of four-dimensional supergravities,
discussed in detail in Sect. 3.2. In that case we had
Y0[Θ]
α
M = ΘM
α , Y1[Θ]
M α =
1
2
ΘM α , (8.29)
the reader can easily check that (8.28) is satisfied in virtue of the locality constraint (3.60). In
principle we could have coupled our fields to three and four-forms, which are not dynamical.
Consistency requires C(3) to transform in the 912 and C(4) in the 133 + 8645, which is
nothing but the representation RΘΘ of the quadratic constraint CMNα = 0, see Sect. 4.4.1.
Let us just give the expression of Y2[Θ] which intertwines between the representation 133 of
Bαµν and the 912 of C(3):
Y2[Θ]α,M
β = −ΘMγ fγαβ + tαMN ΘNβ . (8.30)
123For a rigorous treatment of this mechanism for the maximal theories in various dimensions we refer the
reader to the original references cited at the beginning of this Section.
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D G H Θ
7 SL(5) USp(4) 10× 24 = 10 + 15 + 40 + 175
6 SO(5, 5) USp(4)× USp(4) 16× 45 = 16 + 144 + 560
5 E6(6) USp(8) 27× 78 = 27 + 351 + 1728
4 E7(7) SU(8) 56× 133 = 56 + 912 + 6480
3 E8(8) SO(16) 248× 248 = 1 + 248 + 3875 + 27000 + 30380
Table 9: Decomposition of the embedding tensor Θ for maximal supergravities in various space-
time dimensions in terms of irreducible G representations [152, 154]. Only the underlined rep-
resentations are allowed by supersymmetry. The R-symmetry group H is the maximal compact
subgroup of G.
The reader can easily verify that Y1[Θ] · Y2[Θ] = 0 is just the quadratic constraint (3.61) on
Θ.
In a D-dimensional theory, forms of order D − 1 and D are not dynamical since their
field strengths have no Hodge duals. In general the representations of C(D−1) and C(D) are
R ′Θ and R
′
ΘΘ conjugate to the representations of the embedding tensor and of the quadratic
constraints, respectively. In the hierarchy picture we can treat the embedding tensor on an
equal footing as all the other fields by coupling it with C(D−1) and C(D) through terms in
the Lagrangian of the form [157]:
ΘM
αDC(D−1)Mα + CMNαC(D)MNα . (8.31)
The equation of motion of C(D−1) implies DΘ = 0, while that of C(D) implements the
quadratic constraints CMN
α = 0, so that DΘ = 0 is equivalent to stating that Θ is a
constant tensor. Therefore integrating out C(D−1) and C(D) we are left with Θ entering the
theory as a constant spurionic object in the representation RΘ and satisfying the quadratic
constraints (3.61) (or, equivalently, (3.60)).
In this formalism the maximal gauged supergravity in D = 5 was constructed in [153],
generalizing previous works [314, 315]; The general gauging of the six and seven -dimensional
maximal theories were constructed in [316] and [203], respectively, extending previous works
[317]; In D = 8 the most general gaugings were constructed in [318],[319]. We refer to these
works for the details of the construction in the different cases.
9 Conclusions
In this report we tried to give a comprehensive review of gauged extended supergravities.
Special emphasis was given to the global symmetries of the ungauged models, which encode
string/M-theory dualities and which survive as equivalences among theories after the gaug-
ing. The embedding tensor formalism allows to make this equivalence manifest and therefore
it was central to our analysis.
Due to the vastness of the subject, in order to make the discussion as self-consistent
as possible, choices had to be made as to which issues should be dealt with in detail. This
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unfortunately implied that a number of interesting topics had to be excluded from the review,
or simply touched upon qualitatively. For instance we have focussed on four-dimensional
theories giving just a brief overview of the higher-dimensional ones throughout the text,
when dealing with compactifications, and in the final Section.
A strong selection had also to be made on the applications of the gauging procedure
to the description of string/M-theory dynamics of flux-backgrounds. The topics of flux-
compactifications and the physical effects of generalized fluxes, such as moduli stabilization,
supersymmetry breaking, cosmological model building etc. definitely deserve a broader
and more systematic treatment, which is however beyond the scope of the present report
and which can be found in some excellent reviews, which are referred to throughout the
manuscript.
The frameworks of (extended) generalized geometry, DFT and exceptional field theory
are particularly interesting since they have recently allowed to make important progress in
the direction of giving a higher-dimensional uplift to lower-dimensional gauged supergravity
models. These approaches were only touched upon in Sect. 7.2. As mentioned in this Section,
an important open problem, is to broaden the class of lower-dimensional gauged supergravi-
ties which can be derived within these frameworks possibly through suitable Scherk-Schwarz
ansaetze. There is constant progress in this direction [251, 254, 320, 321]. In exceptional field
theory, for instance, results could be obtained by either deforming the theory or by relaxing,
to a certain extent, the section constraint [320]. Another perspective on the hidden gauge
symmetries underlying eleven-dimensional or Type II theories is provided by the analysis of
[322, 323], of which it would be interesting to investigate possible connections, for instance,
with DFT and exceptional field theory.
One of the main purposes of this dissertation is to convey a general idea of the beautiful
mathematical structure underlying supergravity theories, and the central role of global and
local symmetries in their construction. We hope to have achieved, at least in part, this
objective.
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A Appendices
In these Appendices besides the definition of the notations and conventions used in this
work, mathematical details related to topics dealt with in the main text are presented.
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A.1 Notations, Conventions and the Geometry of the Scalar Man-
ifold
Let M4 denote a curved D = 4 metric space-time, with Lorentzian metric tensor gµν(x),
where x = (xµ), µ = 0, 1, 2, 3, describes a point in the space-time in a local coordinate
system. The vierbein basis is, as usual, defined by the condition:
gµν(x) = V
a
µ (x)V
b
ν (x) ηab , (A.1)
where a, b, c, · · · = 0, . . . , 3 are the rigid indices labeling the vierbein V a = V aµ dxµ basis of
T ∗M4, or their duals Va = V µa ∂µ in TM4, where V µa V bµ = δba. The rigid metric is η =
diag(+,−,−,−) (“mostly minus” convention). The vierbein describe the local “free-falling”
(or “moving ”) frame and are defined modulo a local Lorentz transformationΛ(x) = (Λb
a(x))
to the right:
V a(x) → V b(x)Λ−1ba(x) ,
which leaves ηab invariant (Λa
cΛb
d ηcd = ηab) and is the symmetry observed by the “free-
falling” observer at x = (xµ). Locally we can write Λ = exp
(
1
2
θab Lab
)
, where the generators
Lab of the local Lorentz group close the following commutation relations:
[Lab, Lcd] = ηbc Lad + ηad Lbc − ηbd Lac − ηac Lbd . (A.2)
Let ∇ˆµ be a connection of metric type, or metric-compatible. This implies that, if Γˆ σµν are
the corresponding connection coefficients,
∇ˆµgνρ = ∂µgνρ − Γˆ σµν gσρ − Γˆ σµρ gνσ = 0 . (A.3)
From this condition one finds:
Γˆ σ(µν) =
1
2
gσγ (∂µgγν + ∂νgγµ − ∂γgµν) + 1
2
(Tµ
σ
ν + Tν
σ
µ) , (A.4)
where we have defined the torsion:
T µνρ ≡ Γˆ µνρ − Γˆ µρν = 2 Γˆ µ[νρ] . (A.5)
The coefficients Γˆ σµν can then be computed as follows:
Γˆ σµν = Γˆ
σ
[µν] + Γˆ
σ
(µν) =
1
2
gσγ (∂µgγν + ∂νgγµ − ∂γgµν) +Kσµν = Γ σµν +Kσµν , (A.6)
where:
Kσµν ≡ 1
2
(Tµ
σ
ν + Tν
σ
µ + T
σ
µν) , (A.7)
is called the contorsion, and we have denoted by Γ σµν the torsionless Christoffel symbol:
Γ σµν ≡
1
2
gσγ (∂µgγν + ∂νgγµ − ∂γgµν) = Γ σνµ . (A.8)
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It is known that in supergravity the coupling of the gravitational field to its spin-3/2 super-
partner, the gravitino, produces a torsion in the connection.
We give the expression of the Riemann curvature tensor:
Rµν
σ
ρ ≡ ∂µΓˆ σνρ − ∂νΓˆ σµρ − Γˆ γµρ Γˆ σνγ + Γˆ γνρ Γˆ σµγ = −Rνµσρ = −Rµν ρσ , (A.9)
The definitions of the Ricci tensor and scalar are:
Rµν ≡ Rµρνρ , R = Rµνµν . (A.10)
Spin connection. The spin-connection 1-form ωab = ωµ
a
b dx
µ is defined by the following
condition:
∂µVν
a − Γˆ ρµν Vρa + ωµab Vνb = 0 , (A.11)
known as first vierbein postulate. It is the connection associated with the invariance under
local Lorentz transformations Λab acting on the vierbein. Equation (A.11) allows to express
ωµ
a
b in terms of the connection coefficients Γˆ
ρ
µν and the vierbein. For vanishing torsion
the whole space-time connection is of Levi-Civita type (Γˆ ρµν = Γ
ρ
µν) and both Γ
ρ
µν and the
spin-connection only depend on the vierbein.
Antisymmetrizing Eq. (A.11) in µν and using the definition (A.5), we find:
T aµν ≡ Vρa T ρµν = 2 Γˆ ρ[µν] Vρa = ∂[µVν]a + ω[µab Vν]b , (A.12)
where T aµν is the torsion tensor with the upper rigid index. We then define the torsion
2-form:
T a ≡ 1
2
T aµν dx
µ ∧ dxν = dV a + ωab ∧ V b . (A.13)
Similarly one can compute the Riemann curvature tensor in the vierbein basis and find:
Rµν
a
b = 2(∂[µων]
a
b + ω[µ
a
c ων]
c
b) , (A.14)
so that, defining the curvature 2-form as follows:
Rab ≡ 1
2
Rµν
a
b dx
µ ∧ dxν , (A.15)
we have:
Rab = dω
a
b + ω
a
c ∧ ωcb . (A.16)
It can be easily verified that, from the condition of metric-compatibility of the connection
∇ˆµgνρ = 0 and the definition of the vierbein matrices, the following property holds:
ωac η
bc = −ωbc ηac ⇔ ωab = −ωba , (A.17)
where the rigid indices a, b, c, . . . are lowered and raised by ηab and its inverse matrix η
ab,
respectively. The following Bianchi identities hold:
dT a + ωab ∧ T b = Rab ∧ V b , (A.18)
dRab + ωac ∧Rcb − ωbc ∧Rca = 0 . (A.19)
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Notice that, for a Levi-Civita connection, the torsion vanishes, so that T a = dT a = 0. The
Bianchi identity for T a then implies Rab ∧ V b = 0, that is:
Rab ∧ V b = 0 ⇔ R[abc]d = 0 , (A.20)
where Rabc
d ≡ V µa V νb Rµνcd. If a field Φ(x) transforms in a representation D of the local
Lorentz group we denote by ∇µ the covariant derivative only containing a space-time con-
nection which consists in the Christoffel symbol Γ ρµν if Φ has curved indices µ, ν, . . . , and
the spin connection:
∇ ≡ d+ Γ + 1
2
ωab D(Lab) . (A.21)
Covariance of the above derivative with respect to a local Lorentz transformation Λb
a requires
the spin-connection to transform as follows:
ωab → ω′ ab = Λac ωcd Λ−1db + ΛacdΛ−1 cb . (A.22)
The these conventions, the definition of the torsion tensor can then be written in the compact
form: T aµν = ∇[µVν]a, where the Christoffel symbol Γ ρµν does not contribute to the right-hand
-side being anti-symmetrized in its lower indices.
Spinor conventions. Fermions on a curved space-time are described by fields transform-
ing with respect to the local Lorentz group SL(2,C) in the spinor representation
(
1
2
, 0
) ⊕(
0, 1
2
)
, in which the generators Lab act through the matrices
D(Lab) = γab
2
; γab ≡ 1
2
[γa, γb] . (A.23)
The constant γ-matrices γa are defined by the condition {γa, γb} = 2 ηab and are chosen of
the following form:
γa =
(
0 σa
σ¯a 0
)
; σa = (1, σI) ; σ¯a = (1,−σI) (I = 1, 2, 3) , (A.24)
σI being the three Pauli matrices:
σ1 =
(
0 1
1 0
)
; σ2 =
(
0 −i
i 0
)
; σ3 =
(
1 0
0 −1
)
. (A.25)
One can verify that:
γ0γaγ0 = (γa)† = ηaa γa . (A.26)
The metric-dependent matrices γµ(x) ≡ Vaµ(x) γa, satisfy
{γµ, γν} = 2 gµν(x) . (A.27)
The constant matrix γ5 is defined as:
γ5 ≡ i
4!
abcdγ
aγbγcγd =
i e
4!
µνρσγ
µγνγργσ =
(−1 0
0 1
)
, (A.28)
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where e ≡ det(Vµa) =
√|det(gµν)| and 0123 = −0123 = 1. Defining
γa1...ak ≡ γ[a1 . . . γak] , (A.29)
the following relations hold:
γ5γa = − i
3!
abcdγ
bcd ; γ5γab = − i
2
abcdγ
cd , (A.30)
γ5γabc = i abcdγ
d ; γ5γabcd = i abcd . (A.31)
We use for the complex conjugation of Grassmann numbers the following convention: (ξ1 ξ2)
∗ =
ξ∗2 ξ
∗
1 . Dirac and complex conjugations on a spinor ψ are defined, respectively, as follows:
ψ¯ ≡ ψ†γ0 ; ψc ≡ C ψ¯T , (A.32)
where the charge conjugation matrix C is chosen to be C = −iγ2 γ0 and satisfies the prop-
erties:
C−1γµC = (γµ)T ; C = C∗ = −CT = −C−1 . (A.33)
The following relations hold:
(Cγa1...ak)T = −(−1) k(k+1)2 Cγa1...ak ,
χ¯cγ
a1...akλ = (−1) k(k+1)2 λ¯cγa1...akχ ,
(χ¯cγ
a1...akλ)∗ = (−1)k χ¯γa1...akλc . (A.34)
The spinor representation can be reduced by imposing the Majorana condition on spinors:
ψ = ψc = C ψ¯
T . (A.35)
Of particular use is the basic Fierz identity:
λ χ¯ = −1
4
(χ¯λ)− 1
4
(χ¯γ5λ) γ5 − 1
4
(χ¯γµλ) γµ +
1
4
(χ¯γ5γµλ) γ5γµ +
1
8
(χ¯γµνλ) γµν . (A.36)
Applying the above identity to a single spinor 1-form Ψ = Ψµ dx
µ, the only non-vanishing
bilinears are Ψ¯ ∧ γµΨ and Ψ¯ ∧ γµνΨ , so that:
Ψ ∧ Ψ¯ = 1
4
(Ψ¯ ∧ γµΨ) γµ − 1
8
(Ψ¯ ∧ γµνΨ) γµν , (A.37)
from which it follows:
γa Ψ ∧ Ψ¯ ∧ γaΨ = 0 . (A.38)
Below are other useful properties of the γ-matrices:
γµνγ
ρ = 2 γ[µδ
ρ
ν] + γµν
ρ = 2 γ[µδ
ρ
ν] + ie µν
ρσγ5γσ ,
γµνγ
ρσ = γµν
ρσ − 4 δ[ρ[µγν]σ] − 2 δρσµν ,
γ[ργµνγ
σ] = γµν
ρσ + 2 δρσµν = 2 (δ
ρσ
µν +
ie
2
µν
ρσ γ5) ,
γργ
µ1...µkγρ = 2(−1)k(2− k) γµ1...µk . (A.39)
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We define the self-dual and anti-self-dual components of a rank-2, covariant antisymmetric
tensor Fµν as follows:
F±µν ≡
Fµν ± i ∗Fµν
2
⇒ ∗F±µν = ∓i F±µν . (A.40)
From (A.30) and the first of (A.39) we find:
F+µνγ
µν• = F−µνγ
µν• = 0 , (A.41)
and
F+µνγ
µνγρ• = −4F+ρνγν• ; F+µνγµνγρ• = 0 ,
F−µνγ
µνγρ
• = −4F−ρνγν• ; F−µνγµνγρ• = 0 , (A.42)
where, unless otherwise stated, we use the convention that lower and upper SU(N ) indices
“•” are associated with positive and negative chiralities, respectively
γ5• = • , γ5• = −• . (A.43)
If •, • are the chiral projections of a same Majorana spinor we have • = (•)c.
The geometry of the scalar manifold. Let us here recall the relevant definitions and
conventions about the scalar manifolds, referring the reader to standard textbooks [166, 167]
for a rigorous discussion of topic. As pointed out in Sect. 2.1.1 the scalar manifold Mscal
in supergravity is a Riemannian, non-compact manifold. We shall always assume it to be
simply connected. Let ns denote its real dimension, i.e. the number of real scalar fields of
the theory, s, t, r, . . . the curved indices (analogous to the space-time indices µ, ν, . . . ) and
s, r, t, . . . the rigid tangent-space indices (analogous to the space-time indices a, b, . . . ). Let
φ ≡ (φs) be local coordinates. The positive definite metric tensor is denoted by Gst(φ). Just
as for space-time, we introduce a set of vielbein 1-forms Ps = Pts dφt and a dual basis on
the tangent space Ks = Pst ∂∂φt , where Pst is the inverse of the Pts matrix: PtsPsr = δrt . If
ηst denotes the constant H-invariant matrix describing the metric in the basis Ks, just as
we did for space-time, we write:
Gst(φ) = Pss(φ)Ptt(φ)ηst . (A.44)
On Mscal we define a Levi-Civita (i.e. torsionless, metric-compatible) connection by the first
vielbein postulate:
DsPtr ≡ ∂sPtr − Γ˜ rstPrr +QsrtPtt = 0 , (A.45)
where Γ˜ rst is the Christoffel symbol and Qsrt the analogous to the spin-connection on space-
time and Ds the corresponding covariant derivative. Associated with this connection is the
curvature rank-2 tensor:
R(Q)ts ≡ dQts +Qtr ∧Qrs = 1
2
Rst
t
s dφ
s ∧ dφt . (A.46)
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This connection defines the holonomy group H and R(Q)ts has values in the corresponding
Lie algebra. Just as the Lorentz group in space-time, H acts as local transformations on the
rigid indices of Ps and Ks. The condition that the connection be metric implies:
Qtr ηrs = −Qsr ηrt ⇔ Qtr = −Qrt , (A.47)
where rigid indices, as usual, are raised by ηrs and lowered by ηrs.
The metric may feature isometries, namely diffeomorphisms which leave the metric in-
variant:
φs → φ′s(φ) : Gs′t′(φ′(φ))∂φ
′s′
∂φs
φ′t
′
∂φt
= Gst(φ) . (A.48)
These close a group G.
A Riemannian manifoldMscal is homogenous if its isometry groupG has a transitive action
on it, namely any two points of the manifold are connected by an isometry transformation.
The subgroup H ′P of G which leaves a point P of homogeneous manifold Mscal invariant is
the isotropy group of P . The isotropy groups of any two points are isomorphic to a same
group H ′ and the homogeneous manifold can be described as a coset manifold G/H ′. Indeed
if we fix a reference point O in a homogeneous Mscal, we can associate with every element
g ∈ G a unique point P ∈Mscal as follows
∀g ∈ G → ∃P ∈Mscal : g ·O = P , (A.49)
where · denotes the action of an element of G on the manifold. By definition of homogeneous
manifolds the above mapping is onto. However it is not one-to-one since in general there
are more elements of G corresponding to a same point P . These are connected by the right
action of an element of the isotropy group H ′ = {h ∈ G|h ·O = O}:
g ·O = P , g′ ·O = P ⇒ g−1g′ ·O = O ⇒ g′ ∈ gH ′ . (A.50)
Therefore there is a one-to-one correspondence between points of Mscal end elements of
the coset space G/H ′, namely elements of G modulo the right action of H ′. The origin O
corresponds to the coset 1H ′, 1 being the unit element of G.
Under general assumptions which hold for supergravity scalar manifolds, the connected
component of the isotropy groupH ′ is contained in the connected component of the holonomy
group H. For symmetric spaces the two components coincide. In our discussion, when
dealing with the isotropy or the holonomy groups we shall always implicitly refer to the
corresponding connected components since we are interested in the local properties of these
groups, encoded in their Lie algebras. Therefore, by an abuse of notation, write H ′ ⊆ H
and H ′ = H in the symmetric case.
Let us now illustrate how to compute the H-connection Q for a homogeneous, non-
symmetric manifold G/H ′. In this case, as pointed out in Sect. 2.1.1, we cannot find a
subspace K of the isometry algebra g, complement to the isotropy algebra H, which closes
by commutation on the latter, as in Eq. (2.17). In general, if {Ks} is a basis of K, we have:
[Ks, Kt] = fst
I JI + fst
rKr , (A.51)
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where, as usual, JI define a basis of the holonomy algebra which contains H. For symmetric
manifolds fst
r = 0. Let us define the left-invariant one-form Ω
Ω = L−1dL = P +Q′ , (A.52)
where P and Q′ are the components of Ω on K and the isotropy algebra H, respectively.
We can immediately see that Q′ is not the H-connection of the manifold by writing the
Maurer-Cartan equation dΩ +Ω ∧Ω = 0 and projecting it on K:
dPs +Q′ st ∧ P t + 1
2
frt
sPr ∧ P t = 0 . (A.53)
In order to write it in the form
DPs ≡ dPs +Qst ∧ P t = 0 , (A.54)
we need to define the connection 1-form Qst as follows:
Qst = Q′st +∆Qst . (A.55)
If ηst is the constant H
′-invariant metric computed in the non-coordinate basis Ks, we require
properties (A.47) to hold. From (A.53), writing ∆Qst = ∆QrstPr, we have:
∆Q[rst] = 1
2
frt
s . (A.56)
Using the above property and the metric compatibility requirement (A.47) we can determine
∆Q:
∆Qrst = 1
2
(
frt
s + fs′t
r′ηr′rη
s′s + fs′r
r′ηr′tη
s′s
)
. (A.57)
Equation (A.55) clearly shows that in the non-symmetric case the isotropy algebra H is
strictly contained in the holonomy one, which Q belongs to. Using Q we then define the
curvature 2-form and the covariant derivatives occurring in the supergravity Lagrangian.
Homogeneous special Ka¨hler and quaternionic Ka¨hler manifolds are characterized by re-
strictions on their respective holonomy groups, which imply conditions on ηst.
We have seen in Sect. 2.1.1 that all homogeneous scalar manifolds Mscal in supergravity
admit a global solvable parametrization, which amounts to writingMscal as globally isometric
to a solvable Lie group manifold GS generated by a solvable Lie algebra S ⊂ g: Mscal ∼
GS = e
S . This means that the two manifolds have the same metric properties provided we
define on the tangent space to GS at its origin (the unit element of the group), which is
isomorphic to S , a metric which, in a suitable basis, coincides with the metric ηrs at the
origin on Mscal. Let {Ts}, s = 1, . . . , ns, be a basis of generators of S which satisfy the
following commutation relations:
[Tr, Ts] = Crs
t Tt . (A.58)
This subalgebra of g is not orthogonal to H and, being it solvable, in a suitable basis of a
matrix representation, all its generators can be put in an upper- (or lower-) triangular form.
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In particular we can project Tr on the subspaces K, H. Let us choose a basis Tr so that their
component on K are precisely the basis elements Ks on which the metric of Mscal has the
form ηrs:
Ts = Ks + Js ; Ks ∈ K , Js ∈ H . (A.59)
In symmetric spaces, for a suitable basis of the representation space, the above decomposition
amounts to writing upper- (or lower-) triangular matrices as sums of hermitian and anti-
hermitian ones. In non-symmetric spaces some of the elements Ks may be nilpotent and
thus coincide with the corresponding Ts, so that Js = 0. We now introduce the following
inner product on the tangent space to GS spanned by {Ts}: (Ts, Tt) = ηrs. This defines a
metric on GS and we associate with it a Levi-Civita connection on the solvable group. In the
solvable coordinate description, the coset representative on Mscal is defined as an element of
GS:
L(φs) = exp(φs Ts) ∈ GS . (A.60)
Being a group element, if we define the left invariant 1-form Ω, it will belong to S and thus
expand in Ts:
Ω = L−1dL = Ps Ts = PsKs + Ps Js = P +Q , (A.61)
where we have used (A.59). We note that the components Ps of Ω along Ts coincide with
the vielbein 1-forms Ps on Mscal. They satisfy the Maurer-Cartan equations dual to (A.58):
dPs + 1
2
Crt
sPr ∧ P t = 0 . (A.62)
The metric on GS at any point φ is obtained from that on its tangent space at the origin
through the action of the left-translation by the element L(φ) of GS, and coincides with that
on Mscal:
ds2 = (Ω, Ω) = PsP tηrs = PsP tηrs . (A.63)
Being Ps = Ps we can define the Levi-Civita connection associated with ηrs by writing the
above equation in the form
DPr ≡ dPr +Qrt ∧ P t = 0 , (A.64)
with Qrt satisfying the property (A.47). We find for this connection a formula analogous to
(A.57)
Qst = 1
2
(
Crt
s + Cs′t
r′ηr′rη
s′s + Cs′r
r′ηr′tη
s′s
)
Pr , (A.65)
where Crt
s = Crt
s. This is the Nomizu connection [173] in terms of which we define the
constant components of the curvature tensor.
Conventions for the covariant derivatives. In supergravity certain quantities, like the
fermion-fields or the components of the coset-representative matrix (or the hybrid complex
matrix Lc), also transform with respect to the holonomy group H of the scalar manifold,
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which is a local symmetry of the theory. We then generalize the definition of the covariant
derivative and define:
Dµ = ∇µ +Qµ , (A.66)
where Qµ ≡ ∂µφsQs is the composite connection, which makes Dµ covariant with respect
to local H-transformations. It acts in the H-representation of the field. For instance the
covariant derivative of the gravitino field reads:
DµψAν = ∇µψAν +QµAB ψB ν = ∂µψAν − Γ ρµν ψAρ +
1
4
ωµ, abγ
abψAν +QµAB ψB ν . (A.67)
In the gauged theory, the derivative Dµ is further extended to a gauge-covariant one Dµ:
Dµ = Dµ −Ωg µ , (A.68)
where Ωg µ is the gauge-connection, introduced in (3.2), acting in the representation of the
field.
A.2 Symplectic Representations
The group Sp(2nv,R) consists of 2nv×2nv real matrices S = (SMN) satisfying the condition:
STCS = C , (A.69)
where C = (CMN) = (CMN) is given by (2.88). Clearly if S is symplectic, also ST is. If we
write S in block-form as
S =
(
A B
C D
)
, (A.70)
the symplectic condition can be recast as follows:
ATD − CTB = 1 , ATC − CTA = 0 , BTD −DTB = 0 . (A.71)
Being ST symplectic as well, we also have:
ADT −BCT = 1 , ABT −BAT = 0 , CDT −DCT = 0 . (A.72)
If the block B is zero, the first equation implies: A = D−T .
An infinitesimal generator s of Sp(2nv,R) satisfies the condition (2.139), namely:
sTC+ Cs = 0 ⇔ Cs = (Cs)T . (A.73)
If s has the following block-form:
s =
(
a b
c d
)
, (A.74)
Eq. (A.73) can be written in the equivalent way:
b = bT , c = cT , a = −dT . (A.75)
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These generators close the algebra sp(2nv,R) of the symplectic group, which splits, according
to the Cartan decomposition, into the subalgebra u(nv) of antisymmetric matrices, which
generate U(nv) ⊂ Sp(2nv,R), and the subspace of symmetric matrices. By virtue of (A.75),
a generator u in the former set has the general form:
u =
(
a b
−b a
)
; a = −aT , bT = b , (A.76)
while a generator in the latter space reads:
k =
(
a′ b′
b′ −a′
)
; a′ = a′T , b′T = b′ . (A.77)
Changing the basis to the complex one by means of the Cayley matrix introduced in (2.156):
A ≡ 1√
2
(
1 i1
1 −i1
)
. (A.78)
the generators of U(nv) become block-diagonal, while the non-compact ones (A.77) block-
off-diagonal:
AuA† =
(
a− ib 0
0 a + ib
)
, (A.79)
AkA† =
(
0 a′ + ib′
a′ − ib′ 0
)
. (A.80)
Notice that a± ib, being a antisymmetric and b symmetric, represent a generator of U(nv)
in two representations of which one is the complex conjugate of the other, according to the
general decomposition:
2nv
U(nv)−→ (nv)+1 + (nv)−1 . (A.81)
Let us recall that we use for rising and lowering symplectic indices the North-West/South-
East convention:
V M = CMN VN ; VM = V N CNM . (A.82)
The hybrid complex coset representative Lc(φ). In (2.175) we defined the hybrid
complex coset representative which describe the scalar fields in the vector multiplets. Its
definition can be extended to the non-homogeneous special Ka¨hler manifolds of N = 2
models. Let us summarize here its properties. We start writing it in terms of the nv × nv
blocks f , h defined in (2.175), as follows
Lc(φ) = (LNc M) =
(
f f¯
h h¯
)
. (A.83)
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Conditions (2.177) can be recast as follows:
Lc(φ)†CLc(φ) = $ ⇔
{
f †h− h†f = −i1
fTh = hT f
, (A.84)
Lc(φ)$Lc(φ)† = C ⇔

ff † = (ff †)T
hh† = (hh†)T
fh† − f¯hT = i1
. (A.85)
which are a compact rewriting of Eqs. (2.179)-(2.183), (2.185) and (2.186).
From the first of (A.84) we can derive the useful identity:
f−1 = i (f †hf−1 − h†) = i (f †N − h†) = i f †(N −N ) = −2 f †I , (A.86)
where we have used the definition (2.201) of N = (NΛΣ) and I = (IΛΣ) = ImN .
The reader can verify that the above relations are equivalent to the following ones:
Lc(φ)TCLc(φ) = iC , Lc(φ)CLc(φ)T = iC . (A.87)
Using these properties, one can easily check that:
Lc(φ)−1 = i
(−h† f †
hT −fT
)
(A.88)
We have also used the matrix (3.81):
(L(φ)MN) = L−Tc = i
(−h¯ h
f¯ −f
)
, (A.89)
for the definition of the T-tensor. In terms of (L(φ)MN) the matrix MMN reads:
MMN = −L(φ)MN(L(φ)NN)∗ , (A.90)
summation over N being understood.
A.3 X-Identities
Let us summarize there the constraints on the embedding tensor and the identities on the
XMN
P -tensor which follow from them. The linear constraint (3.55), (3.56) is:
X(MNP ) = −X(MNPCP )Q = 0 ⇔ X(MN)P = −1
2
CPLXLMQCQN = −1
2
CPLΘLα tαMN ⇔
⇔

2X(ΛΣ)
Γ = XΓ ΛΣ ,
2X(ΛΣ)Γ = XΓ
ΛΣ ,
X(ΛΣΓ ) = 0 .
(A.91)
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The quadratic constraints (3.60), (3.61) read:
CMNΘMαΘNβ = 0 ; [XM , XN ] = −XMNP XP .
The last identity implies, symmetrizing in MN , that:
X(MN)
P XP = 0 , (A.92)
which is Eq. (3.67) in the text. For those isometries which have a non-trivial duality action,
and thus are described by the tensor XMN
P , we can write (3.61) in the form (3.138):
XMP
RXNR
Q −XNPRXMRQ +XMNRXRPQ = 0 . (A.93)
If we antisymmetrize both sides of (A.93) in [MNP ] we find:
2X[MP
RXN ]R
Q = −X[MNRXR|P ]Q = X[MNRXP ]RQ − 2
[
XMN
RX(R|P )Q
]
[MNP ]
, (A.94)
where the subscript [MNP ] stands for the antisymmetrization in the three indices. From
the above identity we then find:
X[MN
RXP ]R
Q =
2
3
[
XMN
RX(RP )
Q
]
[MNP ]
, (A.95)
Next let us write[
XMP
RX[NR]
Q
]
[MNP ]
=
1
2
[
XMP
RXNR
Q −XMPRXRNQ
]
[MNP ]
=
=
1
2
[
XMP
RXNR
Q − 2XMPRXNRQ
]
[MNP ]
= −1
2
[
XMP
RXNR
Q
]
[MNP ]
=
=
1
3
[
XMN
RX(RP )
Q
]
[MNP ]
, (A.96)
where we have used (A.94) and (A.95). From the above identity we deduce (3.139):
X[MP ]
RX[NR]
Q −X[NP ]RX[MR]Q +X[NM ]RX[PR]Q = −(XNMRX(PR)Q)[MNP ] ,
which is the failure of the generalized structure constants X[MN ]
P to satisfy the Jacobi iden-
tities. Such obstruction is proportional to the tensor X(PR)
Q and thus, by virtue of (A.92),
vanishes if both sides are contracted with the gauge generators XQ. This ensures, as ex-
plained in the text, that the gauge field-strength Fµν ≡ FMµν XM satisfy the Bianchi identities,
namely that the gauge connection AMµ XM be well defined.
From (A.93), antisymmetrizing in the indices PN , we also derive:
XMN
RX[PR]
Q −XMPRX[NR]Q = −X[NP ]RXMRQ . (A.97)
From (A.95) and (A.93) the following identity follows:(
X(PQ)
RXMN
Q
)
[MNP ]
+
(
X(MP )
QXNQ
R −X[NP ]QX(MQ)R
)
[PN ]
= 0 . (A.98)
Finally, by using (A.97), (A.94) and (A.95) we derive the following cubic identity:(
XRN
M X(SP )
N XLQ
P
)
[LQRS]
=
3
4
X(PN)
M X[RS
N XLQ]
P . (A.99)
The above identity is needed, for instance, in order to derive the Bianchi identity (3.169).
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A.4 Projectors on the Embedding Matrix: a General Discussion
In this appendix, taken form [152], we explicitly construct the projectors onto the irreducible
representations in the tensor product of the fundamental with the adjoint representation of
an arbitrary simple group G. These projectors for G = E7(7), and G = E6(6) have been used in
the main text to correctly identify the embedding matrices in d = 4 and d = 5, respectively.
Let us assume that the product of a fundamental representation D(Λ) times the adjoint
decomposes in the direct sum of D(Λ) plus two other representations, D1 and D2,
D(Λ)× Adj(G)→ D(Λ) + D1 + D2 . (A.100)
As far as the lowest-dimensional fundamental representation in concerned, the above branch-
ing rule holds true for any simple group with the exception of E8 for which the fundamental
coincides with the adjoint representation. The branching also holds for orthogonal groups
when the fundamental representation is replaced by the spinor representation . Denote
dΛ = dim(D(Λ)), d = dim(G), and {tα} (α = 1, . . . , d) the generators of G in the D(Λ)
representation. Furthermore, let Cθ, CΛ be the Casimirs of the adjoint and fundamental
representations, respectively. We define the invariant matrix ηαβ = Tr(tαtβ) and use it to
rise and lower the adjoint indices; it is related to the Cartan-Killing metric καβ by
καβ =
d
CΛdΛ
ηαβ . (A.101)
Using the definition of the Casimir operator, CΛ 1dΛ = καβt
αtβ, we have the following relation
fαβ
γ fαβσ = − d
dΛ
Cr δ
γ
σ , with Cr =
Cθ
CΛ
=
dΛ
d
g∨
I˜Λ
, (A.102)
where g∨ is the dual Coxeter number and I˜Λ is the Dynkin index of the fundamental repre-
sentation. In the simply laced case there is a useful formula:
Cr =
dΛ
d
(
d
r
− 1
)
1
I˜Λ
, (A.103)
with r the rank of G.
Denote the projectors on the representations in (A.100) by PD(Λ), PD1 , PD2 which sum
to the identity on D(Λ)×Adj(G). These three projectors can be expressed in terms of three
independent objects, namely:
PD(Λ)MαNβ =
dΛ
d
(tαtβ)M
N ,
PD1MαNβ = a1 δαβ δMN + a2 (tβtα)MN + a3 (tαtβ)MN ,
PD2MαNβ = (1− a1) δαβ δMN − a2 (tβtα)MN − (dΛ/d+ a3) (tαtβ)MN , (A.104)
with constants a1, a2, a3. Making use of the fact that only three representations appear in the
decomposition (A.100), these coefficients may be determined by computing the contractions
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G g∨ dΛ I˜Λ ∆ a1 a2 a3
Ar r + 1 r + 1
1
2
1
2
(r − 1)(r + 1)(r + 2) 1
2
−1
2
− 1
2r
Br 2r − 1 2r + 1 1 13r(4r2 − 1) 13 −23 0
Br 2r − 1 2r 2r−3 2r+1 r 22r−1 −2r−1 12r−1 2r−1 2r−74r2−1
Cr r + 1 2r
1
2
8
3
r(r2 − 1) 2
3
−2
3
− 2
1+2r
Dr 2r − 2 2r 1 23r(2r2 − 3r + 1) 13 −23 0
Dr 2r − 2 2r−1 2r−4 2r−1 (2r − 1) 1r−1 −2r−3 1r−1 2r−3 (r−4)r (r−1)
G2 4 7 1 27
3
7
−6
7
− 3
14
F4 9 26 3 273
1
4
−3
2
1
4
E6 12 27 3 351
1
5
−6
5
3
10
E7 18 56 6 912
1
7
−12
7
4
7
Table 10: Coefficients for the projector PD1 for the various algebras.
of various products of the projectors (A.104). This yield
a1 =
dΛ (4 + (Cr − 4)d)) +∆ ((Cr − 2)d− 2))
(10 + d(Cr − 8) + d2(Cr − 2)) dΛ ,
a2 = −2 (4 + (Cr − 4)d)) ((d− 1)dΛ − 2∆)
(10 + d(Cr − 8) + d2(Cr − 2))Crd ,
a3 =
−dΛ (4 + (Cr − 4)d)) (2 + (Cr − 2)d) +∆ (16(d− 1)− 10(d− 1)Cr + C2r d)
(10 + d(Cr − 8) + d2(Cr − 2))Crd ,
with ∆ = dim(D1). Moreover, ∆ is determined to be
∆ =
dΛ
2
[
d− 1 +
√
Cr (10 + d(Cr − 8) + d2(Cr − 2))√
256(d− 1) + Cr(100 + 4d(5Cr − 38) + (Cr − 2)2d2)
]
. (A.105)
In table 10 the relevant data are collected for all simple Lie algebras except E8 (for which
the relevant projectors have been computed in [324]).
A.5 Comparison with the Notations of 0705.2101
In this review we adopt, for the supergravity fields, notations which are different from those
used in the literature of maximal supergravity (see for instance [156]), in order to make
contact with the literature of gauged N < 8,in particular N = 2, theories [161]. Denoting
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only here by a hat the quantities in [156], the correspondence between the two notations is:
γˆµ = iγµ ; γˆµ = −iγµ ; γˆ5 = γ5 ,
ˆµνρσ = i µνρσ ,
ˆi =
1√
2
A ; ˆi =
1√
2
A (i = A) ,
ψˆiµ =
√
2ψAµ ; ψˆ
i
µ =
√
2ψAµ (i = A) ,
χˆijk = χ
ABC ; χˆijk = χABC ([ijk] = [ABC]) ,
Aˆij = (Aˆij)
∗ = AAB ; Aˆijkl = (Aˆijkl)∗ = AABCD (i = A, j = B, k = C, l = D) ,
VΛ ij = − i√
2
fΛAB ; VΛij = i√
2
hΛAB ; (i = A, j = B) ,
where in the last line the 28 × 28 blocks of VMN have been put in correspondence with
those of LMN , the factor
√
2 originates from a different convention with the contraction of
antisymmetric couples of SU(8)-indices:
VˆijVˆ
ij =
1
2
V AB VAB .
We also have the following correspondences
Fˆ− ijµν =
i√
2
F−AB µν , Hˆ
− ij
µν =
i√
2
H−AB µν (i = A, j = B) ,
Pˆ ijkls = −
1
2
PsABCD (i = A, j = B, k = C, l = D) ,
Qˆijkl = 1
2
QABCD ; Qˆij = 2QAB (i = A, j = B, k = C, l = D) .
(Tˆij)kl
pq =
1
4
√
2
(TAB)CDEF (i = A, j = B, k = C, l = D, p = E, q = F ) ,
(Tˆij)
klpq =
1
4
√
2
(TAB)CDEF (i = A, j = B, k = C, l = D, p = E, q = F ) ,
analogous relations holding for the components of Tˆ ij.
A.6 Fluxes and E7(7) Weights
In this appendix, which is taken form [325], we illustrate is some detail how to associate the
known fluxes, in ten-dimensional Type II superstring compactified on a six-torus, with com-
ponents of the embedding tensor which defines the corresponding four-dimensional gauged
supergravity, namely with elements of the 912 representation of E7(7). An element of a
Lie group G representation is characterized by its transformation property under the ac-
tion of the maximal torus of G, generated by its Cartan subalgebra (CSA). This property
is encoded in the weights of the representation. Let G be the global symmetry group of
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an extended supergravity theory. Its maximal torus has a diagonal action on the electric
field strengths and their duals, and therefore it is a symmetry of the ungauged Lagrangian,
namely it is contained in Ge. If fluxes are to be assigned, by identification with components
of the embedding tensor, to G-representations, so as to restore on shell global G invariance,
they should couple in the action to the dilatonic fields parametrizing the CSA of G accord-
ing to their weights. In the maximal theory the CSA of E7(7) is seven dimensional and is
parametrized, from the Type II superstring point of view, by the six radial moduli of the
internal torus Ru = e
σu (u = 4, . . . , 9) and by the ten-dimensional dilaton φ. The bosonic
zero-modes of Type II superstring theory consist in the ten-dimensional dilaton φ, the metric
Vµˆaˆ (µˆ, νˆ = 0, . . . , 9 and aˆ, bˆ = 0, . . . , 9 are the curved and rigid ten-dimensional indices
respectively), a NS-NS 2–form Bˆ(2), odd R–R forms, Cˆ(1), Cˆ(3), in Type IIA theory and even
R–R forms, Cˆ(0), Cˆ(2), Cˆ(4), in Type IIB. The ansatz for the metric in the string frame reads
Vµr = eφ4 Vµr ; Vuˆ = Φuuˆ (dxu + Auµ dxµ) , (A.106)
where u, v = 4, . . . , 9 and uˆ, vˆ = 4, . . . , 9 are the curved and rigid indices on the six torus
respectively, Vµ
r is the four-dimensional metric in the four-dimensional Einstein frame, Auµ
are the six Kaluza Klein vectors, φ4 = φ − 12
∑
u σu is the four-dimensional dilaton and
Φu
vˆ are the metric moduli of the internal torus, which can be identified with the coset
representative of GL(6,R)/SO(6). By suitably fixing the SO(6) symmetry we can adopt the
solvable Lie algebra representation of the manifold GL(6,R)/SO(6) [32, 168, 170] and write
Φu
vˆ in the form
Φu
vˆ ≡ U e
∑9
u=4 σuHu ,
U =
∏
u<v
eγu
v Euv (no summation) , (A.107)
where u is an orthonormal basis of vectors, Eu
v are the SL(6,R) shift generators corre-
sponding to the positive root u − v and γuv are the moduli parametrizing the off-diagonal
components of the internal metric. The internal metric will read guv = −
∑
wˆΦu
wˆΦv
wˆ. Let
us define a representative of the maximal torus of E7(7) to have the form exp(H~h), where
~h
is defined as
~h(σ, φ) =
9∑
u=4
σu u −
√
2φ4 10 =
9∑
u=4
σˆu (u +
1√
2
10)− 1
2
φ a ,
a = −1
2
9∑
u=4
u +
1√
2
10 , (A.108)
where I = (u, 10) is an orthonormal basis of seven dimensional vectors and σˆu = σu−φ/4 are
the radial moduli in the ten-dimensional Einstein frame. The four-dimensional Lagrangian,
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resulting from the dualization of the 2-forms to scalar fields, will contain the following terms
e−1Lscal =
1
2
∂µ~h · ∂µ~h+ 1
4
∑
u,v
e−2α
B
uv·~hHµuvHµuv +
1
2
∑
u<v
e−2αu
v·~h Pµuv Pµuv +
+
∑
k
1
2k!
∑
u1,...,uk
e−2α
C
u1...uk
·~h Fµu1...ukF
µ
u1...uk +
1
2
e−2α
B ·~h ∂µB˜ ∂µB˜ . . . ,
(A.109)
e−1Lvec = −1
4
∑
u
e−2W
u·~h F uµν F
uµν − 1
4
∑
u
e−2W
B
u ·~hHµν uHµνu −
−
∑
k
1
4(k − 1)!
∑
u1,...,uk−1
e
−2WCu1...uk−1 ·~h Fµν u1...uk−1F
µν
u1...uk−1 + . . . .
(A.110)
where Pµu
v ≡ (U−1∂µU)uv and the internal indices of the scalar and vector fields are “dressed”
with the matrix U in Eq. (A.107), which only depends on the moduli γu
v associated with
the off-diagonal entries of the metric:
Fµ1...µp u1...u` ≡ (U−1)u1v1 . . . (U−1)u`v`(p ∂[µ1Aµ2...µp] v1...v` + . . . ) , (A.111)
and an analogous definition holds for the components of the H-tensor. The 2-form Bµν has
been dualized to the axion B˜ while in the Type IIA theory the tensors Cµνu were dualized to
C˜u ≡ uu1...u5 Cu1...u5/5! and in the Type IIB theory Cµν was dualized to the scalar C˜ = C4...9.
The range of values of k in the summations in (A.109) is: k = 1, 3, 5 in Type IIA and
k = 0, 2, 4, 6 in Type IIB. In (A.110), on the other hand, k run over the following values:
k = 1, 3 in Type IIA and k = 0, 2 in Type IIB. The seven dimensional vectors α and W in
the exponential factors of (A.109) and (A.110) have the form
αu
v = u − v ; αBuv = u + v ; αB =
√
2 10 ; α
C
u1...uk
= a+ u1 + · · ·+ uk , (A.112)
(k = 1, 3, 5, IIA , k = 0, 2, 4, 6, IIB) ,
W u = −u − 1√
2
10 ; W
B
u = u −
1√
2
10 ; W
C
u1...uk−1 = a+ u1 + · · ·+ uk−1 −
1√
2
10 ,
(A.113)
(k = 1, 3, IIA , k = 0, 2, IIB) ,
If we define the simple roots of the e7(7) algebra, see Figure 1, to be of the form
124
αu−3 = u − u+1 (u = 4, . . . , 8) ; α6 = 8 + 9 ; α7 =
{
W32s = a Type IIB
W32c = a+ 9 Type IIA
,
(A.114)
124Recall that the root α7 is the Spin(6, 6)-spinorial weight W32, whose chirality depends on whether we
are in the Type IIA or Type IIB description.
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the vectors in (A.112) are the e7(7) positive roots while those in (A.113), together with
their opposite −W (corresponding to the magnetic vector fields), are the weights of the 56
representation (in the Type IIB description, the weights WCu1u2u3 are 20 and correspond to
the vectors Cµu1u2u3 originating from the 4-form; by virtue of the property of the 5-form field
strength of being self dual, these 20 weights already include 10 weights corresponding to
electric vector fields and their opposite associated with the magnetic duals). We may follow
a similar strategy in order to associate fluxes with e7(7) weights, namely read off the weight
from the dilaton dependence of the term in the action of the form (flux)2:
e−2W
T
uv
w·~h (Tuvw)2 , e−2W
H
uvw·~h (H(3)uvw)
2 , e−2W
F
u1...uk+1
·~h (F (k+1)u1...uk+1)
2 , (A.115)
where the term containing (Tuv
w)2 is part of the Scherk-Schwarz potential [79]. The values of
k in the RR fluxes are: k = −1, 1, 3, 5 in Type IIA theory, corresponding to the internal com-
ponents of the forms F (0), F (2), F (4), F (6), and k = 0, 2, 4 in Type IIB theory, corresponding
to the field strengths F (1), F (3), F (5). We may also consider RR fluxes with four space-time
indices which do not explicitly break Lorentz invariance. By performing the dimensional
reduction, we find the general field-strength–weight correspondence:
H(3)u1u2u3 ↔ WHu1u2u3 = u1 + u2 + u3 +
1√
2
10 ,
Tu1u2
u3 ↔ W Tu1u2u3 = u1 + u2 − u3 +
1√
2
10 ,
F (k+1)µ1...µ`u1...us ↔ W Fµ1...µ`u1...us = −
1
2
∑
u
u + u1 + · · ·+ us +
2− `√
2
10 (`+ s = k + 1) .
(A.116)
In the M-theory reduction on a torus the O(1, 1) factor in Ge = GL(7,R) is generated by
the Cartan operator Hλ where
λ =
∑
u
u + 2
√
2 10 , (A.117)
and the O(1, 1)-grading associated with the field strengths in (A.116) are simply computed
as the scalar product of λ with the corresponding weight W : λ ·W . From the embedding
of the SL(6,R) group, corresponding to the six torus in the compactification of Type II
theories, inside E7(7), we may deduce the SL(6,R)-representation of each of the weights in
(A.116) and identify it, together with the relevant O(1, 1) gradings, with representations
in the branching of the embedding tensor representation 912. The embedding of SL(6,R)
inside E7(7) is defined by identifying its simple roots with α1 . . . α5.
Dualities. Let us now consider the effect of dualities. T-dualities T (u1,...,uk) along the
internal directions u1, . . . , uk, are implemented by the following O(6, 6) matrices:
T (u1,...,uk) =
(
16 −D(k) D(k)
D(k) 16 −D(k)
)
, (A.118)
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where each block is an 6×6 matrix and the only non-vanishing entries of D(k) are D(k) u`−3, u`−3 =
1, ` = 1, . . . , k. Such transformation, for odd k, belongs to the O(6) subgroup of O(6, 6) (it
has negative determinant), and is an outer automorphism of the D6, while for even k it is
part of the Weyl group of the same algebra [326]. It has the effect of changing the sign to
u` , ` = 1, . . . , k, or, equivalently, to their coefficients in
~h:
u` → −u` ; ` = 1, . . . , k . (A.119)
To see this let us consider the effect of T (u1,...,uk) on the dilatonic part of the coset represen-
tative L6 of O(6, 6)/[O(6)×O(6)], which has the following form:
L6(σu) =
(
(eσuδu−3v−3) 0
0 (e−σuδu−3v−3)
)
, u, v = 4, . . . , 9 . (A.120)
We see that:
(T (u1,...,uk))−1L6(σu)T (u1,...,uk) = L6(σ′u) , (A.121)
where σ′u` = −σu` , σ′u6=u` = σu 6=u` , ` = 1, . . . , k, and thus T (u1,...,uk) amounts to a T -duality
along the internal directions xu` [216, 326]:
R′u` = e
σ′u` = e−σi` =
1
Ru`
; φ′ = φ−
k∑
`=1
σu` . (A.122)
We can verify that under the effect of T (w) the weight of Huvw is mapped into the weight of
Tuv
w and moreover subsequent actions of T (v) and T (u) allow to define the weights WQu
vw
and WR uvw, associated with the non-geometric fluxes Qu
vw and Ruvw, respectively
WHuvw
T (w)−→ W Tuvw T
(v)−→ WQuvw T
(u)−→ WR uvw
WQu
vw = u − v − w + 1√
2
10 ; W
R uvw = −u − v − w + 1√
2
10 . (A.123)
Other duality transformations are implemented as Weyl transformations σα [326] correspond-
ing to e7(7)-roots α which are not so(6, 6) roots and whose action on a weight W is defined
as follows
W −→ σα(W ) = W − 2
(
W · α
α · α
)
α . (A.124)
The effect of these transformations on the dilatonic scalars in ~h can be inferred from the
invariance of the scalar product ~h ·W in the exponents appearing in the various kinetic terms
and potential terms: ~h ·W = σα(W ) · σα(~h). As a consequence of this the field which is
described by the weight W (which, for a scalar field, is a positive root) in the original theory,
corresponds to the new weight σα(W ) in the dual one, which features a new set of dilatonic
scalars σ′u, φ
′, entering the dilatonic vector σα(~h). The relation between σ′u, φ
′ and σu, φ can
be deduced by the following condition
~h(σ′, φ′) ≡ σα(~h(σ, φ)) ⇒ σ′ = σ′(σ, φ) , φ′ = φ′(φ) . (A.125)
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The non perturbative S–duality is implemented as a Weyl transformation with respect to
the vector α = a in Eq. (A.108), which is an e7(7) root in Type IIB theory, but not in
Type IIA theory, see equation (A.114). This represents the known fact that S–duality is a
symmetry of Type IIB theory (it corresponds to an E7(7) transformation) but not of Type
IIA theory (it maps Type IIA superstring into M-theory). If we compute its action on the
dilatonic scalars, using (A.125), we find
σˆ′u = σˆu ; φ
′ = −φ , (A.126)
where σˆu are the radial moduli in the ten-dimensional Einstein frame. One can verify, using
the weight representation in Eq. (A.116), that in Type IIB theory
σa(W
H
u1u2u3
) = W Fu1u2u3 , (A.127)
which is the known S–duality correspondence between the NS-NS and the RR 3–form fluxes
H
(3)
u1u2u3 , F
(3)
u1u2u3 . One can also verify that the torsion Tuv
w is inert under S–duality, while the
action of S–duality on the non–geometric fluxes gives rise to more general fluxes which we
can identify with components of the embedding tensor, knowing the corresponding weights.
Weyl transformations associated with positive roots α different from the so(6, 6)-ones or
from a in the Type IIB picture, define proper U-duality transformations.
A.7 The Scalar Potential for the SO(8)ω-Model in the G2-Invariant
Sector
The scalar potential in the G2-invariant sector has the form [192]
V (~φ) = A(~φ)− cos(2ω)f(φ1, φ2)− sin(2ω)f(φ2, φ1), (A.128)
having denoted by ~φ = (φ1, φ2), x ≡ e|~φ| and
A(~φ) = (1+x
4)3
64|~φ|4 x14 [4(1 + x
4)2(1− 5x4 + x8)(φ41 + φ42)
+ φ21φ
2
2(1 + 4x
4 − 106x8 + 4x12 + x16)] , (A.129)
which is an even function of φ1 and φ2 and symmetric in their exchange. The function f is
defined as
f(φ1, φ2) =
(−1+x4)5 φ31
64|~φ|7 x14 [4(1 + 5x
4 + x8)φ41+
+ 7(1 + 6x4 + x8)φ21φ
2
2 + 7(1 + x
4)2φ42] ,
(A.130)
The scalar potential is manifestly invariant under the following three discrete transforma-
tions: {
ω ↔ −ω
φ2 ↔ −φ2
,
{
ω ↔ ω + pi
2
~φ↔ −~φ
,

ω ↔ ω − pi
4
φ1 → φ2
φ2 → −φ1
, (A.131)
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the former being parity, the other two being in E7(7). In particular the middle one is imple-
mented by the symplectic matrix S = C, the latter by
ST =
1√
2
(
Γ Γ
−Γ Γ
)
, (A.132)
Γ being the triality transformation defined in Sect. 4.2.
A.8 The c-map
This Appendix is taken form [327]. Here we recall the formal steps to define the c-map of
an N = 2 supergravity Lagrangian describing a number of vector multiplets.
Let us start from an N = 2 supergravity model of n vector multiplets in four dimensions
[284] whose bosonic Lagrangian has the following general form:
e−1L4 = −R
2
+ gi¯ ∂µz
i∂µz¯ ¯ +
1
4
FΛµνIΛΣ FΣ µν +
1
4
FΛµνRΛΣ ∗FΣ µν , (A.133)
where µ, ν = 0, 1, 2, 3 and gi¯ is the metric on the special Ka¨hler manifold MSK spanned by
zi.
We can perform a dimensional reduction, along an internal circle, to three dimensions on
a background with metric:
ds2 = e−2ϕ gµˆνˆ dxµˆdxνˆ − e2ϕ (dx3 + Aˆ(3))2 , (A.134)
where µˆ, νˆ = 0, 1, 2 and gµˆνˆ = gµˆνˆ(x
ρˆ), Aˆ(3) = Aˆ
(3)
µˆ (x
νˆ)dxµˆ are the D = 3 metric and Kaluza-
Klein vector (only in this Appendix we use hatted symbols to denote lower-dimensional
quantities). The vectors in D = 4 reduce to three dimensional ones as follows:
AΛ = AˆΛµˆ(x
νˆ) dxµˆ + ζΛ(xνˆ)V 3 , V 3 = dx3 + Aˆ(3) . (A.135)
where V 3 is proportional to the vielbein in the isometry direction and we have set AΛ3 = ζ
Λ.
The corresponding field strengths read:
FΛ = FˆΛ + FΛ3 V
3 , where FˆΛ = dAˆΛ + ζΛ Fˆ (3) , FΛ3 ≡ dζΛ , Fˆ (3) ≡ dAˆ(3) . (A.136)
Next we consider the D = 3 Lagrangian which is given by the four-dimensional one written
in terms of three dimensional fields, plus a Chern-Simons term inducing the dualization of
the D = 3 vector fields Aˆ(3), AˆΛ to scalar degrees of freedom a, ζ˜Λ:
eˆ−1L3 = −Rˆ
2
+ ∂µˆϕ∂
µˆϕ− e
4ϕ
8
Fˆ
(3)
µˆνˆ Fˆ
(3) µˆνˆ + gi¯ ∂µˆz
i∂µˆz¯ ¯ +
+
e2ϕ
4
FˆΛµˆνˆIΛΣ FˆΣ µˆνˆ −
e−2ϕ
2
∂µˆζ
ΛIΛΣ ∂µˆζΣ − 1
2 eˆ
µˆνˆρˆ FˆΛµˆνˆRΛΣ∂ρˆζΣ +
+eˆ−1LCS , (A.137)
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where eˆ ≡ √det(gµˆνˆ), LCS = 12 µˆνˆρˆ FˆΛµˆνˆ ∂ρˆζ˜Λ − 14µˆνˆρˆ Fˆ (3)µˆνˆ ωρˆ , and we have defined µˆνˆρˆ =
µˆνˆρˆ3, so that 012 = 1. The vector ωµˆ is given in terms of scalar degrees of freedom and
reads:
ωµˆ ≡ ∂µˆa+ ζΛ ∂µˆζ˜Λ − ∂µˆζΛ ζ˜Λ . (A.138)
Integrating out FˆΛµˆνˆ and Fˆ
(3)
µˆνˆ we find the following equations:
FˆΛ µˆνˆ =
e−2ϕ
eˆ
µˆνˆρˆ I−1ΛΣ(RΣΓ ∂ρˆζΓ − ∂ρˆζ˜Σ) ,
Fˆ (3) µˆνˆ = −e
−4ϕ
eˆ
µˆνˆρˆ ωρˆ . (A.139)
Replacing the above solutions in L3 we find the final expression of the three dimensional
Lagrangian fully written in terms of scalar degrees of freedom and exhibiting manifest
Sp(2n+ 2,R)-structure [286]:
eˆ−1L3 = −Rˆ
2
+ ∂µˆϕ∂
µˆϕ+
e−4ϕ
4
ωµˆ ω
µˆ + gi¯ ∂µˆz
i∂µˆz¯ ¯ − e
−2ϕ
2
∂µˆζ
TI ∂µˆζ−
− e
−2ϕ
2
(
∂µˆζ˜
T − ∂µˆζTR
)
I−1
(
∂µˆζ˜ −R∂µˆζ
)
=
= −Rˆ
2
+ ∂µˆϕ∂
µˆϕ+
e−4ϕ
4
ωµˆ ω
µˆ + gi¯ ∂µˆz
i∂µˆz¯ ¯ − e
−2ϕ
2
∂µˆZMMMN∂µˆZN , (A.140)
being ZM = {ζΛ, ζ˜Λ} and M is the matrix defined in (2.89). Eq. (A.140) is the bosonic
Lagrangian of n+ 1 hypermultiplets (containing the scalars {ζΛ, ζ˜Λ, zi, z¯ ¯, ϕ, a}) coupled to
gravity in a D = 3, N = 4 supergravity theory. The target spaceMQK of the sigma model is
of quaternionic Ka¨hler type [285]. One of the multiplets (corresponding to ϕ, a and ζ0, ζ˜0) is
the universal hypermultiplet containing the degrees of freedom of the supergravity multiplet
in D = 4. Its four scalars span the characteristic submanifold SU(1, 2)/U(2) of MQK .
The fields (ZM , a) are acted on by the isometries
δZM = αM , δa = β− αMCMNZN , (A.141)
αM , β being constant parameters, which close a characteristic Heisenberg algebra H [285].
However, since hypermultiplets couple in the same way both to D = 3 and to D = 4
supergravity, it can be promoted to a D = 4 Lagrangian describing the coupling of n + 1
hypermultiplets to D = 4 supergravity, by just extending the range of indices to 0, . . . , 3.
The scalar manifold MQK can be written as isometric to the following space:
MQK ∼ (O(1, 1)×MSK)n eH , (A.142)
where O(1, 1) is parametrized by ϕ and its generator will be denoted by t0. MQK is homo-
geneous (symmetric) if and only if MSK is homogeneous (symmetric). In this case we can
define the coset representative LQK of MQK in terms of that of MSK (LSK) as follows:
LQK = e
at• eZ
M tM LSK e
2ϕ t0 , (A.143)
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where we have introduced the generators tM , t• of the Heisenberg algebra which, together
with t0, satisfy the following commutation relations:
[t0, tM ] =
1
2
tM , [t0, t•] = t• , [tM , tN ] = −2CMN t• . (A.144)
The isometry generators ta of MSK commute with t0, t• while they have the following com-
mutation relation with tM :
[ta, tM ] = −taMN tN . (A.145)
The above construction shows that the (2n+4)-dimensional algebra of isometries o(1, 1)⊕H ,
generated by {t0, tM , t•}, is a characteristic of all the quaternionic manifolds in the image
of the c-map.
In this appendix we have discussed the dimensional reduction to D = 3 of a generic
N = 2 supergravity model describing n vector multiplets. This yields the image through
the c-map of the special Ka¨hler scalar manifold in four dimensions. When applied to the
four-dimensional models originating from Calabi-Yau reduction of Type IIA theory, this
formal procedure defines the correspondence between M (1)SK spanned by the complexified
Ka¨hler moduli wa in the n = h1,1 vector multiplets and its c-map image, which we have
denoted by M (IIB)QK (the hyper-scalars in four dimensions span the same manifold in the
three dimensional theory). Similarly in the Type IIB picture the manifold M (2)SK spanned
by the complex structure moduli is mapped in the quaternionic space that we have denoted
by M (IIA)QK . Therefore both M
(IIA)
QK and M
(IIB)
QK describing the hyper-scalars in the Type IIA
and IIB theories on a same Calabi-Yau, have the metric structure illustrated above, with ϕ
replaced by −φ4, a by B˜ in both theories and zi by wa and ZM by ZA in the Type IIB one
only, see Sect. 5.7.
Geometry of the quaternionic manifold. Following [285], let us rewrite the quater-
nionic metric in the following form
ds2 = huvdq
u dqv = uu¯+ e¯IeI + vv¯ + EIE
I
, (A.146)
where the quantities in the right-hand-side are defined as follows:
u = ie−ϕV TCdZ, (A.147)
v = dϕ+
i
2
e−2ϕχ , χ = da+ ZCdZ, (A.148)
EI = −ie−ϕe−1I ı¯UTı¯ CdZ , (A.149)
eI = ei I dz
i, (A.150)
where ei I , eı¯
I are the complex vielbein on MSK and V =
(
V M
)
, is the covariantly holomor-
phic symplectic section on the same manifold.
Let us define the SU(2)-connection ωx. This quantity is encoded in the following 2 × 2
matrix p :
p =
(
1
4
(v − v¯) + i
2
Q −u
u¯ −1
4
(v − v¯)− i
2
Q
)
= ωx
(
−iσ
x
2
)
, (A.151)
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where Q is the Ka¨hler connection defined in(5.13). The components read
ωx = iTr (σxp) ,
ω1 = i(u− u¯) = e−ϕ(V¯ + V )TCdZ,
ω2 = u+ u¯ = ie−ϕ(V − V¯ )TCdZ,
ω3 = − i
2
(v¯ − v − 2iQ) = − Im v −Q = −1
2
e−2ϕχ−Q. (A.152)
The SU(2)-curvature reads:
dp + p ∧ p = Rx
(
−iσ
x
2
)
; Rx = dωx +
1
2
xyzωy∧ωz = −Kx. (A.153)
where Kx is the hyper-Ka¨hler 2-form defined in (5.81). The Sp(2n+ 2,R)-curvature is given
in [285].
The vielbein 1-forms UAα, which are needed for writing the hyperini fermion shift tensor
read:
U1α = 1√
2

u¯
e¯I
−v
−EI
 ; U2α = 1√2

v¯
E¯I
u
eI
 ,
The reader can verify that the above expressions satisfy the properties of UAα given in Sect.
5.2.
The Killing vectors kα = (kM , k•) associated with the Heinsenberg isometries read
kM =
∂
∂ZM + Z
NCNM
∂
∂a
; k• =
∂
∂a
. (A.154)
One can verify that
[kM , kN ] = 2CMNk•, (A.155)
all others commutators vanish. The momentum maps read
Pxα = {PxM ,Px• } = −kuαωxu, (A.156)
PxM = (e−ϕCMN(V + V¯ )N , ie−ϕCMN(V − V¯ )N ,−e−2ϕCMNZN),
Px• = P3• =
e−2ϕ
2
. (A.157)
A.9 More on STU Geometry
The STU model is a consistent truncation of the maximal theory: Its bosonic sector is
defined by truncating the scalar and vector fields to the largest subset such that the only
remaining, non-vanishing components of the composite vector fields strengths FABµν are:
FABµν
truncation−→ F 12µν , F 34µν , F 56µν , F 78µν . (A.158)
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Similarly the corresponding central charges of the maximal theory ZAB truncate as follows:
ZAB → Z12, Z34, Z56, Z78. One of these four components coincides with the N = 2
central charge Z of the resulting truncation,125 while the other three coincide with the
matter charges Z I , I = 1, 2, 3. Note that, by means of a SU(8) transformation, the N = 8
central charge matrix can always be skew-diagonalized, so that the only non-vanishing entries
are just Z1 = Z12, Z2 = Z34, Z3 = Z56, Z4 = Z78:
ZAB
SU(8)−→

Z1  0 0 0
0 Z2  0 0
0 0 Z3  0
0 0 0 Z4 
 ;  ≡ ( 0 1−1 0
)
. (A.159)
In doing this SU(8) is broken to U(1)3 × SU(2)4. The SU(2)4 factor is the stabilizer of the
skew-diagonal form, namely the largest subgroup of SU(8) which leaves it unaltered, while
U(1)3 is its normalizer, which acts on the skew-eigenvalues by means of phase factors, leav-
ing their overall phase invariant [328]. This latter group is the isotropy group of M (STU)scal .
Similarly the isometry group SL(2,R)3 of M (STU)scal can be characterized as the largest sub-
group of E7(7) which, acting simultaneously on the scalar and vector fields, does not switch
on components of the composite field strengths FABµν other than the four in (A.158). These
consequently transform by a compensator in the normalizer group U(1)3.
The feature that the central and matter charges of the STU truncation of maximal super-
gravity coincide with the skew-eigenvalues of the central charge matrix ZAB implies that the
most general single-center black hole solution to the former encodes all the duality-invariant
properties of the generic solution of the same kind in the latter model. Such properties are
described by SU(8)-invariant functions of ZAB, which are five and are in one to one corre-
spondence with the moduli of the four skew-eigenvalues Z` and their overall phase. For this
reason the STU model has played an important role in the study of black hole solutions in
maximal supergravity. 126 The STU model truncation of the maximal theory has also been
used in order to study vacua of the SO(8)-gauged model, see for instance [332] and references
therein. In this case the N = 2 model features a U(1)4 gauge symmetry, corresponding to
the Cartan subalgebra of SO(8).
Let us now give some more mathematical details related to the special geometry of the
scalar manifold. The symplectic coset representative L(φs)MN in Sect. 5.8.1 is constructed
as follows. One starts from the hybrid matrix Lc defined in (5.36) and computes the real
symplectic matrix L(φs)MN (note the underlined second index) using the Cayley matrix:
L(φs)MN = Lc(φs)MPAPN =
√
2 (Re(V ), Re(UI), −Im(V ), Im(UI)) . (A.160)
Note that this matrix is not yet the coset representative L(φs)MN in (5.214) since it is not
125Which of the four coincides with Z depends on how the N = 2 residual supersymmetry is embedded in
the original N = 8. For a study of the different embeddings of the STU model inside the maximal one, see
for instance [216]
126See [39] and references therein. For more recent works on the STU model in relation to the study of
black hole solutions see, for instance, [329, 330] and [331].
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the identity at the origin O defined by φs = 0 (i.e. ϕi = 0, ai = 0). We thus define:
L(φs)MP ≡ L(φs)MN L(O)−1NP . (A.161)
This matrix satisfies the property:
V M(φr) = L(φr)MN V N(φr ≡ 0) . (A.162)
and is the coset representative in the solvable gauge. To show this we compute the generators:
hi =
∂L
∂ϕi
∣∣∣∣
φr≡0
; Ei =
∂L
∂ai
∣∣∣∣
φr≡0
, (A.163)
which can be verified to close the solvable Lie algebra S , Borel subalgebra of g(SK).
The matrix MMN is readily computed using the general formula
MMN = −
8∑
P=1
L(φr)MPL(φr)NP , (A.164)
and the matrices IΛΣ and RΛΣ read:
IΛΣ =

− b1b2a23b3 −
(a22b21+(a21+b21)b22)b3
b1b2
a1b2b3
b1
a2b1b3
b2
a3b1b2
b3
a1b2b3
b1
− b2b3b1 0 0
a2b1b3
b2
0 − b1b3b2 0
a3b1b2
b3
0 0 − b1b2b3
 ,
RΛΣ =

2a1a2a3 −a2a3 −a1a3 −a1a2
−a2a3 0 a3 a2
−a1a3 a3 0 a1
−a1a2 a2 a1 0
 , (A.165)
where bi ≡ eϕi .
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